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CHAPTER 2 LIMITS AND CONTINUITY

RATES OF CHANGE AND TANGENTS TO CURVES

& _ OO _ Af SO/ _

@ A="7335 E2 =19 (b) 1=(-1) =1
Ag _gB3)-g) _3-(-D _ Ag _g4)-g(-2) _ _
@ X ="30 7 =2 (b) =55 =" =0
HEE)-h(%) h(%) -l __4 wn MEE) 05 33
(@ % Az 3z_z z 7z (b) N zz x  x
4 4 2 2 6 3

Ag _ g(m)-g(0) _ 2-D-(2+) _ 2 Ag _ gm)-g(-7) _ 2-D-(2-D) _
(@) AT -0 70 7« (b) T oa—(-m) 27 =0
AR _ RQ)-R(0) _ J@ R
A6 20 =
AP _ PQ)=P() _ (8-16+10)=(1=4+5) _ »  _
A6 21 1 =2-2=0

2 2

(@) N =@ dvtheh’osel o A gy Ash—0,4+h—4=> at P(2,-1) the slope is 4.

b)) y-(-)=4(x-2)=y+1=4x-8 = y= 4x-9

2 2
(a) %: (7‘(2+h)h)_(7_2 ) = 7—4‘42"12‘3 = ‘4hh W 4 h As h—0,~4—h— —4= at P(2,3) the slope
is —4.
b)) y-3=(-4(x-2)=>y-3=-4x+8= y=-4x+11

2 2 2
() % _ ((2+h) —2(2+h);3)—(2 -2(2)-3) _ 4+4h+h —4h—2h—3—(—3) — Zh;l—h2 =2+hAsh—0,2+h—2= at

P(2, —-3) the slope is 2.
(b) y—(-3)=2(x-2)=> y+3=2x-4=y=2x-T7.

(a) Ay _ ((1+h)*=4(1+h)=(1°=4(1)) _ 1+2h+h*-4-4h—(=3) _
Ax h h
slope is —2.
(b) y—(-3)=(2)(x-1)= y+3=—2x+2= y=—2x—1.

—2h — j—2. Ash— 0, h—2 — -2 = at P(1, —3) the

(a) Lo G2 Sedhed? 8 1R 1)y )y 2 Ash—> 0,12+ 4+ K2 — 12,25 at P(2, 8)
Ax h h h ’ ? ? ’

the slope is 12.
(b) y—8=12(x-2)= y-8=12x-24= y=12x-16.

Ay 2—(1+h)>-(2-1 1=3h—3R2 3 2
(a) &= 2O _ oSSRl - SHSPSE — 3 3p )2 Ash—5 0, -3 ~3h— 17 — -3, = at

P(1,1) the slope is 3.
®) y-1=(-3H)x-1)=>y-1=-3x+3= y=-3x+4.
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@ &=

(b)

(a)

(b)

(a)

(b)

(a)

(b)

(a)

(b)

(a)

(b)

(a)

(b)

(b)

Chapter 2 Limits and Continuity

A+ —12(1+1)-(1212(1)) _ 143h+3h% +h3>-12-12h—(-11) _ = SOhE3HE g 3h 4 B2

Ax h h h
Ash—0,-9+3h+h>— -9 = at P(1, —11) the slope is 9.

y—(=11)=(-9)(x-1)=> y+11=-9x+9=> y = —9x—2.

_ (+h)=302+1)*+4-(2°-3(2)° +4) _ 8H12h+6h* +13~12-12h-3h*+4-0 _ 3h*+h> _ 2
Ax 7 7 ; =3h+h".

Ash—0,3h+h> — 0= at P(2, 0) the slope is 0.
y=-0=0x-2)= y=0.

11
Ay _ Sa o 24(24h) 1

& _ 1
Ax h 2-2+h) h  2(=2+h)"

-1 -1 P
As h—0, m_)T’ = at P(—2, 7) the slope is -

e R Ll T

(4+h) 4
Ay _ 2-(4+h) 24 (4+h +2) 1 _AHh2(=2-h) 1 _ -1 _ 1

1
Ax h -2—h h -2-h h™ =2-h " 2+h’

1 _ 1
As h—0, 2+h_)2’ = at P(4,—2) the slope is >

y—(—2)zi(x—4):>y+2=5x—2:>y=3x—4

Ay _ A+h—4 _ Jarh-2 Jarh+2 _ _(4th)-4 _ |
Ax h h Va+h+2  h(Na4+h+2)  a+h+2'

1 1 _1 ig L
As h—0, m+2—>ﬁ+2—4, = at P(4,2) the slope is 7

—2=1(y_ —2=1y_ =1
y 2—4(x 4=y 2—4x 1:>y—4x+1

1/7(2+h ~7-(2) _ _A9h=3 k3 _ _(9-W-9 _ g
B Jomh+3  h(J9-h+3)  9—h+3’

1 -1 _-1 _ P
As h—0, ﬂ+3_>ﬁ+3_ ¢» = at P(=2,3) the slope is <

y=3=2-(2)=>y-3=Fx-1=y=7x+

w|oo

0 Slope of PO ===

650-225 _
0,(10,225) Sty = 42.5 m/sec

650-375 _
0,(14,375) BT = 4583 m/sec

650-475 _
05(16.5,475) Soocs =20.00 m/sec

650-550 _
04(18,550) 2ot =50.00 m/sec

At t =20, the sportscar was traveling approximately 50 m/sec or 180 km/h.

0 Slope of PO ==+

0,(5,20) 81% 250 =12 m/sec

0,(7,39) 81% 379 =13.7 m/sec

05(8.5,58) $0-08 —14.7 m/sec

04(9.5,72) 18(‘)) 9725 =16 m/sec

Approximately 16 m/sec
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Section 2.1 Rates of Change and Tangents to Curves 47
21. (a)
P
2007
Tgn‘ 1601
;:}/ 120
;é_ 801
40T
0 20‘]0 2OHI 20112 ZOH3 20114
Year
Ap __174-62  _ 112 _
(b) A = Spiaaeg = - =56 thousand dollars per year
(c) The average rate of change from 2011 to 2012 is % = % =35 thousand dollars per year.
The average rate of change from 2012 to 2013 is i}; % =49 thousand dollars per year.
So, the rate at which profits were changing in 2012 is approximately %(35 +49) = 42 thousand dollars
per year.
22. (a) F(x)=(x+2)/(x-2)
X | 1.2 1.1 101 1.001 1.0001 1
F(x) [ -4.0 -3.4 -3.04 ~3.004 —3.0004 -3
AF _ —4.0-(=3) . AF _ —3.4-(-3) A7
‘Ar T T“S'O’ AT L -
AF _ =304—(3) _ _,02. AF _ =3.004—(-3) _
AT Lo S 404 = —eorr = 4004
AF _ —3.0004—(-3)
Ar = oo - H 0004;
(b) The rate of change of F(x) at x =1 is —4.
Ag _ g()-g() _ f d Ag _ g(1.5)-g() _ J_ 1
23. (a) E‘ o =~ 0.414213 Ax 5 = (.449489
_g(+h)-g() _ \/F 1
Ax I+h)-1  —  h
(b) gx)=+x
1+h 1.1 1.01 1.001 1.0001 1.00001  1.000001
Ji+h 1.04880 1.004987 1.0004998 1.0000499 1.000005 1.0000005
(Vi#n—1)/h | 0.4880 04987  0.4998 0.499 0.5 0.5
(c) The rate of change of g(x) at x =11is 0.5.
(d) The calculator gives lim NETE %
h—0
[Or@ _ S _a 1
3 2_6 __1
Ho@ R
f(T) f(2) T 2_32r 2 __2-T __2-T _
ii) ST T T2 T (T-2) 21T —5p T #2
b T 2.1 2.01 2.001 2.0001 2.00001 2.000001
f() 0.476190 0.497512  0.499750  0.4999750  0.499997  0.499999
(D) =-f@PNT-2) | -0.2381 -0.2488  -0.2500  —0.2500 -0.2500  —0.2500
(c) The table indicates the rate of change is —0.25 at ¢ = 2.
1 \-_1
) Th_>m2(—2T) 4
NOTE: Answers will vary in Exercises 25 and 26.
LAs 15 0 — 2015 _ — 30-20 _
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(b)

(©)

26. (a)
(b)

Chapter 2 Limits and Continuity

At P(%, 7.5) : Since the portion of the graph from ¢ = 0 to # =1 is nearly linear, the instantaneous rate of
change will be almost the same as the average rate of change, thus the instantaneous speed at ¢ = % is

% =15 mi/hr. At P(2, 20): Since the portion of the graph from ¢ =2 to ¢ = 2.5 is nearly linear, the

instantaneous rate of change will be nearly the same as the average rate of change, thus v = 2205 2;) =0 mi/hr.

For values of ¢ less than 2, we have

0 Slope of PQ = %
0/(1,15) 1520 _ 5 iy
0,(1.5,19) 1220 = 2 mi/hr
05(19.19.9) 199-20 _ | mifhe
Thus, it appears that the instantaneous speed at ¢ = 2 is 0 mi/hr.
At P(3,22):

0 Slope of PQ =45 0 Slope of PQ = £
0,(4,35) 3522 =13 mi/hr 01(2,20) 2022 = 2 mi/hr
0,(3.5,30) 3022 =16 mi/hr 0,(2.5,20) 2022 — 4 mi/hr
05(3.1,23) L22 =10 mi/hr 03(2.9,21.6) 2622 = 4 mi/hr

Thus, it appears that the instantaneous speed at ¢ = 3 is about 7 mi/hr.
It appears that the curve is increasing the fastest at # = 3.5. Thus for P(3.5, 30)

0 Slope of PQ =22 0 Slope of PO =22

0,(4,35) 15 332 =10 mi/hr 0,(3,22) 232 333 =16 mi/hr
34-30 _ : 3
0,(3.75,34) =30 = 16 mi/hr 0,(3.25,25) 2230 = 20 mi/hr
05(3.6,32) 332 305 =20 mi/hr 05(3.4,28) % =20 mi/hr
Thus, it appears that the instantaneous speed at ¢ = 3.5 is about 20 mi/hr.
LA _ 10-15 _ gal _3.9-15 _ gal 0_ _ gl

(0,3): 4 =103 = -1.67 55 10,51 4 =258 = 2280, (7,100: 41 =58 =05 B
At P(1,14):

0 Slope of PQ = % 0 Slope of PO =

12.2-14 _ -

0,(2,12.2) =5 =-18 gal/day % =—1 gal/day
0,(1.5,13.2) % =—1.6 gal/day 0,(0.5,14.6) % =—1.2 gal/day
0;(1.1,13.85) % 05(0.9,14.86) % =—1.4 gal/day

Thus, it appears that the instantaneous rate of consumption at ¢ = 1is about —1.45 gal/day.

Slope of PO = %

At P(4, 6):

0 Slope of PQ = %
0,(5,3.9) % =-2.1 gal/day
0,(4.5,4.8) ﬁf—4 = —2.4 gal/day
03(4.1,5.7) ZZ 2 -3 gal/day

tt

10-6 _ _
ﬁ_ 4ga1/day

78-6 _ _

m— 36gal/day
6.3-6 _

304" -3 gal/day

Thus, it appears that the instantaneous rate of consumption at ¢ =1 is —3 gal/day.
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Section 2.2 Limit of a Function and Limit Laws 49

At P(8,1):

0 Slope of PQ =44 0 Slope of PQ =484
01(9,0.5) 82l = —0.5 gal/day 01(7,1.4) LAl = —0.6 galiday
0,(8.5,0.7) 0721 _ 0.6 galiday 0,(7.5,1.3) 1;2—331 = —0.6 gal/day
0:(8.,095) 995105 galday 03(7:9,1.08) 555 = -0.6 galiday

Thus, it appears that the instantaneous rate of consumption at # =11is —0.55 gal/day.
(c) It appears that the curve (the consumption) is decreasing the fastest at # = 3.5. Thus for P(3.5, 7.8)

_A
0 Slope of PO = {4 0 Slope of PO = 2%
112-78 _
0,(4.5,4.8) j g ; 8 — _3 gal/day 01(25,11.2) 5555 =34 galday
10-7.8 _
0,(4,6) 618 = 3.6 gallday 0,(3,10) L8 = 4.4 gal/day
0(3.6,7.4) 1478 - 4 galiday 03(3.4,8.2) 8278 = —4 gal/day

Thus, it appears that the rate of consumption at ¢ = 3.5 is about —4 gal/day.

LIMIT OF A FUNCTION AND LIMIT LAWS

(a) Does not exist. As x approaches 1 from the right, g(x) approaches 0. As x approaches 1 from the left, g(x)
approaches 1. There is no single number L that all the values g(x) get arbitrarily close to as x — 1.
(b) 1 (c) O (d) 0.5

(a o0 b -1

(¢) Does not exist. As ¢ approaches 0 from the left, f(¢) approaches —1. As ¢ approaches 0 from the right,
f(¢) approaches 1. There is no single number L that f(¢) gets arbitrarily close to as t — 0.

(d -1

(a) True (b) True (c) False

(d) False (e) False (f) True

(g) True (h) False (i) True

(G) True (k) False

(a) False (b) False (c) True

(d) True (e) True () True

(g) False (h) True (i) False

lim & il does not exist because =+ o= f =1ifx>0and ﬁ = ix —1if x <0. As x approaches 0 from the left, X ]
x—0

approaches —1. As x approaches 0 from the right, X T approaches 1. There is no single number L that all the

function values get arbitrarily close to as x — 0.

As x approaches 1 from the left, the values of ﬁ become increasingly large and negative. As x approaches 1

from the right, the values become increasingly large and positive. There is no number L that all the function

values get arbitrarily close to as x — 1, so lim —1 does not exist.
x—1%

Nothing can be said about f'(x) because the existence of a limit as x — x; does not depend on how the function
is defined at x. In order for a limit to exist, f(x) must be arbitrarily close to a single real number L when x is

close enough to x. That is, the existence of a limit depends on the values of f'(x) for x near x,, not on the
definition of f(x) at x; itself.
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Chapter 2 Limits and Continuity

Nothing can be said. In order for lim f(x) to exist, f(x) must close to a single value for x near 0 regardless of
x—0

the value f(0) itself.

No, the definition does not require that / be defined at x =1 in order for a limiting value to exist there. If /(1) is

defined, it can be any real number, so we can conclude nothing about f(1) from lim f(x) = 5.
x—1

No, because the existence of a limit depends on the values of f(x) when x is near 1, not on f(1) itself. If
lim f(x) exists, its value may be some number other than f(1) =5. We can conclude nothing about lim f(x),
x—1 x—l1

whether it exists or what its value is if it does exist, from knowing the value of £ (1) alone.

lim (x*>-13)=(-3)>-13=9-13=—

x—-3
lim (—x2 +5x-2)=—(2)> +5(2)-2=—-4+10-2=4
x—2

lim 8(t = 5)(t—7) = 8(6—-5)(6—7) = -8
t—6

lim (x> —2x% +4x+8)=(-2)° =2(-2)> + 4(-2) +8=-8-8-8+8=—16
x——-2

lim 2x+5 2245 _9_3
o2 =% 11=2) 3

i 5-so2s-=(-5(3)(2(2) 1) 6-2()1) o) -

lim 4x(x+4)” =4(- )(3(—%)+4)2=(—2)(—%+4)2 =(—2)(§)2=—%

x——1/2

lim—2*2 __ 2¢2 _ 4 _4_1
ys2 YIH5y+6 (27 +5(2)+6 4104620 5

hm 5- )3 =[5 (=3 = @) = ((8)”3) 2% —16

lim /2210 =4/42-10 = 1610 =+/6
z—4

lim - —=—3 =3 =3
h0 N3t \BO)HH I+ 2

lim Y3ht4=2 _ i Y5h+a=2 5hd+d _ o Ghd-4 5h - lim 5
ok o N VShta+2  po0 h(NSha+2)  ho0 h(NSh+a+2) o0 VShta+2  JA+2
lim x5 = lim —&=2 —11m =1 -1

rs5 X2=25 x5 (x+5)(x=5) 5 x+5 5+5 10

lim %3 = lim —*3 = |jm L =_L_=-1

3 A3 sy (EOHD) a3+l 2
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35.
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37.

38.

39.

Section 2.2 Limit of a Function and Limit Laws

lim X2#32210 _ iy OHED 0y - 5027
x—=5 x+5 x—=5 x+5 x—=5

. 2_ 7. . — -2 .

lim X°=7x=10 _ jjpy 020D _ (x-5)=2-5=-3
x—2 x—2 x= x—2
lim 42 =i +2)(t-1) —lim 2 142 _ 3
i1 21 () @D+ gl 1+ 2

lim 43642 = lim E+2)(+) _ 4. =2 _ 142 _ 1

(o] Pi=2 o D) T S0 2T -2 3

lim =24 = fim 20*2 _ jjm 2-=2-
x—-2 X +2x x—-2 X" (x+2)  x—>-2x

5y°+8y2 - lim Y2 (5y+8) - lim Sy+8 _ 8 __1

y—0 3y -16y"  y50 ¥’ (3y°-16)  y—03y*-16 T16 2
1-x

lim £ 11 = lim = lim(;x-%): lim —L=-1
x—l 7 x—1 Y xos1Y YT x—1

L_;_L (x+1D)+(x-1)
fim S = fim LD = i (2 )= im 2= 2=
Y0 X Y0 X 10 \(x=D(x+D) x r—o (D41 - -1

lim 21 = lim @ +D)(+)u-1) _ lim @ +D)(+D) _ (+D(+D) _ 4
u—sl =1yl @ rut)@=1) oyl ultu+l L+1+1 3

3 _ 2 2

s V=8 o (=2 H2v+4) s V42vi4  _ 4+4+4 _ 12 _ 3
lim v lim - 5 = lim > =@®) —2°%
v—=2 v =16 y2 (v=2)(v2)(v+4)  v—2 (vi2)(vT+4)

lim Y323 = fim — 3 _ iy

= lim A—=—2—=1
¥—9 ¥ 150 (a-d(Wx#3)  xo0 Vxtd o436

lim 4= iy 292 gy 2CHOQY) x(244x)=42+2)=16

x—4 2—\/; x—4 2—\/; _x—>4 2—\/; x—4
, (x—l)(\/mn) , (x—l)(\/x+3+2) .
-l _ =lim —————L=lim(Jx+3+2)=v4+2=4
xl—>rnl \/m—z xl—)In] (\/x+3—2)(\/x+3+2) xl—)rn] (x+3)_4 xl—>rnl( x ) \/7
Ji248-3 (“x2+8_3)(”2+8+3) (x2+8)-9 (x+1)(x-1)
lim XX +1_ = lim = lim = lim
x>-1 x—-1 (x+1)(\/x2+8+3) x—-1 (x+1)(\/x2+8+3) x—-1 (x+1)(\/x2+8+3)
= lim ==L =-2-_1
xo-1yx?4843 333
2 2
oy NP2ea _ [ z-af i aizeg) i D6 (e2)k2)
-2 Y2y (x—z)(\/mM) X2 (x—2)(\/m+4) ¥2 (x—z)(m“‘)

= lim x+2 — 1

4 _1
x—2 241244 V644 2
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52 Chapter 2 Limits and Continuity

(x+2)(\/x2+5+3) (x+2)(\/x2+5+3) (x+2)(\/x2+5+3)
40. lim =2 = lim = lim ; = lim
x—=-2 \x*45-3  x—-2 («/x2+5_3)(\/x2+5+3) x—-2  (x"+5-9 o2  (2)(x=2)

Vx?+5+3 \/—+3 __3

= lim =5 = 2
LS (2_ 5)(2+ - 5): - p Cit) I 9—x?
41. lim 3 lim lim lim
x—-3 X x—-3 (x+3)(2+\/x2—5) x—-3 (x+3)(2+\/x2—5) x—-3 (x+3)(2+\/x2—5)
— lim —C=9CH)  _ im _3
2

x—-3 (x+3)(2+ x2—5) X 32+\/x - 2+\/—

(4—x)(5+\/%) (4—x)(5+\/E) (4—x)(5+\/E)
42. lim =lim =l =lim ———*

4-—x 1
= m
x4 522 +9 x—>4(5_ x2+9)(5+ x2+9) x4 25-(P49) x4 16-Y

2
(4_x>(5+M) 5ex2+9 _ 54425 _ 5

= ig}‘ G if}‘ e 8§ 4
2
43. lim(2sinx—1)=2sin0—-1=0—-1=—1 44.  lim sin2x=( lim sinx) =(sin0)’> =0% =0
x—0 x— /4 x— /4
45. limsecx = lim 4—=—1_=1=1 46. lim tanx= lim six —sin0_0_y
*—0 X—0 €OSX “cos0 1 Y—7/3 s 7/3 COSX cos0 1

47. lim txtsinx _ 1+0+sin0 _ 1+0+0 _ 1
T 0 3cosx 3cos0 3

48. lim (x* —1)(2 - cosx) = (0% —1)(2 —cos 0) = (=1)(2 1) = (=1)(1) = -1

x—0

49. lim vx+4cos(x+ )= lim x+4- lim cos(x+7z)=-7+4 -cos0=/4—7m -1=\J4—7
X—>—7T

X—>—7 X—>—7

50. lim \/7+sec x = \/11m(7+sec x)= |74+ lim sec’x =\/7+seczo =\/7+(1)2 =22
x—0

x—0

51. (a) quotient rule (b) difference and power rules
(c) sum and constant multiple rules

52. (a) quotient rule (b) power and product rules
(c) difference and constant multiple rules

S5 @ lim /(g0 = [ tim f(x)} [ lim g(x)} = (5X-2)=-10

0) 1im 2/(g(0) = 2[ tim f(x)} [ tim g(x)} = 2(5)(-2) =20
(© 1im [£(x)+3g(0)]= lim f(x)+3 lim g(x) = 5+3(-2) = —1

X—C X—C X—C
(d) lim JS(x) _ ll—>mc /) 5

xe Jg() " Tm f)-Tmg() ~5(-2) 7
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54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

(a)
(b)
(c)
(d)

(a)
(b)

(©)
(d)

(a)
(b)
(©

lim
h—0
lim

h—0

lim
h—0

lim
h—0

lim
h—0

h—>0

x—0

Section 2.2 Limit of a Function and Limit Laws

lirrz [g(x)+3]= lim g(x)+ lim 3=-3+3=0
lim xf(x) = hm x- hm f (x) (4)(0) 0

x—4
2
lim [g(x)]? =[lim g(x)} =[-3]* =9
x—4
lim g _ 11m Gl =3-3

va ST hm f(x) lim 1 0-1

Him /(0 +g(0] = lim () i ¢(x)=7+(-3) =4

fim () g(x) = lim £ | tim g(x) |= (-3 =21

t 0= m 1] |, 500 |=orc9=2

Tim £(0)/g(x) = lim /(o) Tim ¢ =% =1

lim [p(0)+r()+s(]= m p()+ lim r()+ lim s(x)=4+0+(-3)=1

lim2 p(x)-r(x)-s(x)= [ limzp(x)} [ lim2 r(x)}[ lim2 S(x)} =(4)(0)(-3)=0

lim2 [-4p(x)+5r(x)]/s(x) = [—4 lim2 p(x)+5 lim2 r(x)}/ lim2 s(x) =[-4(4) + 5(0)])/ -

x—>—

2 12
L7 _ i D20t iy PCHD _ iy 04y =2
—0

h h—0  h h—0 h

C2 D _ vy a4 _ iy B _ = lim (h—4)=—4
h—0 [N
Q4341 _ o 30 _
h 0
1 1

G S 2 e

T m +2h = im ey ~ I G 7

7 _ o VTR ANTNThAT) e

T h _ 1 1 1
T W) 0 ) s W) Ao T 2T

m SO _ (,/3h+ 1)(yB3h+1+1) lim JGREDL o 3h 3
it h(\3h+1+1) 70 h(NBR+1H1) 10 A(N3RHIH) 0 V3Rt

lim (2—x ) 2—-0=2and hm 2cosx = 2(1) = 2; by the sandwich theorem, hm gx)=2

x—0

(a)

lim (1 —ﬁ) =1-%=1and lim 1=1; by the sandwich theorem, lim =X$inX_ —]
x—0 6 6 x—0 0 2—2cosx
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lim \/5 —2x% = \/5 - 2(0)2 =./5 and lim \/5 —x* = \/5 - (0)2 = \/g; by the sandwich theorem, lim f(x) = J5
x—0 x—=0
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(b)

66. (a)
(b)

67. (a)

(b)

(©)

68. (a)

Chapter 2 Limits and Continuity

For x #0, y = (xsinx)/(2—-2cos x) lies
between the other two graphs in the figure,
and the graphs converge as x — 0.

y = (x sin x)/(2 — 2 cos x)

y
. h(X)=1\

0.5
o) = 1 - (16—
-2 Sl 1 2 X

lim (l - ﬁ) = lim L - fim £ =1_ 0=21and lim L = 1; by the sandwich theorem, lim 1=¢9sx = 1
x—s0\2 24 102 xs024 2 2 =02 2 x—=0 X
For all x # 0, the graph of f(x) = (1—-cos x)/x2 y
lies between the line y = % and the parabola 1

y =
y= %— x?/24, and the graphs converge as 2

= = 1 — cosx

x—0. g P x2

|
—4 -2 0 2 4
1 X2 )\
Y=3" %
f(x)=(x* =9)/(x+3)
x -3.1 -3.01 -3.001 -3.0001 -3.00001 —3.000001
f(x) -6.1 —-6.01 -6.001 —-6.0001 —-6.00001 —6.000001
x -2.9 -2.99 -2.999 —-2.9999 —-2.99999 —-2.999999
S(x) -59 -5.99 -5.999 —-5.9999 —~5.99999 —5.999999
The estimate is lim f(x) = —o6.
x—-3
Yy

f(x)=(x*=-9)/(x +3)

) =220 20D _ 323 and lim (x-3)=-3-3=—6.
3

x+3 x+3 >

g(x)=(x2—2)/(x—\/§)
x |14 1.41 1414 14142 141421 1414213
g(x) | 2.81421 2.82421 2.82821 2.828413 2.828423 2.828426
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(b)

NG

pd

2

x

2

8() = (- 2lx=~2)

sy (o)
© g(x)=j;_3§=<+ )

=) =x+ 2ifx#ﬁandxi%(x.pﬁ):ﬁ_l_ﬁ:zﬁ'

69. (a) G(x)=(x+6)/(x>+4x—12)
x -5.9 -5.99 ~5.999 -5.9999  -5.99999  —5.999999
G(x) | —.126582 —.1251564 —.1250156 —.1250015 —.1250001 —.1250000

x -6.1 -6.01 —-6.001 —-6.0001 —-6.00001 _ —6.000001
G(x) | —.123456 —.124843  —.124984  —.124998 —.124999  —.124999
(b)
y
10
-6 2 L
-10
-20 G(x) = (x + 6)/(x* + 4x — 12)
_ x+6 _ x+6 __1 _ i L1 1
(c) G(x)_(x2+4x_12)_(X+6)(x—2)_x—2 if x # -6, andxli)m_6 pou, e g = —0.125.
70. (a) h(x)= (x> —2x-3)/(x* —4x+3)
x 2.9 2.99 2.999 2.9999 2.99999  2.999999
h(x) | 2.052631 2.005025 2.000500 2.000050 2.000005  2.0000005
x 3.1 3.01 3.001 3.0001 3.00001 _ 3.000001
h(x) [ 1.952380 1.995024 1.999500 1.999950  1.999995  1.999999

(b)

-1 1 3
~10+

20

hx) = (2 - 2x = 32 - dx + 3)

_ x2=2x=3 _ (34D _ x4l o xtl 3+l _ 4 _
(©) h(x)= s = ()0 if x #3, and i1—>mS 12
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56 Chapter 2 Limits and Continuity

71 (@) f(x)=(7=D/(lx[-1)

x -1.1__-1.01 _—1.001 _=1.0001 —1.00001 —1.000001
S| 21 201 2.001  2.0001  2.00001 2.000001
x -9 —99 —999  —-9999  —99999  —.999999
SO 119 199  1.999 1.9999  1.99999  1.999999
(b)
Yy
2
|
|
Lo
| &) =2 =/(x| - 1)
H X
-1 1
- %z)ﬁl,xZOandx#l
c x)=*=-= ,and lim (1-x)=1-(-1)=2.
© 7t b=t eorDGD v c0and x £ —1 H—l( ) v
—(x+1) >
72. (a) F(x)=(x>+3x+2)/(2—|x))
x —2.1 —2.01 =2.001 —2.0001 —2.00001 —2.000001
F(x) | -1.1 -1.01 =1.001 -1.0001 =1.00001 —1.000001
x -1.9 —1.99 -1.999 -1.9999 —1.99999 —1.999999
F(x) |-9 —-99 —-999 —-9999 —99999  —999999
(b) ,
20
-é 2 N
—60 -
F(x) = (2 +3x + 2)/2 - |x])
. (x+2)(x+1) >0
(c) F(x)=Xt3xt2_) 2% ,and lim (x+1)=-2+1=—1.
I G e
2+x ’
73. (a) g(0)=(sin6)/6
0 1 01 .001 .0001 .00001 .000001
2(0) | 998334 999983 999999 999999 999999 999999
i -1 -.01 —.001 —.0001  —.00001  —.000001
g(@) | 998334  .999983  .999999 999999 999999 999999

lim g(6)=1
6—0
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74.

75.

76.

77.

78.

79.

Section 2.2 Limit of a Function and Limit Laws 57

(b)
y
1 .
y= smT() (radians)
Ll J Ll Ll P
-57 —4m —3w 2w 0| ABm 37 4w 57
NOT TO SCALE
(a) G(t)=(1-cos t)/t*
t 1 .01 .001 .0001  .00001  .000001
G(1) | 499583 .499995 499999 .5 .5 .5
t | —-.01 —-.001 —.0001 -.00001 -.000001
G(1) | 499583 .499995 .499999 .5 .5 .5
lim G(¢) =0.5
t—0
(b)
I Gl = l—(z:osl
0.5
0.4
0.3
0.2
0.1
J).()I()(B I4).OI()()] [ 0.0})()I : ().():)()3 !
Graph is NOT TO SCALE
lim f(x) exists at those points ¢ where lim x* = lim 2. Thus, == (1- 02) =0=c=0,1,0or-1.
x—c x—c x—c

Moreover, lim f(x) = lim x*>=0and lim f(x)=1lim f(x)=1.
x—0 x—0 x—-—1 x—1

Nothing can be concluded about the values of f, g, and / at x = 2. Yes, f(2) could be 0. Since the conditions
of the sandwich theorem are satisfied, lim f(x) =-5#0.
x—2

feo-s _ SS9

1= lim = - = = lim -5=2(1)= lim =24+5=17.
lim L0 = =y = fim f(0-5 =200 = lim /()
lim f(x) lim f(x)
@ 1= lim [ -0t — o9t ” o i ()= 4.
x—-2 X 11rr_12x 4 X—=2
(b) 1= lim L—;‘):[ lim &} [lim l}:{ lim M} (&)= tim L2,
x—=2 X x—-2 * x—>-2 % x—-2 * -2 x—-2 ¥

(a) O=3-0=|:lim —f({)z‘s} [lim (x—2)}= lim [(—f({)f)(x—z)}: lim [ /(x)-5]
x—2 x—2 x—2 x x—2
=lim f(x)-5= lim f(x)=5.

x—2 x—2

(b) 0=4-0 :[lim M} [hm (x—Z)} = lim f(x) =5 as in part ().
x=2 x—2 x—2

x—2
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2
80. (a) 0=1.0= [nm Sx )} [lim x} [hm S )Hﬁm xz}—hm [f(x) J—hm f ().

x—0 x? x—0 x—0 X x—0 x—0

That is, llm f(x)=0.

(b) 0=1-0= [hm f(z)} [lim x}: lim [f(zx) } lim L& . That is, lim fix)

x—0 X x—0 x—0L x x—0 * x—0

81. (a) lim xsin§=o y

x—0

(b) —1<sin1 <lforx+0:
1

x>0=—x< xsm L<x= lim xsm; 0 by the sandwich theorem;
x—0

x<0=>-x2 xsm 1 > x= lim xsm% = 0 by the sandwich theorem.
x—0
82. (a) lim x> cos(i) =0 Y
. x—0 ’ \ 0.41 h(z) = 2% cos(1/z?)
/\ ! X
5l 1
-0.4
(b) —1<cos %) <1forx #0= —x> < x° cos (%) <x? = lim x? cos (%) = 0 by the sandwich theorem since

x x x—0 x

lim x* =0.

x—0

83-88. Example CAS commands:
Maple:

f=x>x"-16)/(x-2),

x0:=2;

plot( f(x), x = x0-1..x0+1, color = black,
title ="Section 2.2, #83(a)" );

limit( f(x), x =x0);

In Exercise 85, note that the standard cube root, x*(1/3), is not defined for x<0 in many CASs. This can be
overcome in Maple by entering the function as f = x > (surd(x+1, 3) — 1)/x.

Mathematica: (assigned function and values for x0 and h may vary)

Clear([f, x]
fIx_J=(x> —x> =5x =3)/(x +1)°
x0=-1;h=0.1;

Plot[f[x],{x, x0—h, x0+h}]
Limit[f[x],x — x0]
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2.3 THE PRECISE DEFINITION OF A LIMIT

s 1 ) x
L= s 7
Step 1: |x=5|<d=>-0<x-5<5=>-0+5<x<d+5
Step2: 0+5=7T=0=2,0r-0+5=1=05=4.
The value of 0 which assures ’x—5| <0 = 1< x <7 is the smaller value, 0 = 2.

—_
N =
~

Step 1: |x-2[<d=-0<x-2<8=>-0+2<x<5+2
Step2: —0+2=1=d=Lordo+2=7=9=5.
The value of & which assures|x—2| <0 = 1< x <7 is the smaller value, o =1.

3. —7§2—l3 —1?2 '
Step 11 [x—(-3)|<d=>-0<x+3<6=>-6-3<x<5-3
c 53=-1=5=L or5-3=-1= =5
Step2: —6-3=-3=>0=5,006-3=—5=0=73. ]

The value of & which assures |x - (—3)| <d=>—Lt<x< —% is the smaller value, & = 1.

2 2
4,
D —+—} > X
_L 3 _1
2 2 T2
Step 1: ’x—(—%)‘<5:>—5<x+%<5:>—§—%<x<5—%
Step 2: —é‘—l=—%:>§=2,or5—%=—%36=1.
The value of & which assures ’x - (—%)‘ <o=> —% <x< —% is the smaller value, 0 =1.
s Il x
5. 4p 12 47

Step 1: ‘x—%‘<5:>—5<x—%<5:>—5+%<x<§+%
L5+ 1l=4 =1 1_4 =1
Step 2: 5+2 9:>§ 18,or5+2 7:>§ T

4 < x <2 is the smaller value, & = -L..

The value of & which assures ‘x —%‘ <o=> 5 7 B

——————x

2.7591 3 3.2391

Step 1: |x-3|<d=>-0<x-3<F=>-0+3<x<I+3
Step2: —-0+3=2.7591= 6 =0.2409, or 6 +3=3.2391= 6 =0.2391.
The value of & which assures |x—3| <0 =2.7591 < x <3.2391 is the smaller value, 6 = 0.2391.

7. Stepl: [x-5|<d=>-0<x-5<6=>-0+5<x<5+5
Step 2:  From the graph, -0 +5=4.9=0=0.1,or6 +5=5.1= 6 =0.1; thus 6 = 0.1 in either case.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Chapter 2 Limits and Continuity

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:
Step 1:
Step 2:
Step 1:
Step 2:

Step 1:
Step 2:

Step 1:

Step 2:

[x=(-3)|<d=>-0<x+3<=>-6-3<x<5-3
From the graph, -6 -3=-3.1=20=0.,or 6 -3=-2.9= 6 =0.1; thus 6 = 0.1.

]x 1|<6:> d<x-1<8=> é‘+1<x<é‘+1

From the graph, §+1——:>5 0r5+1—1 = d==;thusd =

16’ 6 16’

x-3|<d=>-0<x-3<5=>-0+3<x<d+3
From the graph, -0 +3=2.61=06=0.39, or 6 +3=3.41= 9 = 0.41; thus 6 = 0.39.

x-2[<d=>-0<x-2<6=>-0+2<x<5+2
Fromthegraph,—§+2=\/§:>5=2—x/520.2679, 0r5+2=«/§35=\/§—2z0.2361;
thus § =/5-2.

x—(-D|<d=>-6<x+1<d=>-6-1<x<5-1
Fromthegraph,—5—1=—§:>5=%:0.118 or5—1=—§35=#:0.1340;
thu55=%.

x—(-D|<s= 5<x+1<5:> ~5-l<x<d-1
From the graph, -6 —1=— 25 —~077 0r5—l———2 =0.36; thus 0 = —036

’x——‘<5:> ~S<x-l<s= -s+l<x<s+l

From the graph, §+1 =1 == l —~000248 oré‘+1 A==l

1 .
2.01 220 199 99 199 2~ 0.00251;
thus & = 0.00248.

[(x+1)=5|<0.01=|x—-4]<0.01= -0.01<x—4<0.01 =>3.99 < x <4.01
[x-4<8=>-0<x-4<5=>-0+4<x<d+4=5=00L.

|(2x=2)—(~6)| < 0.02 = [2x + 4| < 0.02 = -0.02 < 2x +4 < 0.02
= -4.02<2x<-3.98=-2.01<x<-1.99

x=(2)|<F=>-0<x+2<6=>-0-2<x<6-2=56=00L

’\/x+1—1‘<0.l:>—O.l<\/x+1—l<0.1:>0.9<\/x+l <11=08l<x+1<121

= -0.19<x<0.21
[x—0] <6 = -6 <x <8 Then, -5 =-0.19= & =0.19 or § = 0.21; thus, & = 0.19.

’«/;—%‘<0.1:>—0.1<«/3_c—%<0.1:>0.4<\/;c<0.6:0.16<x<0.36
’x—%‘<53—5<x—%<53—§+%<x<5+%.

Then —5+%= 0.16=5=0.09 or 5+%= 0.36 = § =0.11; thus § = 0.09.

’x/19—x—3‘<1:>—1<\/19—x—3<1:>2<\/19—x<4:>4<19—x<16

=-4>x-19>-16=>15>x>30or3<x<15
[x-10|<6=>-6<x-10< 5= -6+10<x<5+10.
Then-0+10=3=0=7,0r0 +10=15= 6 =5; thus & = 5.
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20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Section 2.3 The Precise Definition of a Limit

x/x—7—4‘<13—1<\/x—7—4<133<\/x—7 <5=>9<x-7<25=16<x<32
x-23<6=>-6<x-23<6=>-6+23<x<5+23.

Then-0+23=16=>0=7,0r0+23=32=6=9;thuso =7.

3 3<x<5.

l—l‘<0.05:>—0.05<i—l<0.05:>O.2<i<0.3:>&>x>
x 4 x 4 x 2
x—4<5=>-0<x-4<5=>-0+4<x<5+4.

Then—5+4=%or5=%,or5+4=5oré':l; thus5=%.

x2—3‘<0.1:>—0.1<x2—3<O.1:>2.9<x2 <3129 <x<+3.1

X - 3‘<5:>—5<x—\/§<5:>—§+\/§<x<5+\/§.
Then =8 +/3 =2.9 = 5 =3 -+2.9 = 0.0291, or § +/3 = /3.1 = & = /3.1 =/3 = 0.0286;

thus 0 = 0.0286

’xz —4‘ <05=-05<x*-4<05=35<x’<45=>35< |x| <v/4.5= /45 <x <35,

for x near —2.

x=(-2)|<d=-0<x+2<8=>-6-2<x<-2.
Then—5-2=-/45=8=45-2~0.1213,0r 5 - 2= /3.5 = 5 =2 —/3.5 =~ 0.1292;
thus & = 4.5 -2 =0.12.

L_(— - 1 1.9 _4_ 10 ~10 4 10 _10
- (1)‘<0.1:> O.1<x+1<0.1:> 0 <3x<" o= 1 X>"gor—g<x<-.
x—(-D|<d=>-6<x+l<d=-6-1<x<5-1.

Then—d—lz—%:é‘z%,oré)‘— =—%:>5=ﬁ;thus§=ﬁ.

(x2—5)—11‘<1:>‘x2—16‘<1:>—1<x2—16<1:>15<x2<17:>«/E<x<\/ﬁ.
x—4|<5:>—5<x—4<5:>—é‘+4<x<c)‘+4.

Then -8 +4=+15=8=4-+/15=0.1270,or § + 4 =17 = & =17 —4 = 0.1231; thus
5=17-4=0.12.

’@—5‘«:>—1<@—5<1:>4<m<6:>l>i>l:>30>x>20or20<x<30.
x x X 47 120" 6

x-24[<5=-0<x-24<5=>-0+24<x<5+24.
Then-0+24=20=0=4,0r0+24=30= 0 =6;thus = o = 4.

61

|mx = 2m| < 0.03 = —0.03 < mx — 2m < 0.03 = ~0.03+2m <mx <0.03+2m =2 -8B < y <2 4 003,

x-2|<6=>-6<x-2<6=>-0+2<x<5+2.
Then-6+2=2-00 — §-003 542 =2400 — 5003 1y ¢jther case, § = 403
m m m m m
’mx—3m|<c:>—c<mx—3m<c:—c+3m<mx<c+3m:3—%<x<3+%
x-3|<d=-0<x-3<F=>-0+3<x<5+3.
Then—5+3=3—%:>§=%,0r5+3=3+%:>5=%.Ineithercase,§=£.

m

—(m - —_m e+ m_1_c 1y
’(mx+b) (2+b)‘<03 c<mx =S <c=—ctT<mx<ctT=o- L <X<gt-

’x—%‘<5:>—5<x—%<5:>—§+%<x<5+%.

Then—d+i=1-<c—=§=< orf+1=14+<— §==< Ineither case,d = <.
2 2 m m 2 2 m m m
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30.

31.

32.

33.

34.

35.

36.

37.

Chapter 2 Limits and Continuity

Step 1: |(mx+b)—(m + b)| < 0.05 = —0.05 < mx —m < 0.05=>-0.05+m < mx < 0.05+m

=1-005 < 14005,

m
Step 2:  |x— 1|<5: S<x—-1<F=>-0+I<x<d+1.

Then-0+1=1- 005:>5 0(1)5,or5+1=1+0'm£:>5=%.Ineithercase,5=0;25.

lim (3-2x)=3-2(3) =3

x—3

Step 11 [(3=2x)—(=3)| < 0.02 = ~0.02 < 6 - 2x < 0.02 = —6.02 < ~2x < ~5.98 = 3.01 > x > 2.99 or
299<x<3.01.

Step2: 0<|x-3|<d=>-0<x-3<F5=-0+3<x<5+3.
Then-0+3=299=6=0.01, or6+3=3.01= § =0.01; thus & = 0.01.

lim (-3x-2)=(-3)(-1)-2=1

x— -1

Step 11 |(-3x=2)-1/<0.03=-0.03<-3x-3<0.03= 0.01 > x+1>-0.01 = -1.01 < x < —0.99.
Step2: |x—(-D|<d=>-6<x+1<d=>-0-1<x<o-1.
Then -6 —1=-1.01=> 6 =0.01, or 6 =1 =-0.99 = & = 0.01; thus & = 0.01.

. x2_4 (x+2)(x=2)
)}1_1:12 o —)}1_)2 -2) —hm (x+2)=24+2=4,x+2
2o (x+2)(x=2)
Step 1 -4/<0.05=-0.05< <TGy -4<0.05=395<x+2<4.05,x#2

:1.95<x<2.05,x¢2.
Step2: |x-2[<F=-0<x-2<F=>-0+2<x<5+2.
Then-0+2=195=6=0.05 or 6 +2=2.05= 6 =0.05; thus & = 0.05.

: 246x45 _ i (xA5)(x+D)
xlizgs%_ xli)_sw— hm (x+1)——4 x#—S

(x4+5)(x+1)

<0.05= -0.05< 5

Step 1:

2
[ates)-co
= -5.05<x<—-4.95, x #-5.
Step2: |x—(-5)|<d=>-0<x+5<6=>-0-5<x<5-5.
Then-0-5=-5.05=0=0.05,0rd —5=-4.95= 6 =0.05; thus 6 = 0.05.

+4<005 =>-405<x+1<-395 x#+-5

lim VI-5x =\1-5(-3) =16 = 4

x—-3

Step 1: ]\/1—5x—4‘<0.5:>—0.5<\/1—5x ~4<0.5=3.5<-5x <45 =12.25<1-5x < 20.25
=1125<-5x<19.25= -3.85<x<2.25.

Step2: |x—(-3)|<d=>-0<x+3<5=>-0-3<x<5-3.
Then -0 -3=-3.85=0=0.85,0ord —3=-2.25=0.75; thus 6 =0.75.

lim4=4=2
PECE

. 10 > x5 10 10 10 .5 5
Step 1: ——2‘<04:> 04<——2<04:>16< <24:> Sy = x> ors<x<.

Step2: |x-2[<F=-F<x- 2<5: é+2<x<c)+2.
Then 5+2——:>5 or5+2——:>5 1;thusé'=—

Step 1: |(9-x)—5|<e= —e<d4-x<e=>——4<-x<e-4=c+d4>x>4-c>4-c<x<4d+c
Step2: |x-4[<F=>-0<x-4<5=>-0+4<x<5+4
Then-0+4=—-+4=0=¢c,or0 +4=€c+4 = 5 =e¢. Thus choose § =e¢.
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38.

39.

40.

41.

42.

43.

44,

45.

Step 1:
Step 2:

Step 1:

Step 2:

Step 1:

Step 2:

Step 1:

Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Section 2.3 The Precise Definition of a Limit 63

Bx=7)-2[<e=—€<3x-9<e=>9-€<3x<9+e=>3-5<x<3+5.
[x-3|<d=>-0<x-3<F=>-0+3<x<5+3.
Then—5+3=3—§:5=§,oré'+3=3+§:5=§.Thuschoose5=—

’\/x—5—2‘<63—6<\/x—5 D<em2—e<r-5<2+e = (2—-¢)? <x-5<2+¢)

= (2-€)+5<x<(2+€) +5.

[x-9|<d=>-0<x-9<F5=-0+9<x<I+9.

Then -5 +9 = €2 —4e+9:>§=4e—62, or 6+9=c%+4e+9= & = 4e + 2. Thus choose the smaller
distance, 8 = 4¢ — e2.

’x/4—x—2‘<e:>—e<\/4—x—2<632—e<\/4—x<2+e :(2—6)2 <4—x<(2+e)2

= -2+ <x-4<—-2-6 = -2+ +d<x<—(2—¢)’ +4.

[x-0|<d=>-6<x<8.

Then—§=—(2+e)2+4=—ez —4e:>5=4e+62,or§=—(2—e)2+4=4e—62.Thus choose the

smaller distance, 0 = 4¢ — e

Forx¢l,‘x2—l‘<e:—e<x2—l<e:>l—e<x2<l+e =>A1-€ <|x|< I+e

=A+l—€e<x<A+l+€near x=1.
x-1|<d=>-0<x-1<S=>-0+l<x<d+l

Then-0+1=+1-e =>0=1-+1l-€,or0+1=+1+€ = 6 =+1+¢€—1. Choose
o= min{l—xfl —e,Nl+e —1}, that is, the smaller of the two distances.

-2, x2—4‘<63—6<x2—4<e:>4—e<x2<4+6:> 4—¢ <|x|<«/4+6:>—\/4+6<x

<—J/4—€ near x = -2.

x=(-2)|<F=-0<x+2<8=>-0-2<x<-2.
Then—5—2:—\/m:>§=\/4_+e—2, ord—2=—J4—e=5=2—4—¢.Choose
5:min{\/m—2,2—\/E}.

’%—1‘<e:> e<——1<e:>1 e<d <l+e:>ﬁ<x<%

x-1|<d6= 5<x l<d=1-6<x<1+0.

Thenl1-6 = —:>5—1——=— orl+o = —:>5 1 _1=—c
l+e  1+€’ 1-€ 1—¢

Choose § = -, the smaller of the two dlstances

1 1] _ 1 _1 1_ L 1 1-3¢ 1 1+3€

> s|<e= e<x2 F<ED eSS <3te=> FE< 2<

3 2 [3 [3 [3 [3
=15 X >1+3F 1+3F <|x| = 36 or 1+3 <X <A 3 forxnear\/_
’x—\/_‘<§:>—§<x—\/§<§:>«/_—5<x<«/_+5.
_ |3 _ 3 _[3 _[3
Then\/§—5—1/1+3635—\/5—,/m,0r\/§+§— 3536_‘,1—% SNEY

Choose 5=min{\/§— 1+336, 1/1_336 —\/3}

2_
(52)-co
x=(-3)|<d=>-0<x+3<5=-0-3<x<d-3.
Then-0-3=—-€-3=d=¢,0r0-3=e—-3= 0 =c.Choose J =e.

<e=>—-e<(x-3)+6<e,x#3=>-€<x+3<e=>-€-3<x<e-3.
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46.

47.

48.

49.

50.

51.

52.

53.

54.

Chapter 2 Limits and Continuity

Step 1: <em—e<(x+)-2<e, x#fl=>l-e<x<l+e

x—1

xz—l)_z

Step2: |x-1|<d=>-F<x-1<F=>1-0<x<I1+0.
Thenl-0=1-e=>d0=c,orl+0=1+¢ = =¢€. Choose 0 =e.

Step 11 x<L|(4-2x)-2|<e=0<2-2x<e since x <1. Thus, 1 - £ < x < 0;
x21:|(6x-4)-2|<e=0<6x~6<esince x> 1. Thus, I Sx<1+E.

Step2: |x-l|<d=>-0<x-1<d=>1-6<x<1+0.
Thenl—é‘=1—%:>§=§,0r1+0'=1+%:>§=%. Choose§=%.

Step 1: x<0:[2x-0]<e=-e<2x<0=>-5<x<0;
x20: %—O‘<e:0£x<2e.

Step 2: ’x—0|<5:—5<x<§.
Then—&z—%:5=%,0r5=2e:>5=26.Choose5=%.

By the figure, —x < xsind < x for all x > 0 and —x > xsind > x for x < 0. Since lim (=x) = lim x =0, then by
X X x—0 x—0

the sandwich theorem, in either case, lim xsinL = 0.

x—0

2 2

< x? sinL < x? for all x except possibly at x = 0. Since lim (—x2) = lim x> = 0, then by the
. ptp y Yy

x—0 x—0

By the figure, —x

2 1 _

sandwich theorem, lim x sin; =0.

x—0

As x approaches the value 0, the values of g(x) approach k. Thus for every number € > 0, there exists a o >0
such that0<|x—0| <0=> ’g(x)—k| <e.

Writex:h+c.Then0<|x—c|<5<:>—é'<x—c<é',x7ﬁc<:>—5<(h+c)—c<é',h+c;ﬁc<:>—§<h<5,
h#0&0<|h-0[<d.

Thus, lim f(x) = L < for any € > 0, there exists § > 0 such that ’f(x) —L| < € whenever 0 < |x - c| <de
X—C

| f(h+c)—L| < € whenever 0<|h—0|<5<:>]11m f(h+c)=L.
—0

Let f(x) = x2. The function values do get closer to —1 as x approaches 0, but lim f(x) =0, not —1. The
x—0

function f(x) = x? never gets arbitrarily close to —1 for x near 0.

Let f(x)=sinx, L= %,and X = 0. There exists a value of x (namely x = %) for which ‘sin x— %‘ < ¢ for any
given € > 0. However, lig:) sinx =0, not%. The wrong statement does not require x to be arbitrarily close to x;.
As another example, lgt g(x) = sin%, L= %, and x, = 0. We can choose infinitely many values of x near 0 such
that sin% = % as you can see from the accompanying figure. However, iirb sin% fails to exist. The wrong
statement does not require all values of x arbitrarily close to x; = 0 to lie withine >0 of L = % Again you can

1

see from the figure that there are also infinitely many values of x near 0 such that sin% =0. If we choose € < 2

we cannot satisfy the inequality ’sin% - %‘ < e for all values of x sufficiently near x;, = 0.
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55.

56.

57.

58.

59.

Section 2.3 The Precise Definition of a Limit 65

=sin 1
y =sin ¢

2 nx’ 4 2 _4
|A —9| <0.01=-0.01< 7[(%) -9<0.01= 899<=-<9.01==(8.99) <x” <2(9.01)
=2 % <x<2 % or 3.384 < x <3.387. To be safe, the left endpoint was rounded up and

the right endpoint was rounded down.

V= RI:——I: F-5<0.1= 01<12° 5<0.1=49< %ss.ljmzlz&

- (1295)1(10) <R< “23)9(10) 23.53< R<24.48.

To be safe, the left endpoint was rounded up and the right endpoint was rounded down.

(@) -0<x-1<0=>1-d<x<1= f(x)=ux.Then|f(x)-2|=|x-2|=2—-x>2-1=1.Thatis,
|f(x) 2|>1> no matter how small ¢ is taken when 1 — 5<x<1:>11m f(x)#2.

(b) 0<x-1<d=1<x<1+8= f(x)=x+1.Then|f(x)-1=|(x+1)- l|—|x| x>1.Thatis,|f(x)-1|>1
no matter how small O is taken whenl < x <1+0 Dhm f(x)#1.

(€ -6<x-1<0=>1-6<x<1= f(x)= xThen|f(x) 15| |x—1.5]=15-x>15-1=05.
Also,0<x-1<d=1<x<1+5= f(x)=x+1.Then|f(x)-1.5=|(x+1)—1.5]=|x-0.5|

=x—-0.5>1-0.5=0.5. Thus, no matter how small § is taken, there exists a value of x such that
~§<x-1<& but|f(x)-1.5| z%: lim f(x)#1.5.
x—1

() For2<x<2+0=> h(x)=2:>|h(x)—4|= > ¢ whenever 2 < x < 2 4+ 6 no matter

how small we choose 6 >0 = lim A(x) # 4.
2

x—
(b) For2<x<2+§:>h(x)=2:>|h(x)—3| =1.Thus fore <1, |h(x)—3|Zewhenever2<x<2+5no matter

how small we choose 6 > 0= lim A(x) # 3.
x—2

(¢) For2-0<x<2= h(x)= X% so ’h(x) - 2| = ‘xz - 2‘. No matter how small § > 0 is chosen, x? is close to 4

when x is near 2 and to the left on the real line = ‘xz - 2‘ will be close to 2. Thus ife <1, |h(x) - 2| e

whenever 2 — 0 < x < 2 no matter how small we choose > 0= lim A(x) # 2.
x—2

(a) For3-8<x<3= f(x)>4.8=|/(x)—4|=0.8. Thus fore <0.8,|f(x)—4| = ¢ whenever 3—& < x <3 no
matter how small we choose 6 >0 = hm f(x)#4.

(b) For3<x<3+d= f(x)<3=|f(x)- 48|>18 Thus for e <1.8,|f(x)—4.8 > € whenever3< x <3+4
no matter how small we choose 6 > 0 = hm f(x)#4.8.

(¢) For3-8<x<3= f(x)>48=|f(x)- 3|>1 8. Again, for e <1.8,|f(x)—3| > ¢ whenever 3—& < x <3 no
matter how small we choose d > 0= lim f(x) # 3.
x—3
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Chapter 2 Limits and Continuity

60. (a) No matter how small we choose ¢ > 0, for x near —1 satisfying -1 -9 < x < -1+, the values of g(x) are

near |l = |g(x) - 2| isnear 1. Then, fore = % we have |g(x) - 2| > % for some x satisfying—1-0 <x <-1+9,
or0<|x+1<d= lim g(x)#2.
x—-1

(b) Yes, lim g(x)=1because from the graph we can find a § > 0 such that |g(x) - 1| <eif0< |x - (—1)| <.
x——1

61-66. Example CAS commands (values of del may vary for a specified eps):
Maple:
f=x > (x"4-81)/(x-3);x0:=3;
plot( f(x),x=x0-1..x0+1, color=black, #(a)
title="Section 2.3, #61(a)");
L = limit( f(x), x=x0); #(b)
epsilon :=0.2; #(c)

24

1.

plot( [f(x), L-epsilon,L+epsilon], x=x0-0.01..x0+0.01,

color=Dblack, linestyle=[1,3,3], title="Section 2.3, #61(c)");

q = fsolve( abs( f(x)-L ) = epsilon, x=x0-1..x0+1); #(d)

delta = abs(x0-q);

plot([f(x), L-epsilon, L+epsilon], x=x0-delta..x0+delta, color=black, title="Section 2.3, #61(d)");
for eps in [0.1, 0.005, 0.001 ] do #(e)

q = fsolve( abs( f(x)-L ) = eps,x=x0-1..x0+1);

delta := abs(x0-q);

head := sprintf("Section 2.3, #61(e)\n epsilon = %5f, delta = %5f\n", eps, delta );
print(plot( [f(x),L-eps, L+eps], x=x0-delta..x0+delta,

color=black, linestyle=[1, 3, 3], title=head ));

end do:

Mathematica (assigned function and values for x0, eps and del may vary):

Clear(f, x]

yl:=L—eps; y2:=L+eps; x0=1;

flx_|= (3x2 —(7x+1D)Sqrt[x]+5)/(x—1)

Plot[f[x], {x, x0—-0.2, x0+0.2}]

L: = Limit[f[x], x — x0]

eps=0.1;del =0.2;

Plot[{f[x], y1, y2}, {x, x0—del, x0+del}, PlotRange — {L — 2eps, L + 2eps} ]

ONE-SIDED LIMITS

(a)
(e)
(1)

(a)
(e)
0]

True (b) True (c) False (d) True
True () True (g) False (h) False
False (j) False (k) True () False
True (b) False (c) False (d) True
True () True (g) True (h) True
True (j) False (k) True

Copyright © 2018 Pearson Education, Inc.

Thomas Calculus 14th edition Hass Solutions Manual


https://testbank.online/books/9780134438986-solutions

(a)
(b)
(©
(d)

(@)
(b)
(©
(d)

(a)
(b)
(©

(@)
(b)
(©

(a)

(a)

Section 2.4 One-Sided Limits 67
lim f(x) =2+1 =2, lim f(x)=3-2=1
No 11m f(x) does not ex1st because lim f(x)# lim f(x)
x—2* x—2"
hm f(x) S+1=3, hm f()=5+1=3
x—4
Yes, 11m f(x)=3 because 3= lim f(x)= hm f(x)
x—4" —4*
hm f(x)= —1 hm f(x)=3-2=1, f(2)=2
Yes 11m f(x) =1 because 1= lim f(x)= hm f(x)
x—2%
hm f(x) 3-(-1)=4, hm f(x)=3- ( 1) 4
x—>—1" x—>—
Yes, llm f (x)=4because 4= lim f(x)= lim f(x)
x—-1" x—-1*
No, lim f(x) does not exist since sm( ) does not approach any single value as x approaches 0
x—0"
lim f(x)= lim 0=0
x—0" x—0"
lim f(x) does not exist because lim f(x) does not exist
x—0 x—0"
Yes, lim g(x) =0 by the sandwich theorem since —Jx< gx)< Jx when x>0
x—0"
No, lim g(x) does not exist since +/x is not defined for x < 0
x—0"
No, lim g(x) does not exist since lim g(x) does not exist
x—0 x—0"
(b)) lim f(x)=1= lim f(x)
Y x—1" x—1*
L y_{x3, x#1 (¢) Yes, lim f(x)=1since the right-hand and left-hand
“lo, x=1 x—1
. . . limits exist and equal 1
-1 1
_1 -
() lim f(x)=0= lim f(x)
y v={]—x2, x#1 x—1* x—1
2, x=1
b (¢) Yes, lim f(x) =0 since the right-hand and left-hand
x—1

/\ limits exist and equal 0

Copyright © 2018 Pearson Education, Inc.

Thomas Calculus 14th edition Hass Solutions Manual


https://testbank.online/books/9780134438986-solutions

68

10.

11.

13.

14.

15.

16.

17.

Chapter 2 Limits and Continuity

(a) domain:0<x<2 V-2, 0<x<1
range:0< y<land y=2 y=11, 1<x<2
(b) lim f(x) exists for ¢ belonging to (0, 1)U (1, 2) z =2
X—C 2+ )
(c) x=2
(d x=0
1|>\._O
o v 2
(a) domain: —eo < x < o0 2
range: —1< y <1 .1
b) lim f(x) exists for ¢ belonging to
(®) lim f(x) ging A
(—oo’ - 1) o (_1: l) (& (1’ oo) > 0 4—‘—>1 > X
(c) none o L
(d) none
2+
x, -1<x<0or 0<x<1
y ={ I, x=0
0, x<-lorx>1

tm 27 = [R53 = 1E =B 2. tim [ = i =0 =0

x—-0.5"

: x ) (2x45) _( =2 2(=2)+5 | _ 1) _
xgr_nf(xﬂ) (x2+x)_( 2+1) (( “2)2+(- 2))_(2)(2)_1
+6) (3=x\_(_L) (16 (3=1\_(1) (Z) (2)=
tim () (+22) (32)=(5) (59) (53)=(3) (}) (3)=1
lim h? +4h+ VR +4h+5-5 _ lim (\/h +4h+5—«/—j [\/h2+4h+5+\/—J_ lim (W +4h+5)-5
h—0* h—0* h 2 +4n+5+45 ) h0* h(\/h2+4h+5+\/§)
- lim h(h+4) __0+4 _ 2
h—0* h(m+x/§) (R ENG
lim M6=VSh+1lht6 _ i (\@—\/Sh2+11h+6j (\@+\/5h2+11h+6j
h—0 h h—0" h Jo+5h2 +11h+6
iy _6GRHIAe) —h(Sh+11)  _ —(0+1D) _ _ 11

h—0~ h(«/€+\/5h2+11h+6) h—0~ h(JE+\/5h2+11h+6) V66 26

() lim (x+3)‘ ‘: lim (x+3) (x+2) (x+2| = (x +2) for x > -2)
x—-2% (x+2)
=i (x+3)=((-2)+3) =1
x—-2*%
®) lim (x +3)‘ A= tim (x+3)[_(x+22)] (k42| = —(x +2) for x < -2)
x—=2" x—=2" (x+2)
= lim (x+3)(-1)=—(-2+3)=-1
x—-2"
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18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

Section 2.4 One-Sided Limits

2 1 . 2 -1
(a) x11_>1+ \/E();‘ ) = xE:Pﬁ \/E(_);) ) (x=1=x—-1for x>1)
= lim V2x=+2
x—-1*
® lim % = lim Jf_z‘;fl‘)” (x—1=—(x~1) for x < 1)
X—> X—>
= lim —v2x=—2
x—1

(a) If 0<x<Z, then sinx>0, so that hm B iy sinx = i 1=

0t SIY ot SIMY 50t

(b) If=£ <x<0 then sinx <0, so that lim M: lim =% = |jm —1=-1
x>0 SBY e s0m SBY O 07

(a) If0<x<” then cosx <1, sothat lim 1=S0sx — lim —l—cosx _ _ lim }‘Cﬂ: lim 1=1
0" ‘ osx—l‘ 0t —(cosx-1) ot Imeosx T+

(b) If%<x<0, then cosx <1, sothat lim M— lim Lxl— lim -1=-1
Y0~ ‘osx 1‘ 0" —(cosx—1) 0

S K D L
(@ lim 55e=5=1 (b) lim 5°=3
(@) lim (t=[¢))=4-4=0 (b) lim (t-[t])=4-3=1
t—4 t—4
lim $2Y20 _ i Sinx _ 1 (where x = +/26)

00 20 x50 *

lim SI2AL = fjm ASAL — fim £SINO =  [im S0 = k.1 = k (where 6 = kr)
t—0 t—0 6—0 0—0

lim sin3y _

L iy 38103Y _ 3 4 SI03» _3 sing _ 3 _
- lim == lim lim 382 =2 (where 8 =3y)
b0 A0 3y Ay 3y dg0 0 4

lim —_ = lim (l- 3h )=l lim —L =1/ 1 _f-1.g=1 (where 0 = 3h)
i 9
hes0~ sin3/ PN 3 sin3h 3h—>0_ (slgsh) 3 gll)rgl— sin 3 3
sin2x
lim tan2x _ lim (cost) = lim sm2£c =(lim 12 ) (lim 2512n2x)=1.2 =2
x—0 * x—0 X x—(0 082X x—0 082X x—0 X

lim =L =2 lim —L<=2lim ’Cost’—2(limcost){ L J=2-1-1=2

t—0 ta“’ t—0 ( t—0 St t—0 lim st

cost) t—0

XCSC2X _ 13 x 1 : 1 —(1. 1
ii% cosSx ig})(smbc cos5x) (2;;0 s1n2x) (if}) cosij (2 1) (1) 2

= lim (3cosx ) 3.1.1=3

2
lim 6x2(cot x)(csc2x) = lim —bx_cosx.
x—0 x— x—0

0 sin xsin2x sinx sin 2x
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31.

32.

33.

34.

34.

36.

37.

38.

39.

40.

41.

42.

43.

44,

Chapter 2 Limits and Continuity

X+XCOSX _ ( x xcosx )= ( x 1 ) x
_yp sinxcosx .o \sinxcosx = sinxcosx Y0 \SinXx cosx/ i sinx
=1im[sh{x].1im(colsx)+h [ ] M) +1=2
x=0\ 7, x—0 0
- x?—x+sinx _ — 1 x_1_,1(sinx
fim =g lim (53 45(47)) =0- 745020
lim 1zcos@ _ 4 (I-cosO)(1+cosf) _ ;. 1—cos* : sin® @

1 o (2sinfcosF)(1+cosb)

IH}) (2sin @ cos B)(1+cos 0) N

o sin26 n}) (2sin@cos B)(1+cos ) O

60—

— 1; sin@ 0 _
= lim o) irest) - @@ 0

x(1-cos x) 1082 1 lim 1-cosx 1
lim X=xcosx _ iy, XU=cosx) _ 4. 92 _ 1 “ox _ x4>0< X ) 9@ _ _
- - - .2 ) N2 12
x—0 sin“3x x—0 sin“3x x—0 sin?3x x—0 <s1n3x) hm(sm3x) 1
9x2 3x x—0 " ¥

lim 2202980 _ iy SN0 _ | since 6 =1~ cost — O ast — 0
1—0 17e0st  p 0
. h i . .
lim &H;l)— lim 820 — | since @ =sin h — 0 as h — 0
h—0 S1m 6—0

sinf _ sind 20\ _1y; sinf, 20 \_1.1.1=1
é;o sin 26 ghg})(smza 2(9) 2;12})( 4 sin26) 2 1-1 2

lim SIL5% — {im (s@nSx ‘4x'§) _5
¥—0 sin4x X—0 sindx 5x 4

sinSx ,_4x \_5.1.
( 5x sin4x) 11

N
EN[O)

lim fcosd=0-1=0

6—0
lim sin@cot 26 = lim sin 0232 = |im sin 0% = lim ;052'; 1
6—0 6—0 s 6—0 SIMECOST g0 =08

lim fan3x _ (
¥—0 sin8x *—0 cos3x sin8x

=3 tim () (432) () =3 1113

cos3x sin8x 3x 8

sin3x ,_ 1 ): lim (sin3x 1 8x 3)
—0

li sin3ycotSy _ im sin3ysindycosSy _ lim (sm3y) (sm4y) (cosSy) (3-4-5y)

10 yceotdy Y0 ycosdysinSy y0\ Y cosdy sinSy 345y

- Im (sm3y) (sm4y) ( .Sy ) (cosSy) (ﬁ)=1-1'1~1-222

=0 3y 4y sinSy cos4y 5 5 5
sin @ . . .
lim —tan0  _ iy —cosf  _ iy —sinfsin30  _ jip ( ) (smSH) ( ) D (i):
6—0 0% cot36 6—0 0> 2;’;;3 6—0 6% cosOcos 30 6—0 30 00590053‘9 () 11
40 : H

lim gcot43 L 0 — i 0cos40sin* 20 _ fim 0cos46(2sin O cos 6)? - lim 6 cos 40(4sin6 cos?0)

00 sin’0cot’20 90 sin’0 cosj 20 g0 sin’Ocos’20sin40 g0 sin’Ocos’20sindl 0 sin’Ocos>20sin 40

sin“ 26

li 46 cos 46 cos*6 . 46 cos 46 cos20 . 1 cos 46 cos>0 1
=lim —————=lim (= 5 = lim m4g —_— :(—
00 cos’20sin46 g \sin40 cos“20 6—0 | Y22 cos“20 1
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51.

52.

53.

54.

55.

56.

Section 2.4 One-Sided Limits 71

s 1=c083x _ 1i4, 1=cos3x  1+cos3x _ {; l—cos?3x  _ 1 sin?3x  _ 3 .sin3x  _sin3x
il_l?o 2% il_l?o 2 Ircosdx 0 2x(l+cos3x) g 2x(1+cos3x) if%) 2 73x Trcos3x
_ 3 .sin@,_sinf _ 3 0\ _ —
_;llﬁ) 2776 Treosd 2(1)(1+1) 0 (Where ¢=3x)
. 2 - . - . 2x— . .(—sin?
lim €O8”X=c0sx _ {ip cosx(cosx—1) - lim cosx(C(z)sx D cosx+l _ coszx(cos x-1) - lim coszx( sin” x)
x—0 X x—0 X x—0 X cosx+l v 50 x%(cosx+1) x—0 x"(cosx+1)
— 1 _sinx sinx  _cosx | _ _ O D §
_ig%{ X X cosx+1} (1)(1) 1+1 2
Yes. If hm f(x)=L= lim f(x),then lim f(x)=L.If hm f(x)# lim f(x), then hm f(x) does not

x—a* x—a xX—a x—a* x—a
exist.

Since lim f(x)= L if and only if hm f(x)=L and lim f(x)=L, then hm f(x) can be found by

X—C x—c* x—c”

calculating hm f(x).

X—)C

If fis an odd function of x, then f(—x) =—f(x). Given lim f(x)=3,then lim f(x)=-3.
x—0* x—0"

If fis an even function of x, then f(—x) = f(x). Given lim f(x)=7then lim f(x)=7.However, nothing

x—2" x—-2+
can be said about lim f(x) because we don’t know lim f(x).
x—=2" x—2*

I=(5,5+0)=>5<x<5+0.Also,Nx-5 <e=>x-5<e* = x<5+¢*. Choose 8 = ¢*= lim Jx—5=0.

x—5*

[=(4-8,4)=>4-5<x<4. Also,Nd—x<ec=4—-x<e> = x>4—¢c>. Choose § == lim J4—x =0.

x—4"
As x — 0" the number x is always negative. Thus, IF] ‘ -(-D<e=> _ix+ 1‘ <€ = 0< e which is always true
independent of the value of x. Hence we can choose any & > 0 with—0 <x <0 = lim ﬁ =-1.
x—0"
Since x — 2% we have x > 2 and |x 2| x—2. Then, ‘ 2‘ 1‘ = ;%%—1‘ < e = 0 < e which is always true so

x=2 -1

=]

<e. Thus, lim X2 =1.
NS ‘x—Z‘

long as x > 2. Hence we can choose any 0 >0, and thus 2 <x <2+ =

(@) lim | x|=400.Just observe that if 400 < x <401, then | x | = 400. Thus if we choose & =1, we have for
x—400"

any number € > 0 that 400 < x < 400+ = | x |-400| =400 -400| = 0 <e.

(b) lim LxJ =399. Just observe that if 399 < x < 400 then ij =399. Thus if we choose ¢ =1, we have for
x—400~
any number ¢ > 0 that 400 — & < x <400 = | x |-399| =[399-399| = 0 <.

(¢) Since lim |x|# lim |x]|we conclude that lim LxJ does not exist.
x—400* x—400~ x—400

(@ lim f(x)= lim Jx=+0= O|\/;—O‘<6:>—e< x<e:0<x<62forxpositive.Choose:é'=e2
x—0* x—0*
= lim f(x)=0.

x—0*
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2.5

10.

11.

12.

13.

15.

16.

17.

Chapter 2 Limits and Continuity

(b) lim f(x)= lim x* sin(1)=0by the sandwich theorem since —x2

< szsin(l)szforallx;EO.
x—0 x—0"

x
Since ‘xz —0‘ = ‘—xz - O‘ = x* < ¢ whenever |x| < \/; we choose § = e and obtain ’xz sin (%) - 0‘ <e
if-0 < x<0.

(c) The function f'has limit 0 at x,, = 0 since both the right-hand and left-hand limits exist and equal 0.

CONTINUITY

. No, discontinuous at x = 2, not defined at x =2

No, discontinuous at x =3,1= lim g(x)# g(3)=1.5
x—3"

Continuous on [—1, 3]

No, discontinuous at x =1,1.5= lim k(x)# lim k(x)=0
x—1 x—1t

(@) Yes () Yes, lim f(x)=0
x——1"

(c) Yes (d) Yes

(@) Yes, f(1)=1 (b) Yes, 1im1 f(x)=2

(c) No (d) No

(a) No (b) No

[-LO)yu(O,Hud,2)u(2,3)

f(2)=0,since lim f(x)=-2(2)+4=0= lim f(x)
. x—2*

x—2

f(1) should be changed to 2 = lim f(x)
x—l

Nonremovable discontinuity at x =1 because lim f(x) fails to exist ( lim f(x)=1and lim f(x)=0).
x—l x—l1" x—1*

Removable discontinuity at x = 0 by assigning the number lim f(x) =0 to be the value of f(0) rather
x—0
than f(0)=1.

x—l x—1 x—1
Removable discontinuity at x = 2 by assigning the number lim f(x) =1to be the value of f(2) rather than

x—2
f(2)=2.

Nonremovable discontinuity at x =1 because lim f(x) fails to exist ( lim f(x) =2 and lim+ f(x)=1.

Discontinuous only when x-2=0=x=2 14. Discontinuous only when (x + 2)2 =0=x=-2
Discontinuous only when x> —4x+3=0= (x=-3)(x-1)=0=>x=3o0rx=1

Discontinuous only when x> -3x-10=0= (x=-5)(x+2)=0=>x=5o0orx=-2

Continuous everywhere. (|x — 1]+ sin x defined for all x; limits exist and are equal to function values.)
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Section 2.5 Continuity 73
Continuous everywhere. (x| +1 # 0 for all x; limits exist and are equal to function values.)
Discontinuous only at x =0
Discontinuous at odd integer multiples of Z, i.e., x = (2n—1)Z, n an integer, but continuous at all other x.

Discontinuous when 2x is an integer multiple of 7z, i.e., 2x = nz, n an integer = x = %, n an integer, but

continuous at all other x.

Discontinuous when % is an odd integer multiple of Z, i.c., % =2n- 1)%, n an integer = x =2n—1, n an

integer (i.e., x is an odd integer). Continuous everywhere else.
Discontinuous at odd integer multiples of %, ie,x=2n- 1)%, n an integer, but continuous at all other x.

2 2

Continuous everywhere since x*+1>1and-1<sinx <1=> 0<sin? x <1=> 1+sin® x > ; limits exist and are

equal to the function values.

Discontinuous when 2x+3 <0 or x < —% = continuous on the interval [—%, oo).

Discontinuous when 3x—1< 0 or x < % => continuous on the interval [%, oo).

1/3

Continuous everywhere: (2x —1)"'~ is defined for all x; limits exist and are equal to function values.

Continuous everywhere: (2 — x)l/ 3 is defined for all x; limits exist and are equal to function values.

Continuous everywhere since lim 2?26 _ iy OIOFD _ iy (x+2)=5=¢g03)
x—=3 T x—3 x-3 x—3

Discontinuous at x = =2 since lim f(x) does not exist while f(-2) =4.
x—-2

lim sin(x —sin x) = sin(7 —sin ) = sin( — 0) = sin 7z = 0, and function continuous at x = 7.
X—T

lim sin(% cos(tant)) = sin(%cos(tan(O))) = sin(% cos(O)) = sin(%) =1, and function continuous at ¢ = 0.
t—0

lim sec(y sec? V- tan’ y—1)=lim sec(y sec? y- sec? y)=lim sec((y—-1) sec’ y)=sec((1-1) sec? )=
y—l y—l y—l
sec0 =1, and function continuous at y =1.

lim tan [%cos(sin X3 )] = tan [% cos(sin(O))] = tan(% cos(O)) = tan(%) =1, and function continuous at x = 0.
x—0

=cos—Z =cosZ = %, and function continuous at ¢ = 0.

T
0S| ————— C
[«/19—3 secO:l Jie 4

lim cos

z
t—0 |:«/19—3 sec 2t :|
lim \/0502 x+5V3tanx = \/cscz (%) +5\3 tan (%) =, [4+ 5\/5(%) =9 = 3, and function continuous

y4

X—)6

atx=2Z.
6
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44,

45.

46.

47.

48.

49.

Chapter 2 Limits and Continuity
()= 22 = OO 43 u3 1 0(3) = lim (x+3) =6
36 o
h(r) =1 +3f 10 _ 72 _y 15 420 = h(2) = lim (t+5)=7
=2 t—2

P B O s VS| _ +s+1) _ 3
SO =5 =" = o o SFI= /D)= 1I_>II}(S . ) 2

_ x*-16 _ (x+H(x—4) _ x+4 _ +4\_8
gx)= 2 ava  =A)rD) x4l ¥ x#4=g(d)= hm (§+1) 5

As defined, lim f(x)= (3)2 —1=8and lim+ (2a)(3) = 6a. For f(x) to be continuous we must have
x—3" x—3

4

6a=8:>a=§.

As defined, lim g(x)=-2and lim g(x)=>b(— 2) =4b. For g(x) to be continuous we must have
x—-2" x—-2*

_ __1
4h=-2=b=-1.

As defined, lim f(x)=12 and lim f(x)= a2(2) —2a=2a* - 2a.For f(x) to be continuous we must have
x—2" x—2*

12=2a*-2a=a=3ora=-2.

As defined, lim gx)=22 bel

=3l b and hm g(x)= (0) +b =b. For g(x) to be continuous we must have
—0*

b+1 b:>b Oorb—

As defined, lim f(x)=-2and hm f(x)=a(-1)+b=—-a+b,and llm f(x)=a()+b=a+band

x—-1" x——1"

lim f(x)=3.For f(x) to be continuous we must have -2 =—a+5b and a +b 3=a= 5 andb=1
x—l*

As defined, lim g(x)=a(0)+2b=2band llm g(x)= (0) +3a-b=3a-b,and lim g(x)= (2) +3a-b=

x—0" —0" x—2"
4+3a—-band lim g(x)=3(2)-5=1.For g(x) to be continuous we must have 2b =3a—-b and4+3a-b=1=
x—>0
a= —3 and b =

f(x) is continuous on [0, 1]and f(0)<0, f(1)>0=
by the Intermediate Value Theorem f'(x) takes on
every value between f(0) and f'(1) = the equation
f(x) =0 has at least one solution between x =0

and x=1.

cosx=x3(cosx)—x=0.lfx=—2,005( 2)—(——)>Olfx— cos( )—%<0.Thuscosx—x=0for

2

some x between —% and % according to the Intermediate Value Theorem, since the function cosx —x is

continuous.

Let f(x) = x> —15x+ 1, which is continuous on[—4, 4]. Then f(—4) =-3, f(-1) =15, f(1) =-13, and f(4) =5.
By the Intermediate Value Theorem, f(x) =0 for some x in each of the intervals -4 < x < -1, -1 < x <1, and
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Section 2.5 Continuity 75

l<x<4. Thatis, x> —15x+1=0 has three solutions in [-4, 4]. Since a polynomial of degree 3 can have at
most 3 solutions, these are the only solutions.

Without loss of generality, assume that a < b. Then F'(x) = (x— a)2 (x— b)2 + x is continuous for all values of x,
so it is continuous on the interval [a, b]. Moreover F(a) = a and F(b) = b. By the Intermediate Value Theorem,
a+b a+b

since a < o< b, there is a number ¢ between a and b such that F(x) = >

Answers may vary. Note that f is continuous for every value of x.

(a) fO)y=10, f(1)= P - 8(1)+10 = 3. Since 3 < 7 < 10, by the Intermediate Value Theorem, there exists a ¢ so
that0<c<land f(c)=7.

(b)) f(0)=10, f(-4) = (—4)3 —8(—4)+10 =-22.Since —22 < —/3 <10, by the Intermediate Value Theorem,
there exists a ¢ so that -4 <c <0 and f(c) = 3.

(c) f(0)=10, £(1000) = (1000)3 —8(1000)+10=999,992,010. Since 10 < 5,000,000 < 999,992,010, by the
Intermediate Value Theorem, there exists a ¢ so that 0 < ¢ <1000 and f(c) =5,000,000.

All five statements ask for the same information because of the intermediate value property of continuous
functions.
(a) Arootof f(x)= X -3x-lisa point ¢ where f(c)=0.

3 crosses y =3x+1 have the same y-coordinate, or y = X =3x+1= f(x)=

(b) The point where y = x
X =3x-1=0.

(©) x> =3x=1= x* =3x—1=0. The solutions to the equation are the roots of f(x) = x> =3x-1.

(d) The points where y = x> =3x crosses y =1have common y-coordinates, or y = S-3x=1= f(x)=
X =3x-1=0.

(e) The solutions of x> =3x—1=0 are those points where f(x) = x> —3x—1has value 0.

sin(x—2)
x=2
However, the discontinuity can be removed because f has a limit (namely 1) as x — 2.

Answers may vary. For example, f(x) = is discontinuous at x = 2 because it is not defined there.

Answers may vary. For example, g(x) = ﬁ has a discontinuity at x = —1 because lim g(x) does not exist.
x—-1

[ lim g(x)=-ccand lim g(x)= +oo.j

x—-1" x——1"

(a) Suppose x is rational = f(xy) =1. Choose € = % For any ¢ > 0 there is an irrational number x (actually
infinitely many) in the interval (xy — 9, x5 +J) = f(x) =0. Then 0 < [x — x| < § but| f(x) = f(xp)| =

1> %: €,50 lim f(x) fails to exist = f is discontinuous at x rational.
X=X,

On the other hand, x; irrational = f'(x) = 0 and there is a rational number x in (xy — &, x5 +90) = f(x) =1.

Again lim f(x) fails to exist= f is discontinuous at x, irrational. That is, fis discontinuous at every point.
X=X

(b) fis neither right-continuous nor left-continuous at any point x, because in every interval (x, —J, xy) or
(xg, xg + 0) there exist both rational and irrational real numbers. Thus neither limits lim f(x)and

X=X,
lim f(x) exist by the same arguments used in part (a).
x—x5
Yes. Both f(x) =x and g(x)=x —% are continuous on [0, 1]. However % is undefined at x =% since
g (%) =0= % is discontinuous at x = %

No. For instance, if f(x) =0, g(x) =[x, then h(x) = 0([ x |) = 0 is continuous at x = 0 and g(x) is not.
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58. Let f(x)= ﬁ and g(x) = x +1. Both functions are continuous at x = 0. The composition fog = f(g(x)) =
1 _1
+D)-1 "~ x
at g(0), which is not the case here since g(0) =1and f'is undefined at 1.

is discontinuous at x = 0, since it is not defined there. Theorem 10 requires that f(x) be continuous

59. Yes, because of the Intermediate Value Theorem. If f(«) and /() did have different signs then f'would have
to equal zero at some point between a and b since f'is continuous on [a, b].

60. Let f(x) be the new position of point x and let d(x) = f(x) —x. The displacement function d is negative if x is
the left-hand point of the rubber band and positive if x is the right-hand point of the rubber band. By the
Intermediate Value Theorem, d(x) = 0 for some point in between. That is, f(x) = x for some point x,
which is then in its original position.

61. If f£(0)=0or f(1) =1, we are done (i.e.,c =0or ¢ =1in those cases). Thenlet f(0)=a>0and f(1)=b<1
because 0 < f(x) <1.Define g(x) = f(x)—x = g is continuous on [0, 1]. Moreover, g(0) = f(0)—0=a >0 and
g()= f(1)=1=b-1<0= by the Intermediate Value Theorem there is a number c in (0, 1) such that
g(c)=0= f(c)—c=0or f(c)=c.

1/ ()

62. Lete= > 0. Since fis continuous at x = ¢ there is a 0 > 0 such that ’x—c| <o |f(x) —f(c)| <e

= fo)—e< f(x)< f(c)+e.
If f(¢) >0, thene = % flo)=> % fo)< f(x)< % f(c)= f(x)>0 on the interval (¢ - &8, ¢ + ).

If f(¢) <0, thene =1 f(c) = %f(c) < f(x)<$f(e)= f(x)<0onthe interval (¢ =&, ¢ +6).

y f(c)+e

y

c-§ c+§

A

f(c)-¢

63. By Exercise 52 in Section 2.3, we have lim f(x)=L & }Eim f(c+h)=L.
—0

X—C
Thus, f(x) iscontinuous at x =c < lim f(x) = f(c) & lim f(c+h)= f(c).
x—c h—0

64. By Exercise 63, it suffices to show that lim sin(c + /) =sinc and lim cos(c + /) = cosc.
h—0 h—0

Now lim sin(c + /) = lim [(sin c)(cos i)+ (cosc)(sin h)] = (sin c)( lim cos h) + (cos c)( lim sin h)
h—0 h—0 h—0 h—0

By Example 11 Section 2.2, lim cos 2 =1 and lim sin # = 0. So lim sin(c + /) = sinc and thus f(x) =sinx is
h—0 h—0 h—0

continuous at x = ¢. Similarly,

lim cos(c+h) = lim [(cos c)(cos h)—(sinc)(sin h)] = (cos c)( lim cos hj —(sin c)( lim sin hj = cosc. Thus,
h—0 h—0 h—0 h—0

g(x) = cos x is continuous at x = c.

65. x=1.8794,-1.5321,-0.3473 66. x=1.4516,-0.8547,0.4030
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69.

2.6

Note: In these exercises we use the result lim

Theorem 8 and the power rule in Theorem 1: lim ( | ) = lim (

10.

11.

x=1.7549

x=0.7391

Section 2.6 Limits Involving Infinity; Asymptotes of Graphs

68. x=3.5156

70. x=-1.8955,0,1.8955

LIMITS INVOLVING INFINITY; ASYMPTOTES OF GRAPHS

(a lim f(x)=0

(b) lim f(x)=-2

© E}z f)=2 (d) xxlzl;i f(x) = does not exist
© lim f(x)=-1 O lim /()=

(8) il—% f(x) = does not exist (h) xh_rgo f)=1

® xirilm f(x)=0

@ lim /(x)=2
() lim f(x)=1

(b) lim f(x)=-3

x—2*F
(d) lim f(x)=does not exist
x—2

(e) xiﬁq f(x) = oo (H lim  f(x)=+ee

© T o=+ o En; (@)= +es

(1) xin(}‘ S(x)=—e G) il;no f(x) =does not exist
(k) xlgr; f(x)=0 O lim f(x)=-1

(a) -3

(a) «

(a)

N [—

(a)

o0 |—

@ -3

(@) 3

x—r—o0

1
m/n

= 0 whenever % > 0. This result follows immediately from

min m/n
) =( lim i) =0"" = .

x—too X

x—t oo X

/
xm/n

==

x—t oo x—t oo

(b) -3
b)) «

(b)

N —

(®)

o0 |—

®) -3

(b)

ENS[O9)

—Lgsinzx <1 - iy % = 0 by the Sandwich Theorem
X—>oo0

X X X

1l <cosf 1

lim <€ = 0 by the Sandwich Theorem

307730 030 gt 36
2_4(sine
lim 2=ttsing = [y () )= 0-140 _ _;
t+cost cost. 1+0
A eost = 00 ]
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1

)

78
; riésinr__ _ 1; r — i 40 _ 1
2. lim o Semr = 0 2+7-5(sr) © lim 706732
13. (a) lim 2= | 2y =2 (b) 2 (same process as part (a))
Yoo SXHT T, 5+% 5 5
: 245
14. (a) lim 254 = lim ——*—=
X—o0 X" —=X"+x+7  x—oo 1‘;‘*‘7‘*‘7
X X
(b) 2 (same process as part (a))
1,1
. . 2
15. (a) lim <L = lim +—=0 (b) 0 (same process as part (a))
x—00 X +3 x>0 1+—2
X
3,7
. 2
16. (a) lim 3)2”7 = lim = =0 (b) 0 (same process as part (a))
x—o0 X°=2 x—oo 1+72
. 3
17. (a) lim — Tx =1i 37 =1 (b) 7 (same process as part (a))
Y—o0 X" =3x“4+6X  x—co 1—;+—2
X
9x*+ i 9 9
18. (a) lim LI = i . == b) Z (same process as part (a
@ fim s m =g (b) 2 (samep part (a))
X X X
. . 2 6
19. (a) lim 1043l pjy = =0 (b) 0 (same process as part (a))
X—>00 X X—oo
. 3,72 . oyl . -
20. (a) lim S£IX=2 = |jim 12X = oo gince x " — 0 and x+7 — oo, (b)
X—oo X —x-1 X—o0 =X —x
3 2 -1 . —
lim X£7X=2 = jm 722X = oo gince x " — 0 and x+7 — —oo.
X——o0 X —x-1 X—y—o0 1=Xx " —x
7,2 4,0.-1_ -3 . _
lim 334501 o iy 30450 =" — o5 gince x " — 0 and 3x* — oo,
X—o0 6=Tx “+3x
4,0 -1__-3 . _
3x745x" x5 gince x " — 0 and 3x* — oo,

21. (a
( ) X—yo00 6x°—Tx+3
. 7 2_ .
(b) lim 3x82=l= iy o —x
X——o0 0X°=7x4+3  x 5—c0 6=7x “+3x
=—oo, since x " — 0, 5x° — oo, and the denominator — —4.

. 8_H.3 . 3 5,2 -5

22. (a) lim =249 = |jm Sx=2x +9x
X—o0 3t+x—4x Y—oo 33X +x 4

. 8_~ 3 . -2

(b) lim 3X=2X49 = iy =2
X—>—c0 3tx—4x X—>—c0 33X T+x

=oo, since x " — 0, 5¢° = —oo, and the denominator — —4.

g—3 —
. 2_ . 2 . _
23, lim 8223 = lim == | lim = = 80 _ Jg4=2
X—>o0 2x“+x X—oo 2+; X—>o0 2+; 2+0
1/3 1/3
I T L o3 VB
24, lim |35 = lim & =| lim = :(W) :(§) =7
X—>—o0 8x°-3 X—>—oc0 x—z X—>—o0 _Yiz —
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25.

26.

27.

29.

30.

31.

32.

33.

34.

35.

36.

37.

39.

41.

43.

Section 2.6 Limits Involving Infinity; Asymptotes of Graphs

5 =X =X
. 3 . 2 . 2 )
lim ( L ) = lim | = =| lim = = (—(Tro) =oo
x—>—o0 \ X" =7x x——oo | I=7 x——oo 1=1 -

1 1_5
: 2 - 2 X 2 -
lim [ 2=50 = lim [ = flim 2 = [1050 =0 =0
Xx—o0 ¥ X~ +x-2 X—>oo 1+x72_7 X—>o0 1+x72_xi3 +0—

2 1 2
R ()
lim % = lim )51/2—7} =0 28. lim 24x _ lim 20—
X0 X7 x—>00 3— xoe0 22X x—se0 ( 2 )_1
lim

(1
=3x _ li 153 li % =1

m ——F——F—F= = lIm
X——c0 \/—+\/_ x—oo Lx (/=W o 1+( 1

ot e T2
lim 5= = lim ——=o0
X—oo X —X X—oo 1T
115__ 1 7
2x 7= — =
53__1/3 19/15 " 8/5
lim 22X =x"+7 _ |im x AN

875 3 1
X—yo0 X By X—>0 1+x3/5+X11/10

xl—l)riloo 2x+x2/3—4 - X—>—o0 2 %3_7 E
lim YA iy P N o N s ko
e x+1 RPNV SR C I L T(+l/x)  (140)
lim P oy AR NGRS i _ 1

e XL _>_°<, (x41)/ PERN i _)_w e R _}w( “I=1/x) (—1—0)

2
lim -3 i G- 2 lim G 1. _(3x) _ (=0) _

oo Ax2 425 o0 V42425 N xoee (44250 o \Jat25/x2  V4+0
4— 3x (4-3x)Nx” )/\/>

lim = lim - im W3/ 3x)/(=x) _ = lim &HHD —4/x°+3) _ (0+3) _

x—-00 \x049  x——s0 /x49 /\/— x——o0 [(x0+9)/x° x—e0 A/149/x5 \/F

lim fo=es (ottve) 38, lim = (Rostne
50" 3x positive Y0~ negative
lim —3- = —oo (—P°S“i.ve) 40, lim —L =0 (—P‘)S?t?“’“)
v x=2 negative 3t x=3 positive
2% _ o (neg'flt‘ive) 42 lim -3 —o (negat%ve)
—sg8* x+8 positive MRS 2x+10 negative
T (1) Wt (e
r—7 (x=7) positive x—0 x2(x+1) positive-positive
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80

45.

46.

47.

49.

51.

52.

53.

54.

55.

56.

Chapter 2 Limits and Continuity

: 2
a) lim —%-=o
® x—0* 317
; 2 _
(a) 11m+ s =
x—0" X
lim - = lim —%5 =
x—0 X x—0 (x7)
lim tanx=oo
x—>(%)
lim (1+cscl)=—o0

0—0"

(b) lim 3)%1,3 = —oo

x—0

(b)

48. lim L5

x—0 x

—hm
—0 (')

50. lim

SECX =0
x—)(%)Jr

lim (2—-cotfd)=—cand lim (2—cotf) = oo, so the limit does not exist

6—0"

-0~

= lim

: 1
a lim
( ) x—2t x°-4

lim

(b)

L
Ly (FD)(x-2)

1 _ 1
5 lim

x—2" X4

c lim
© x——2t x4
lim —!
x>0 X 4

(d)

_1 —

oy (D) 2)

lim L

T -G

i 1 __
xglflf +2)(x-2)

posmve positive )

positive: negatlve )

( positive: negatlve )

negatlve negative )

: X _ 1 positive
(a) xh_>r?+ R xh_>nll+ (x+1)(x 1) (posmve posmve)
3 X _ 1; positive
®) xh_>n11* R xh_>nll* (X+1)(X n - (posmve neganve)
1 X - | negative
© xgr_nﬁ x*-1 _xgmrr (x+1)(x 1) == (posmve negatlve)
3 X _— 1i negative
(d) xgrfll— -1 x1_>m1— (x+1)(x 1) —° (negatlve negatlve)
2
() lim (%—l)=0+ fim L= oo ()
=0t x *—0*t negative
2
®) lim (%—i)=o+ lim L = oo ( L )
Y0~ x x—o0" % positive
2 2/3
; X 1 2 1/3 -1/3 _
(C) lim (7—;)—7— 3 =27 -2 =0
x—32 2
2
im [2-1)]=1_(1)=3
(d) xli>n_11(2 X) 2 (—1) 2
(@ lim ol o, Dositive (b) lim P
ot 2x+4 positive _y- 2x+4
(c) lim x2-1 = lim (DD _ 2.0 _
ENT: 2x+4 It 2x+4 2+4
2
: x =1 _ -1
(d) xgng_ 2x+4 4
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57.

58.

59.

60.

61.

62.

63.

Section 2.6 Limits Involving Infinity; Asymptotes of Graphs

(2) lim X2 =3x+42 - lim =2 _ negative-negative
0t X —2x 0t X (x=2) positive-negative
. 2_ . - — . _
() lim 302 o gy CODOED gy 2l o1 g
x—2t ¥ 2x x—2" ¥ (x-2) x—2" X
() lim *73xk2 = fi (DD iy 2ol o1 g
X2 X2y v (x-2) gy X
. 2_ . - — . _
(d) lim £252 = fim &=Dx-D 22)(x Do fim 2=l=1 x#2
x—2 X =2x x—=2 x(x-2) x—2 X 4
e) lim X2 -3x+2 - lim (x=2)(x-1) e negative-negative
Y0 X—=2x ¥—o0 x2(x=2) positive-negative
: = : (x=2)(x-1) : (-1 1 1
a Iim X7 3x+2 Iim —=22 7 — =—_==
(a) 2t X —4x ot x(x=2)(x+2) e x(x+2)  2(4) 8
(b) lim X2 =3x+2 - 1im x=2)(x=D) _ . =D _ negative
ot X—dx o X(x=2)(x42) L or x(x+2) negative-positive
© lim 2-3x+42 - lim =2)(x-) _ =D _ negative
0™ =4y 0™ x(x=2)(x+2) 0™ x(x+2) negative-positive
(d) lim x?=3x+2 = lim (x-2)(x-1) — 1; (x-1) -_0 _
ol Py o 3GD)(H2) e x(2) . (DB)
(e) -1 _ negative
0" x(x+2) positive-positive
and tim e (e
0™ x(x+2) negative-positive
so the function has no limit as x — 0.
. 3 | : 3 (=
(@) lim [2—W} = —oo (b) lim [*w} =0
t—0 t t—0 t
. 1 _ : 1 —
(a) llm+ [W"’ 7} =oo (b) lim [W"’ 7} =—oco
t—0" Lt t—0" LI
; 1 2 ; 1 2
(a) lim [—+ =oo (b) lim { + =oco
ot | 22T (B o0 | 2P ()R
; 1 2 ; 1 2
(c) lim { + }:m (d) lim {_+ }:w
Joerl PR s |22 B
: 1 1 : 1 1
(@) lim [—— }=°o (b) lim |- }_m
0t L2 )R el I ER TR
H 1 ; 1
() lim | 45— }_w (d) lim |- }_w
el [ERE Joenll IRTER S
-1 =L
Y= 64. y x+1
y y
10F {] -1
k YT
5K x=—I: N
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82 Chapter 2 Limits and Continuity

65. y==1 66. y=—=

68. y=2r=2-2

x+l x+1
y
)
i
i
i
'
f
i
i
B y=2
_________ B
- \
/ 0 ’,,\- ------- v
o 2 i v 2x
x+1 T x+1
‘
x=-1,
|

2 2 2
69. domain = (—oo,0); yinrange and y =4+ 3%, 0< 3+ <3 and lim 32" =3 = range =[4,7); horizontal
x“+1 x“+1 x—>too X +1

asymptote is y=7.

70.  domain = (=e0, —=1)U(~1, 1)U(l, ); yinrange and y =—2%; if x=0, then y =0, lim —2%- =0,
x -1 X—>too X —1
=—co = range = (—oo,%0); horizontal

lim 2% =+co, and lim 2% =—co; lim 2% =oo and lim -2
1

x—1t X7l x—>1m X~ x——1" ¥ = x——1" x° -1

asymptote is y =0; vertical asymptotes are x=-1, x=1

[2 ) 2
¥ oA <0, lim ¥ oo
X X

71. domain = (—eo, 0)U (0, 0); y in the range and y =
x2x2+4 x—0"

)

. x2+4 _ . _ : x2+4 — — (— — . 1
lim S = o, lim =1, and lim ~——=-1 = range=(—o0, —1)U(l, «); horizontal

x—=0" X—>00 X—>—00
asymptotes are y =1, y=-1; vertical asymptote is x =0

P44
X

. . 3 ;D452 . 3 . 3
72. domain = (—o°, 2)U(2, «); yintherange and y=——; y'= sz <0; lim —S—=co, lim ——=—oo,
x'-8 (x3—8) x—2t x'-8 x—2 X -8

and lim ;‘3 =1 = range =(—o0, 1)U(l, o); horizontal asymptote is y =1; vertical asymptote is x =2
X—too X —
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Section 2.6 Limits Involving Infinity; Asymptotes of Graphs

73. Here is one possibility.

79.

81.

82.

83.

Here is one possibility.
y

h(x)=i, x#0
[

x
4()‘)
-1

Yes. If lim L% = 2 then the ratio the polynomials’ leading coefficients is 2, so lim

oo 8(X)

74. Here is one possibility.

76.

7}
q
.
i
'
'
'
'
1
'
'
- W A
L
F
M

78.

80. Here is one possibility.

PAC) . 2 as well.
oo &(X)

Yes, it can have a horizontal or oblique asymptote.

At most 1 horizontal asymptote: If lim
X—>o0
so lim £ = [ as well.
X—>—o0 g(x)

PACI)

g(x)

= L, then the ratio of the polynomials’ leading coefficients is L,
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84

84.

85.

86.

87.

88.

89.

90.

91.

92.

93.

lim

x—o0

Chapter 2 Limits and Continuity

lim (\/xT \/xT)— lim [\/xT \/xT] [ x+9+\/;:|_ lim C+=C+4)

X—>o0

Nx+9+/ x+4

X—>o0 x—y00 VX+9++/x+4

T S _ 0 _
_XIEEO X+9+Vx+4 xlgl:o h+%+ h_,_% T 0
(\/x +25 -~x? - j— lim [\/x +25-x? } [ 425+ } —(x +25)=(x" 1)
x—>oo

X—>o0 X +25+ 2425+ x% -1

= lim 26

—= = lim +ZHZO
a0 X425 44 x2 o1 xee 142+ It 1F
X X

2)

2 2 (2 .
lim (\/xz +3 +x)= lim [\/xz +3 +xH—“+3‘X}= lim W7D _ gy 3
X——o0 X—y—oo Vx243-x X—=  \x"+3-x X—>=00 \x“+3-x
3
3
. 2 . -
= lim L: lim £ ﬁ =0
x——oo [l43 -2 xo—oo fl4341
x \/? -’C
2\ 2 _
lim (2x+\/4x2+3x—2)= lim [2x+\/4x2+3x—2}-{—zﬂ4x +3x 2}: lim -G
X—>—o0 X——oc0 2x—\/4x +3x-2 X—>—00 2x—\/4x2+3x—2
—3x+2

lim

X—>o0

lim

x—o0

x—o0

= lim —=2%2 - [im Al = lim =
x—>—00 2x—\/4x?43x-2  x——oo \/Ziz— +%—% x—>—oo 2X_ 4+l—i2
X X X

2

= lim < =30 _
X—>—co —2— \/4+3 -2 22

3
4

( o2 —x - 3x)_ Hm[ 9x2-x—3xH—W—x+3x} m OF=0-0 L e

VOxX2—x+3x

XH°° VOx2—x+3x x—00 \9x2—x+3x

X—>oo
- 1 1 1
= lim = = lim — =——=——
X0 \/ﬁ_i_ﬁix x—oo 9143 3H3 6
P
xZ x2 x

X—o0

2 2
(\/xz+3x_\/x2_2x)= lim [\/x2+3x_\/x2_2x} |:\/x +3x+x —2x:| lim (430G -20)

Vx +3x+\/ ¥ =2x
_5

= lim = lim 5

X—>o0 \/x +3x+\/x 2x  x—eo [143 +\/7 1+1 )

lim Vx? +x-vVx2—x = hm[ X +x—Vx —x} [er x_x}—hm - lim
V' IR T T e

VX +x+VXx~"—x

xX—o0

For any € > 0, take N =1. Then for all x > N we have that|f(x)—k| =|k—k| =0<e

For any € > 0, take N =1. Then for all y <—N we have that|f(x)—k| =|k—k| =0<e.

For every real number —B < 0, we must find a & > 0 such that for all x, 0 < |x - 0| <d= ‘—21 <-B.
X

Now,-L<-B<0eL>B8>0ex"<
.x

==

x

2 1 1 1

- & |x| < —=. Choose 0 = —

v 5 hl<g R
< —B so that lim —-L = —co,

x—0 X

then0<|x|<§:>|x|<

o
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94.

95.

96.

97.

98.

99.

100.

101.

102.

Section 2.6 Limits Involving Infinity; Asymptotes of Graphs 85

For every real number B > 0, we must find a ¢ > 0 such that for all x, 0 < |x 0| <d=> = ‘ | > B. Now,

1>B>0<:>|x| .Choose § = Then0<|x 0|<5:|x|< = L > Bsothat lim L =co.
B B x—0 1

For every real number —B < 0, we must find a 0 > 0 such that for all x, 0 < |x —3| <= = _2) < —B.Now,

(x 3) <-B< 0(:)( 5 >B>O(:>(X23) <Fe(x- 3’ <2 (:)0<|a: 3 < \/7Choose5 %,then
0<|x 3|<5:> <—B <050 that lim —2— = —oo,
(x—3) 13 (x-3)

For every real number B > 0, we must find a § > 0 such that for all x, 0 < |x - (—5)| <d=> ( 15)2 > B.
x+

Now,ﬁ>3>0(:)(x+5)2 <l4:>|x+5|<L.Choose5:L.Then0<|x—(—5)|<5
X+

N7 7

= o0,

L= > B so that lim 1

+5
A A e s (r45)?

(a) We say that f(x) approaches infinity as x approaches c from the left, and write lim f(x) = oo,
X—C

if for every positive number B, there exists a corresponding number ¢ > 0 such that for all x,
c—-0<x<c= f(x)>B.

(b) We say that f(x) approaches minus infinity as x approaches ¢ from the right, and write lim f(x) = —oo, if

X—C

for every positive number B (or negative number —B) there exists a corresponding number 6 > 0 such that
forallx, c<x<c= f(x)<-B.

(c) We say that f(x) approaches minus infinity as x approaches ¢ from the left, and write lim f(x) = —oo, if

X—cC

for every positive number B (or negative number —B) there exists a corresponding number § > 0 such that
forallx, c-d<x<c= f(x)<-B.

ForB>0,%>B>O<:>x<%.Choose5 —.Then0<x<d=0< x<11;:> > Bso that lim L = co.
x—0*
ForB>0 1< B<0<:>——>B>0<:>—x<é<:>—%<x.Chooseé'=%.Then—5<x<0:>—%<x
:> < Bsothat lim 4 = —oo,
x—0" %
ForB>0—< Bo-——5>8B o —(x—- 2)< o x- 2>—E<:>x>2—— Choose&z%.
Then 2 — a<x<2:> é‘<x 2<O:>—%<x 2<0:>—2< —B <0 so that lim E=_°°'
x—2"

For B>0,—15>B & 0<x- 2<— Choose 8 = .Then2<x<2+§:>0<x—2<5:0<x—2<%

3—>B>O so that lim Lz=oo.
x—>2 =
ForB>0and0<x<l,—5>B e 1- x> <l L & (1-x)(1+x) <% Now X <1 since x < 1. Choose & < 5=
X
Thenl-d<x<1=> ()<x 1<0=>1- x<5<—:>(1 x)(l+x)<B(1+T)<%:>1 >> B for 0 < x<1land
—X

x near 1 = lim —L
x—l™ I=x

= oo,
B .
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86

_ x4l

104. y

s

— x’—4

3
2x+4

x—1+

106. y

3

=x+1-

105. y

2

2x+4

x—1
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113. (a)
(b)
(©

114. (a)

(b)
©

CHAPTER 2

1. Atx=-1:

Atx=0:

Atx=1:

y — oo (see accompanying graph)
y — oo (see accompanying graph)
cusps at x =+ | (see accompanying graph)

y — 0 and a cusp at x =0 (see the
accompanying graph)

y— % (see accompanying graph)

a vertical asymptote at x =1 and contains the

point (—1, m) (see accompanying graph)

PRACTICE EXERCISES

lim f(x)= lim f(x)—l

x—-1" x—-1*

= lim f(x)=1= f(-1)

x—-—1
= f is continuous at x = —1.

hm f(x)= hm f(x)=0
= lim f (x) 0.

x—0

But f(0)=1# lim f(x)

= f is discontinuous at x = 0.
If we define f(0) = 0, then the discontinuity at
x =0 is removable.

lim f(x)=-1and 11m f(x)=1
x—1"
= lim f(x) does not ex1st
x—1
= f is discontinuous at x = 1.

Chapter 2 Practice Exercises

y=fx)
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Chapter 2 Limits and Continuity

Atx=-1: lim f(x)=0and lim f(x)=-1

x—-1 x—-1* y
= lim f(x) does not exist

x— -1 4r

= f is discontinuous at x = —1. 0, xs‘—l‘

o= 1/3, 0< [x <1
, X=
Atx=0: lim f(x)=—c0and 11m f(x)=00 I x> L
x—0" o &

= lim f(x) does not ex1st -1 I
x—0
= f is discontinuous at x = 0.
Atx=1: hm f(x)—hm f(x)-l:llmf(x)—l. T
-1
But f(l) 0 11m f(x)

= fis d1scont1nu0us atx=1.
If we define f(1) =1, then the discontinuity at
x =1 1is removable.

(@) lim 3f(1)=3 lim f()=3(-7)=-21
t—t, t—ty

2
() lim (£(1))? =(1im f(t)j = (-7)} =49
) -t
© lim (/) g()= lim /(2)- lim g(1)=(=7)(0)=0
! lim f (to) llm S@®

. SO _ o0 -7 _
(d) thj% FOEAR T (g0 =T hm g(t) Tm 7 =57 =1

(e) lim cos (g(?)) = cos{ lim g(t)j =cos0=1
t

t—t, —t,

® tlgrtl | f(D)]= tlgrtl f(t)‘=|—7|=
(@ lm (f(O)+g() = lim f()+lim g(0)==7+0=-7
) 1=t

1 __1

11 _
® tli‘,l(f(z)) Tm 7077

@ lim —g(x) == lim g(x)= -2

(b) hm (g(x)- f(x)) = hm g(x)- 11m f(x) = (I )( 2) = %
(c) hm (f(x)+gx) = 11m f(x) + hrrz) g(x)=1+ V2

2
NI
@ )}‘_rf}) RV

(e) llrr}) (x+f(x) = lim x+1im f(x):0+%:—

hm hm cos 1
(f) llm f(x)~cos X — xﬁOf(x) X— * = <2)(1) = _l
-1 li lim 1 0-1 2

oo T,

Since lim x =0 we must have that 11m (4—g(x)) =0. Otherwise, if 11m (4 - g(x)) is a finite positive
x—0

number, we would have lim [4 g (x)} —oo and lim [m} = oo 50 the limit could not equal 1 as x — 0.
x—0" * x—0" u

Similar reasoning holds if 11m (4—g(x)) is a finite negative number. We conclude that lim g(x) =4.
x—0
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11.

12.

13.

14.

15.

16.

17.

2:

x——4

constant) = lim g(x)= 14 =_1
x—0 -

Chapter 2 Practice Exercises 89

x—0 x—-4 [ x—0 x——=4 x>0

lim [x lim g(x)}: lim x- lim {lim g(x):|:—4 lim {lim g(x)}:—4 lim g(x) (since lim g(x)isa
x—-4 x—0 x—=0

1
2

(a) lim f(x)= hm B =cB3 = f(c) for every real number ¢ = £ is continuous on (—eo, o).
X—C
(b) lim g(x)= 11m =32 g(c) for every nonnegative real number ¢ = g is continuous on [0, ).
X—C X—C
(¢) lim A(x)=lim x 3= % = h(c) for every nonzero real number ¢ = /4 is continuous on (—ee, 0) and
x—c¢ x—c¢ c
(—oo, °°)
(d) lim k(x) = lim x V6 = W = k(c) for every positive real number ¢ = k is continuous on (0, )
X—C X—cC
(a) U ((n —%)ﬂ', (n +%)7z), where 7 = the set of all integers.
ne
(b) U (n7, (n+1)x), where I = the set of all integers.
nel
(C) (—oo’ ”)U(ﬂo °°)
(d) (=e0, 0)U(0, =)
-dx+d (x-2)(x-2) _ X2 _ . :
(a) iir}) Frsdlay M e~ I ey x # 2; the limit does not exist because
: X=2 _ x—2 _
xleO’ x(x+7) and 11%1+ x(x+7)
. X2 —4x+4 . (x=2)(x-2) =2 2 _ 0
= = l =
(b) il_rflz P ldr ey (A T)(x-2) ;!1—1312 o) X # 2, and o o =29y =0
(a) lim x—”= lim — xgx+1) = lim —*L = lim —1—, x#0andx# 1.
x—0 x Sioxt+x? x—0 X (x“+2x+1)  x—0 x“(x+D(x+])  x—0 x“(x+])
Now lim 1 —=cand lim 1 —=co= lim -5 =,
x—>0 X2 (x+1) X—0T X 2(x+1) 0 X +2x*+x
(b) SX—+4X3 = lim — x§x+1) = lim — L x#0andx#—1. The limit does not exist because
x——1 X +2x"+x x——1 X (x"+2x+1) x—-1 x°(x+])
im — l_ = _oand lim = oo,
x——1" ¥ (x+]) xos— 1t X ()
hm1 Jx = lim -V =lim - =
S - f YHx)  xol Mx
lim 2= = Jim — 00 gy 1o 1
xoa X' -a*  x5q (X +a )(x —a ) x—a X +a 2a
2 2 2 2 2
fim S iy GO iy (x4 k) = 2x
h—0 h—0 h—0
fim G iy GRS i 0y gy =
x—0 h x—0 h x—0
P 2-(2+x) _ 1 |
. 2+x — —_1
Jim === lim e = M 2= 3
lim 38 _ iy @467 12x48)8 lim (2 +6x+12)=12
x—0 x—0 X
lim & m G0 PP e GG e Vel e 2

x—1

1 =
\/—1 vl (Wa-l) (D425 40) vl o) 4x P11y ys) 2Pl I+ 3
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18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

Chapter 2 Limits and Continuity
lim 2346 lim (B-a)(x3+4) lim M3 -a)(xP+4) . (23 4453 116)(x+8)
x—64 Vr-8  x 64 Jx-8 x—64  x-8 (r+8)(x?3 +4x'73 +16)
— lim 86 ("3+4) x+8) lim (x"3+4) (Jx+8) _ (4+4) (8+8) _
64 (x—=64) (23 +4x3+16)  x—64 x2P+4x"3+16 16+16+16 3
lim 182X _ q5, sin 2x COSZX _ o (sin 2x)(cosizx) 7x (g)zl,l‘l,;:;
¥—0 tan 77x X0 €08 2x sin zrx X—0 2x cos 2x/\sinzx |\ rx VA

lim csc x= lim —1

- = oo
X g~ SIX

lim sin (1+ sin x) =sin (1+ sin Jr) =sin (1) =1
X—T 2 2 2

. 2 _ 2 _ 2 _ 2 _
lim cos”(x—tanx)=cos” (x—tanz) = cos”(7)=(-1)" =1
X—>T
lim —3% = |jm —8% =_238

x0 38In x=x T Tog 3sinep T 3(D)-1

cos 2x—=1 _ 1; cos 2x—1 cos 2x +1)_ 1; cos? 2x-1  _ ; —sin?2x
)}E}) T sinx )}E})( sin x cos 2x+l1 )_ xlaO sinx(cos 2x+1) — xgo sin x(cos 2x+1)
— 1 —4sinx cos® x _ —4(0)(1)2 -0
T 0 os 2x+l T+l T
1/3
lim [4 g(x)]"? = 2:{ lim 4 g(x)} =2= lim 4g(x)=8,since 2’ =8. Then lim g(x)=2.
x—0* x—0* x—0* x—0*
lim —Ll—=2= lim_(x+g(x)=1=5+ lim_g(x)=1= lim_ g(x)=1-5
x5 x+g(x) x5 x5 x5 2
lim 324! = co = lim g(x) = 0 since lim (3x* +1) = 4
x—1 8() x>l x>l
lim == i =0= lim g(x)=-co since hm 5-x )—1
x—-2 g(x) x—-2 —-2

29.(a) f(-1)=—-1and f(2) =5= f has a root between —1 and 2 by the Intermediate Value Theorem.

30.

31.

(b), (c) root is 1.32471795724

(@) f(-2)=-2and f(0)=2 = f has a root between —2 and 0 by the Intermediate Value Theorem.
(b), (c) root is —1.76929235424

2
Atx=-1: lim f(x)= lim x(); )]
x—=1" x——17 [¥H /
2_
= fim 22D fim x=—1,and ‘
x—-17 x-l x—-1"
2
lim f()= lim Do fip D A 1 "
x—-1* X1t Al gt~
hm ( x)=—(=1)=1.Since lim f(x)# -1
x—=>-1"
hm f ()= hm f(x) does not exist, the / fx) =x(x?=1)/Ix* = 1]
x—-1* -1

function f cannot be extended to a continuous
function at x = —1.
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Atx=1: lim f(x)= hm x(
x—=1"

Chapter 2 Practice Exercises 91
x° -1) x(x“=1) )c(x2 -1)
—_= = = lim (-x)=-1, and hm f(x)= lim ——
N SN € VIR ol 1|
= lim x(xz D~ Jim x=1.
xolt xT-l x—l*
Again lim f(x) does not exist so f cannot be extended to a continuous function at x =1 either
32. i
33.

x-1 _4
3

Yes, f'does have a continuous extension at a =1
define f'(1) = lim

The discontinuity at x = 0 of f(x) = sin ( 1 ) is nonremovable because lim sin - does not exist.
x—0

X
=1 1
=1l
f&x) = x_:/;‘ a=1
34. Yes, g does have a continuous extension at a = %: b
(_) — lim 5cos6 _ 5
&2 ,,49 7 4 sew 1L
80 =35 o7

1 6

) 3

\ 2

35. From the graph we see that lim A(¢) # lim A(z) n(t)
t—0" t—0*
so /i cannot be extended to a continuous function
ata =0. 2
1
—
t
-1 1
2]
h@t)y =1+, a=0
36. From the graph we see that lim k(x) # lim k(x) e
x—0" x—0"
so k cannot be extended to a continuous function at
a=0.
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92 Chapter 2 Limits and Continuity

3 2+3
37. lim 253 = |im 2y =240 _2 38.  lim 2x°43 _ lim 2 _2+0_ 2
o0 SX+T7 x_>°o5+l 540 5 Yoo SX2 47 x_)_oo5+i2 540 5
X
39. lim X 4;‘+8— lim (1 iz i) 0-0+0=0
x——oo  3X xo—ee\3¥  3x2 3
e
2
40. lim —L—=lim —=——=—%_=9
X—yo0 x*=Tx+1 X—yo0 1‘%‘*’% 1-0+0
X
; — : - . 4,3 .
41, lim === lim =L =—co 42, lim 2 = im 2t - oo
B AL L X500 12074128 x50 12413
X
43, lim 32X < lim L. = 0 since | x| =0 asx—o= lim sinx _
xo00 [ ¥] T xoe0 [ X] Yoo |.X]

cos 6-1 < 2 cosf-1 _
44, lim 2 lim 2 5 =0= lim i 0.

G—o0 O—o0 G—o0
1+ sinx+i
45, lim XpsincedVy _ o v Ve 15040 g
yeseo  Xtsinx PN 1+0
2/3, -1 . -5/3
46. lim < = fim [ T =10 o
X—300 X7 74COST X x—yoo| qCOSTx "0
x2/3
. 2 . 2 . .
47. (@) y= : lim %4 = —co and lim x—_+34 =+ oo, thus x =3 is a vertical asymptote.
5 x—>37 5 x—3t ¥ R
(b) y= g——x—z is undefined at x =1: lim %22 = —co and lim =2 = —o, thus x =1 is a vertical
X7 =2x+1 Y1~ X" =2x+1 X1t ¥ =2x+1
asymptote
. 2 — . . 2 — .
(©) y—mlsundeﬁnedatx=2 and —4: lim £+x=6 = llm%ﬁ:%; lim <=6 = Jim XTJj=oo
x?+2x-8 x—2 X +2x-8 x2 % Xsd™ X“H2x-8 s g4 X
. 2, . . .
lim )‘2+—X6 = lim %3 = —co Thus x = —4 is a vertical asymptote.
Xt X208y g XA
P KR e _ e e
48. (a) y—— lim 5%~ = lim *===-land lim 5% = lim *—=="=-1, thusy=-lisa
¥ +1 x—o X+l x> H’*2 1 x—>—o0 X~ +1 X—>—o0 H‘*2 1
X X

horizontal asymptote.
4

I++=
4 f +4 _ N
b = \/;—Jr: = lim = =1, thus y =1 is a horizontal as tote.
( ) Y Vx+4 x%oo x+4 XYoo 144 \/1+0 = ymp
X
1+-4
[2 . 2 . 0 [2 . 2
(c) y= xx+4 : lim xx+4 = lim ~—* 1+ =land lim xx+4 = lim
—>0 —>00 —co —oco
X X X—> X—> \/sz
1+ +%
= lim 2~ lim £ 0 _ 1 _
x——eo ffx ys—oo 1 -1 -1
thus y =1 and y = —1 are horizontal asymptotes.
2 . 2 . 2 .
d y= [—x 0 lim | [S5P= = /20 =Land lim 252 = lim
9x%+1 " xoseo V9x7+1 9+0 3 xo—oo VOXTHl  y oo

thus y = 1s a horizontal asymptote.
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49.

50.

Chapter 2 Additional and Advanced Exercises 93

/ 2
domain =[—4,2)U(2, 4]; yinrange and y = 16 ,1fx 14, then y =0, lim 16-x =oo, and

x— r—2t x=2
2
lim %=—oo, = range = (—oo,0)
x—2"
. . Nax . Aax? . X
Since lim Y% — +oo — vertical asymptote is x=b; lim Y& = |im AL a+
N b X—yo0 x=b %oo'x_b X
[ 2
= lim % a+— Ja = horizontal asymptote is y=+/a, lim Y&
x—so0 X Yoo XD

. X . — . .
= lim —=- /aJri2 = lim —)Z [a+i2 =—/a = horizontal asymptote is y =—/a
x—>—o0 X7 X x—>—o0 ¥ X

CHAPTER 2 ADDITIONAL AND ADVANCED EXERCISES

1.

5 lim v* .
lim L= lim L, ’1_%:L0 l-2=2a— =1, h_c_zz
v—c v—c c c c

The left-hand limit was needed because the function L is undefined if v > ¢ (the rocket cannot move faster than
the speed of light).

‘<02:> 02<*/— 1<02:>08<*/—<12:>16<\/§<24:>256<x<5 76.

— ‘<01:> 01<‘/— 1<01:>09<‘/—<1 1:>18<\/;<22:>324<x<484

110+ (=70)x10™* =10/ < 0.0005 = |(t—70)x10~*|<0.0005 = —0.0005 < (t —70)x 10~* < 0.0005
= -5<t-70<5= 65°<t<75°= Within 5°F.

We want to know in what interval to hold values of / to make V satisfy the inequality
|V —1000| =|367xh—1000|<10. To find out, we solve the inequality:

36727 —~1000|<10 = ~10 <3624 -1000 <10 =990 <367h <1010 = 22 < h< 0= g8 </ <89

where 8.8 was rounded up, to be safe, and 8.9 was rounded down, to be safe.
The interval in which we should hold / is about 8.9 —8.8 = 0.1 cm wide (1 mm). With stripes 1 mm wide, we can
expect to measure a liter of water with an accuracy of 1%, which is more than enough accuracy for cooking.

Show lim /(x) = lim (x2=7)=—-6= f(1).

Step 1:|(x2—7)+6|<e:—e<x2—l<e:1—e<x2 <l+e=>l-e<x <+l+e.
Step2:[x—1|<d=>-0<x—-1<d=>-d+l<x<o+1.

Then -5 +1=+/1-¢ or §+1=+/1+¢. Choose § = min {I-vI—¢, 1 +€ -1}, then 0 <|x—1|< 5 =

|(x2 -7)—6|<eand lim f(x)=-6.By the continuity text, f(x) is continuous at x =1.
x——1

. 1 1 _5_ 1
ShOW)}l_rflig(x)—hmZ‘ L=2=g(1).
Stepl:’zl—z‘<e:> —e<7--2<e=>2-e<-<24e= A >x>
Step2’x——‘<§3 —f<x-1<8=>-5+i<x<d+i
1__1 _L_ 1 _ 1_ =1 _1__ e
Then =0+ =35 =0 =4 4+26_4(2—e)’0r5+ Sl e e G
Choose§=4—,the smaller of the two values. Then0<‘x—i‘<§:>‘ 2‘<eand lim L =2.
(2+¢) 4 x4)12x
4

By the continuity test, g(x) is continuous at x = %.
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10.

11.

12.

Chapter 2 Limits and Continuity

Show lim A(x)= lim v2x—-3 =1=h(2).
x—2 x—2 ) s
Step 1:‘\/2x—3—1‘<e:>—e<\/2x—3—1<e:>1—6<x/2x—3 <liem T80 o T

2
Step2:|x—2|<§:> —0<x—-2<dor-0+2<x<d+2.
2 2
Then -6+2 =508 52 (078 02 s
2
e+%.Choose5—e—7,thesmallerofthetwovalues.Then,0<|x—2|<5:‘\/2x—3—1‘<e,

so lim +2x—3 =1. By the continuity test, 4(x) is continuous at x = 2.
x—2

(146)*+3 —S= (140743 5= (I+e)>-1
2 -T2 - -

Show lim F(x) = hm NI9-x =2=F(5).

x—5
Step 1:NO—x 2| <e = —e<\O-x—2<e=9-(2- >x>9-(2+¢)".
Step2: 0<|x—5|<0=>-0<x—-5<0=>-0+5<x<0+5.
Then—8+5=9-(2+¢)’> = 5=(2+e)> —d=€>+2c,0r+5=9-2—¢)> =5 =4-(2—¢)* =¢> - 2.
Choose & = €2 — 2, the smaller of the two values. Then,0<|x—5|<§3‘x/E—2‘<e, so limv/9—x =2.

x—5

By the continuity test, F'(x) is continuous at x = 5.

Suppose L; and L, are two different limits. Without loss of generality assume L, > L;. Lete = %(Lz —L,). Since

lim f(x)=L thereisad; >0 suchthat 0 <|x—xy|< ) =|f(x)—Lj|<e = —e< f(x)—L; <e
X=X

=1Ly~ L)+ L < f()<I(Ly = L)+ Ly = 4Ly — Ly <3 (x) <21y + L. Likewise, xli_)n;g f(x)=1L,s0
there is a d, such that 0 <|x—xp | < J, = | f(x)—Ly|<e = —e< f(x)— L, <€
Ly L)+ Ly < f() < Ty~ L)+ Ly = 2Ly + 1y <3f(x) <4ly =Ly = L =41y <-3f(x) <-2Ly — L.
If 6 = min{d;, J, } both inequalities must hold for 0 < |x— x| < J:
4L1 —L2 <3f(x) <2L1 +L2
—4L2 < —3f(x) < _2L2 -
contradiction.

}iS(Ll—L2)<0<L1—L2.ThatiS,Ll —L2 <0ML1—L2 >0,a
1

Suppose hm f (x)=L.Ifk =0, then lim kf(x) = hm 0=0=0-lim f(x) and we are done. If £ # 0, then given

X—C X—¢C

anye>0therelsaé>Osothat0<|x c|<§<:>|f(x) L\<|k‘:>|k||f(x) Li<e=k(f(x)-L)|<e

= (4 ()~ (kL)] < e. Thus lim £/ (x) = kL = k(hm f(x)j

X—C

(a) Sincex — 0" 0<x <x<l:>(x -x)—>0 = lim f(x —x)= lim f(y)=B wherey = 3 —x

x—0" y—0"
(b) Sincex — 0, “l<x<x’ <0:(x -x)—= 0" = lim f(x —-x)= lim f(y)=A4 wherey = O -x
x—0" y—0"
(¢) Sincex -0, 0<x*<x’<1=> @ -x*) 50" = lim f(x*-x*)= lim f(y)=4 wherey=x? —x*.
x—0* y—>0
(d) Sincex%O_,—1<x<0:>O<x4<x <1:>(x -Xx )%0+:> lim f(x -Xx )=Aasinpart(c).
x—0"

(a) True, because if lim (f(x)+ g(x)) exists then lim (f(x)+ g(x))— lim f(x)= lim [(f(x)+g(x))— f(x)]=
lim g(x) exists, contrary to assumption.

alse; for example take f(x) = — an x) =—-. Then neither lim f(x) nor lim g(x) exists, but
(b) False; f ple take /' (x) = Land g(x)=—-L.Th ither lim £'(x) nor lim g(x) exists, b
X X x—0 x—0
lim ((x)+g(x) = lim (L-1) = lim 0 = 0 exists.
x—0 x—0\r X

x—0
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14.

15.

16.
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(c) True, because g(x) =|x|is continuous = g( f(x)) =| f(x)| is continuous (it is the composite of
continuous functions).

-1, x<0 .. . .
(d) False; for example let f(x) = { : 0 = f(x) is discontinuous at x = 0. However | f(x)|=11is
,X>
continuous at x = 0.
L L2 . 1)(x-1)
Show lim f(x)= lim == [im (x+—=—2,x¢—1.
x—-1 j( ) x——1 ¥ x—-—1 (x+D)
x*-1
. . A= x#-1 -

Define the continuous extension of f(x) as F(x) = { ol * . We now prove the limit of /(x) as x — —1

—2,x=-1

exists and has the correct value.

x?e1 (x+D(x-1
Step 1: ‘);_H W

Step2: [x—(-Dkd=>-d<x+1<d=>-d-1<x<o-1.
Then-d-1=—€—-1=>0=¢,or0—-1=¢c—1= d =¢. Choose 0 =¢. Then 0 <|x—(-1)| <

)

x+1

—(—2)‘<€:>—6< +2<e=m>——€e<(x-D)+2<e,x#-1=>-—c-l<x<e-1.

<e= lim F(x)=-2. Since the conditions of the continuity test are met by F(x), then f(x) has
x—-1
a continuous extension to F'(x) at x =—1.

=

. 203 g (x=3)(x+)
Show lim g(x :11mwzhm(x—:2,x¢3.
x—3 g( ) x—3 2x76 x—3 2(x3)

x*=2x-3 3
Define the continuous extension of g(x) as G(x) = { 2x-6 ° . We now prove the limit of g(x) asx — 3

x=3

exists and has the correct value.

(x=3)(x+1)
2(x=3)

Step2:[x-3|<d=>-0<x-3<0=>3-0<x<I+3.

Then,3—-90=3-2e = 0 =2¢,0rd+3=3+2¢ = 0 =2¢. Choose 0 =2¢. Then0< |x—3|<

2_ 9y . — 1
x~—2x 3—2<6311m (x=3)(x+1)
2x-6 S T2G03)

continuously extended to G(x) at x = 3.

2
swm:‘%—z‘q:—« —2<e= <2< x#3=3-2e<x<3+2e

= = 2. Since the conditions of the continuity test hold for G(x), g(x) can be

(a) Lete >0 be given. If x is rational, then f(x) = x =| f(x)-0|=|x-0l< e & |x—0|<¢€; i.e., choose O =¢.
Then|x—0]< d = | f(x)— 0| < e for x rational. If x is irrational, then f(x)=0=|f(x)-0|<e &< 0<e
which is true no matter how close irrational x is to 0, so again we can choose J = e. In either case, given
€ >0 there isa o =€ >0 such that 0 <|x—0| < d = | f(x) — 0| < e. Therefore, f'is continuous at x = 0.

(b) Choose x = ¢ > 0. Then within any interval (¢ — J, ¢ + 0) there are both rational and irrational numbers. If ¢
is rational, pick € = % No matter how small we choose 6 > 0 there is an irrational number x in

(c=0,c+0)=|f(x)= f(c)|=|0—c|=c>% =e Thatis, fis not continuous at any rational ¢ > 0. On the

other hand, suppose c is irrational = f(c) = 0. Again pick € = % No matter how small we choose ¢ >0

there is a rational number x in (¢ — J, ¢+ ) with|x —c¢]| <%=£ (:»%<x<370.Then | f(x)— f(c)|=]x—0|

=|x|> % =¢ = f'is not continuous at any irrational ¢ > 0.

<l

If x = ¢ < 0, repeat the argument picking € = 5= _70 Therefore f fails to be continuous at any nonzero

value x = c.

(a) Letc= % be a rational number in [0, 1] reduced to lowest terms = f(¢) = i Pick e = ﬁ No matter
how small & > 0 is taken, there is an irrational number x in the interval (¢—3J, c+ )= | f(x)— f(c)|

=lo-1

p =e. Therefore fis discontinuous at x = ¢, a rational number.

=151
_n>2n
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(b)

(c)

Chapter 2 Limits and Continuity

Now suppose c is an irrational number = f(c¢) = 0. Let e > 0 be given. Notice that% is the only rational
number reduced to lowest terms with denominator 2 and belonging to [0, 1]; % and% the only rationals with
denominator 3 belonging to [0, 1]' Land 3 with denominator 4 in [0, 1]' 1 % 3 and i with denominator 5
in [0, 1]; etc. In general, choose N so that v <€=> there exist only finitely many ratlonals in [0, 1] having
denominator < N, say #,7,...,7,. Letd =min {|c—7[:i=1,..., p}. Then the interval (c - &, ¢ + )

contains no rational numbers with denominator < N. Thus, 0 <|x—c|<d = | f(x)- f(c)|=|f(x)-0|=
| f(x)|= # < e = fis continuous at x = ¢ irrational.

The graph looks like the markings on a typical y
ruler when the points (x, f(x)) on the graph of 1
f(x) are connected to the x-axis with vertical
lines.
0.8
0.6
0.41
0.2
— X
0 0.2 0.4 0.6 0.8 1

Fx) = 1 / n if x’=m/n is a rational number in lowest terms
if x is irrational

17. Yes. Let R be the radius of the equator (earth) and suppose at a fixed instant of time we label noon as the zero

18.

19.

point, 0, on the equator = 0+ 7R represents the midnight point (at the same exact time). Suppose x; is a point

on the equator “just after” noon = x; + 7R is simultaneously “just after” midnight. It seems reasonable that the
temperature 7 at a point just after noon is hotter than it would be at the diametrically opposite point just after

midnight: That is, T'(x;) = T'(x; + 7R) > 0. At exactly the same moment in time pick x, to be a point just before

midnight = x, + 7R is just before noon. Then T'(x, ) — T (x, + #R) < 0. Assuming the temperature function 7 is
continuous along the equator (which is reasonable), the Intermediate Value Theorem says there is a point ¢

between 0 (noon) and 7R (simultaneously midnight) such that 7'(c) — T'(c + ZzR) = 0; i.e., there is always a pair

of antipodal points on the earth’s equator where the temperatures are the same.

2 2
lim f(x)g(x)= lim 2 [(f () + () = (f (x) - g(x)) ] {(ig}l}:(f (X)+g(X))) —()}L}mc f (X)—g(X))j }

(a)

(b)

=i<32 - =2.

Atx=0: lim r, (a) = lim S fgh( Hj@)( - J%) aino a(ll(lylli_a) REECTRE
Atx= —1: agml r(a)= a_>m1+ a(l 1(1\7%) _ ag_l a(—l—\/E) = —1—J5 =
ooy o iy 0y () e
= al;n&_ —1+:/E = oo (because the denominator is always negative); al;ng r_(a)
lim = —oo (because the denominator is always positive).

- a—0t —1+\/1+a

Therefore, lim r_(a) does not exist.
a—0

Atx=—1: lim r(a)= lim ==¥*a_ gy

a—-1" a—-1" a a—-1* _1"'\/@
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(c)
r (a)
r,(a) -
1 1 1
- r_(a)=.__—+a
0.8 roa) = Lt VI+a 2 a
a
0.6
a
a -1 2 4
-1 -0.5 0.5 1 2
Graph not to scale
-4
d f(x)
(d) 40
f(x) a=0.2
a=0.1 a=0.5
1 a=0.05
20
a=1
X
-1 .5 1
J x
-50 -30
=ax?4+2x~1
fEy=ax+ f)=ax*+2x-1
-20

20. f(x)=x+2cos x= f(0)=0+2 cos 0=2>0and f(-7)=—-7+2 cos(—7) =—n—2<0.Since f(x) is
continuous on [—7, 0], by the Intermediate Value Theorem, f(x) must take on every value between [-7 -2, 2].
Thus there is some number ¢ in [-7, 0] such that f(c) =0; i.e., ¢ is a solution to x+2 cos x =0.

21. (a) The function fis bounded on D if f(x) =2 M and f(x) < N for all x in D. This means M < f(x) < N for
all x in D. Choose B to be max {|M|, |N|}. Then|f(x)|< B. On the other hand, if | f(x)| < B, then
—-BL f(x)£B= f(x)=2—-Band f(x) < B= f(x) is bounded on D with N = B an upper bound and
M =—B alower bound.
(b) Assume f(x) <N for all x and that L > N. Let ¢ = L=~ Since lim f(x) =L there is a 0 > 0 such that

2 x—)xo
0<|x=xg|<d=|f()-Ll<eo L-e< f(x)<Lt+ee L-LN < f(x) <L+ LN o LEN < f(x)
<3LT_N.ButL>N :>¥>N = N < f(x) contrary to the boundedness assumption f(x) < N. This

contradiction proves L < N.
(¢) Assume M < f(x) for all x and that L < M. Lete =%.As in part (b), 0 <|x—xp| <0 = L—%

<f(x)<L+%<:>3L%M<f(x)<%<M, a contradiction.

22. (a) Ifazb, thena—b>0=>|a-b|=a—b= max {a,by=2tL 4l _athazb_da_g

2 2 T2 T2
Ifa<b, thena-b<0=>|a—b|=—(a—b)=b-a = max {a,b} =22+ W _atb  boa - 3b _y,
. -b
(b) Letmin {a, by = 2120
23 lim = sin(l—cos x) — i sin(l-cos x) 1—cos x _I+cos x T sin(l-cos x) . 1—cos? x
T 50 x v l—cosx x I+cos x |5 l-cosx 7 g x(l+cos x)
—1-lim sin®x  _ lim Sinx , _sin x :1,(g):0
y—soX(I+cos x) (5 x  l+cos x 2 ’
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24,

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

Chapter 2 Limits and Continuity

lim SX — {im sinx, x| x _ =1- lim - lim Vx=1-1-0=0.
x—0* sin+/x x—0t ¥ sin Jx Jx x—0* (Sllj/—[) x—0*

. sin(sin x . sin(sin x sin(sin x
lim ( )th ( ) smx_l ( ) lmsmx—ll—l
X sin x X r—0 Sinx Ty

x—0 x—0

lim S0 pipy SR gy 2 i ST g gy =121
x—0 X x—0 X"+x x—0 x"tx x>0

Jim S0C°=4) _ fypy SNCTA) oy im sin(x” ~4) lim(x+2)=1-4=4

sy X2 i) xi-4 0 x*-4

sm(x/— -3) _ - lim sm(\/— 31 _ lim sm(\/— -3) lim 1 —1. _1

1.1
R RN S TN Rt SN o R N PRI

x—>9

Since the highest power of x in the numerator is 1 more than the highest power of x in the denominator, there is

: _26%42x3 _ 5 __3 . =
an oblique asymptote. y = Ton 2x NETR thus the oblique asymptote is y = 2.x.

Asx—)ioo,%%O:sin( )—>O:>1+sm( )%1thusasx—>ioo,y x+xsm(1)= (1+sm(1))%x;thus

the oblique asymptote is y = x.

Asx — t oo, ¥ +l—x? = Vx2 +1 —>\/x2;asx—)—°°,\/x2 = —x, and asx—>+oo,\/x2 = x; thus the oblique
asymptotes are y = x and y = —x.

Asx%ioo,x+2—>x:>\/x2+2x=\/x(x+2)—>\/x2; asx—)—oo,\/x2 =—x, alndasx—>+oo,\/x2 =x;

asymptotes are y = x and y = —x.

Assume 1<a<b and L+x=-L-= a(x—b)+x’(x~b)=x= f(x)=a(x-b)+x*(x—b)—x=0; f is

b
continuous for all x-values and f(0)=-ab<0, f(a+b)=a’+(a+b)’a—(a+b)
=a’ —a+(a+b)2a—b>0.
—
) (+)

Thus, by the Intermediate Value Theorem there is at least one number ¢, 0<c<a+b, sothat f(c)=0=

1

alc-b)+c*(c-b)-c=0=2+c=-L

Natbxot _asl' oo [T 120 g=1, then lim Yitrml Jlrbxel _ (b0l

a) lim s ,
@) y—0 X 0 v X b+l x50 x(N1+bx+1)
= lim =b=-2=p=4
x—0 \/1+bx+1
(b) lim tan(ar—a)+h=2 _ "tan0+h=2" _ "b= =2" 50 hb—2=0=b=2, then lim fan(@a) _ iy o.@0abel)
x—1 x-l 0 0 o1 Xl x—1 a(x-1)

1 a 'sina(x—l)
- )lcinﬂ cosa(x-1) a(x-1) cosO 1=a=3

(xl/()) _14 _ (xl/ﬁ_l)(x1/6+1)((xl/6)2+1) - fim _(x1/6+1)(x1/3+1) _ -(2)(2) _ 4

lim £ = lim =1l =
xl 1= x” B G I (e e N C o b BN I E s 303
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S 2 v —x— : _ SO 2 v 7 —(=x)—
fim BXARE iy Grthovd iy 25 pgqume x> s fim DA L gy B0
x—0* * x—0* * x—0* x—0" * x—0" *

. . Bx+al-x-4 .

lim X =4= lim Predd does not exist.

x—0" ¥ x—0

a omain = T S
D 0, 1 2 3 411

(b) Consider any open interval (a, b) containing ¢ =0. Choose a positive integer N so that -~ <b Then
x= % is in the domain and in the interval (a, b).

(c) 1ir% f(x)=0

(a) Domain= {0 1, 7 3, }‘,}

(b) Consider any open interval (a, b) containing ¢ =0. Choose a positive integer N so that -~ v < b. Then

X = % is in the domain and in the interval (a, b).

(©) lir% f(x)=0

(a) Domain
=[5 <)V5m S vlse )Vl vyl AVl s vlE S‘HU[&’ )
(b) Consider any open interval (a, b) containing ¢ =0. Choose a positive integer N so that W <b. Then

x= # is in the domain and in the interval (a, b).

© lim £(x)=0

(a) B
y x=V2
"
1
4 1l
Lo s = 2
P\ x—V2
2 1\
1 \
- See
I o1 15
py— 2 4
\\; |
LV
(W
4!
¥

(b) Let £>0 be given. Find § >0 so thatif 0< |x| <0 and x is in the domain of g, then <E.

—minlle L S RN T 1 3
Choose 5—m1n{2€,ﬁ} sothatﬁ<x<\/§, ﬁ<‘x \/5‘<\/_,and

(¢) lim g(x)= 2= 2(0) so g is continuous at x =0.
x—0

x_f+[
e e

5

P

(d) Function g is continuous at every point of its domain.
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Average Speed
When f(¢) measures the distance traveled at time ¢,
_ distance traveled _ f(%) — f(#)

Average speed over [#;, 5, ] = clapsed fime  — fh — &
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TABLE 2.1 Average speeds over short time intervals [fy,t, + h]

Ay  16(ty + h)* — 1642

Average speed:

At h
Length of Average speed over Average speed over
time interval interval of length & interval of length &
h starting at 7, = 1 starting at f, = 2
1 48 80
0.1 33.6 65.6
0.01 32.16 64.16
0.001 32.016 64.016
0.0001 32.0016 64.0016
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DEFINITION  The average rate of change of y = f(x) with respect to x over the
interval [x1, x,] 1S

Ay _ fO) — fx1) _ fla + k) — fn)

Ax X, — X 7 , h #0.
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() y = fx)

Q(x3, f(x3))

FIGURE 2.1 A secant to the graph
y = f(x). Its slope is Ay/Ax, the
average rate of change of f over the
interval [x;, x3].
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FIGURE 2.2 L 1s tangent to the
circle at P if it passes through P
perpendicular to radius OP.
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Tangent Line Secant Lines

| —

—

\5\ Tangent Line

Secant Lines

FIGURE 2.3 The tangent line to the curve at P is the line through P whose slope is the limit
of the secant line slopes as Q — P from either side.
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2+ h)?—4

Secant slope is =h + 4.

—/T angent slope = 4

NOT TO SCALE

FIGURE 2.4 Finding the slope of the parabola y = x? at the point P(2, 4) as the
limit of secant slopes (Example 3).
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A
Q(45, 340)
300 el
= 250 / Ap—= 190
=
o8 / /
g 200 /72 g6 flieyd
< P(23, 150) A~ o0 thesiday
= 150 A
7 / t=22
100 —
P
50 »
/
Iy
0 10 20 30 40 50
Time (days)

FIGURE 2.5 Growth of a fruit fly population in a controlled
experiment. The average rate of change over 22 days is the slope
Ap/ At of the secant line (Example 4).
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>

Slope of PO = Ap/At —_—
0 (flies / day) 350 BG5.350) y o
45, 340
340 — 150 300 o :
(45, 340) — ~ 8.6
45 — 23 8 250 //
(40, 330) 330 — 150 10.6 qé 200 P(23 150)//
40 — 23 ' f‘é 150 i
=
310 — 150 Z 100 4
35, 310 ~
( ) ey < 133 - ;/
= ,
(30, 265) 265 — 150 _ 14 0 /M/i 20 30 40 50
30 — 23 A(14, 0)

Time (days)

FIGURE 2.6 The positions and slopes of four secant lines through the point P on the fruit fly graph (Example 5).
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FIGURE 2.7 The graph of f is
identical with the line y = x + 1

1
/ except at x = 1, where f 1s not
' > X defined (Example 1).
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TABLE 2.2 As x gets closer to 1,
f(x) gets closer to 2.

x:—1
X fix) = r—1
0.9 1.9
1.1 2.1
0.99 1.99
1.01 2.01
0.999 1.999
1.001 2.001
0.999999 1.999999
1.000001 2.000001
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x2—1

2 1 _— )
7 (b) g(x) =4 * (c) h(x) =x + 1

(a) f(x) =2

x_

FIGURE 2.8 The limits of f(x), g(x), and A(x) all equal 2 as x approaches 1. However,
only /(x) has the same function value as its limit at x = 1 (Example 2).
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(a) Identity function

oy
<
Il

=

al—————g

(b) Constant function

FIGURE 2.9 The functions in Example 3
have limits at all points c.
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=
Il
——h—
=3
=
A
o

(a) Unit step function U(x)

(b) g(x)

FIGURE 2.10 None of these functions has a limit as x approaches 0 (Example 4).
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THEOREM 1 —Limit Laws
If L, M, c, and k are real numbers and
Iim f(x) = L and lim g(x) = M, then
xX—>C x—c
1. Sum Rule: Iim(f(x) + gx)) =L+ M
X—C
2. Difference Rule: lim(f(x) —gx)) =L — M
X—>C
3. Constant Multiple Rule: lim(k- f(x)) = k- L
X—C
4. Product Rule: Iim(f(x)+g(x)) = LM
X—C
. . J&x) L
5. Quotient Rule. ;11—>mc 2() = MF#0
6. Power Rule: lim [ f(x)]* = L", n a positive integer
X—>C
7. Root Rule: limV/f(x) = VL = L/, n a positive integer
X—>C
(If n is even, we assume that f(x) = O for x in an interval containing c.)
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THEOREM 2—Limits of Polynomials
IfP(x) = a,x" + a,—x" ' + -+ + ay, then

lim P(x) = P(c) = a,c" + ap—1c" ' + -+ + ay.

X—>C
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THEOREM 3 —Limits of Rational Functions
If P(x) and O(x) are polynomials and O(c) # 0, then
" P(x) _ P(c)
im = :
x—e Q(x)  QO(c)
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FIGURE 2.11 The graph of

fx) = (x*+x —2)/(x* — x)in

part (a) is the same as the graph of

g(x) = (x + 2)/x in part (b) except at

x = 1, where f 1s undefined. The functions
have the same limit as x — 1 (Example 7).

Thomas' Calculus, 14e

Copyright ©,2018,.2014. 2010 Pearson Education Inc. Sllde 21 Of 1 OO

P Pearson


https://testbank.online/books/9780134438986-solutions

Vx? + 100 — 10

TABLE 2.3 Computed values of f(x) = 22 near x = 0
X f(x)
+1 0.049876
+0.5 0.049969
\ hes 0.05?

+0.1 0.049999 [ 2Pproaches 0.05
+0.01 0.050000 |
+0.0005 0.050000 |
+0.0001 0.000000 07

T !
+0.00001 0.000000 [ PP
+0.000001  0.000000 |
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> <

FIGURE 2.12 The graph of f is
sandwiched between the graphs of g and /4.
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THEOREM 4 —The Sandwich Theorem
Suppose that g(x) = f(x) = h(x) for all x in some open interval containing c,
except possibly at x = c itself. Suppose also that

lim g(x) = lim A(x) = L.

X—>C X—C

Then Iim f(x) = L.

X—>C
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FIGURE 2.13  Any function u(x) whose
graph lies in the region between

y=1+ (x*/2)and y = 1 — (x?/4) has
limit 1 as x — 0 (Example 10).
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FIGURE 2.14 The Sandwich Theorem
(b) confirms the limits in Example 11.
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The Precise Definition of a Limit
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T y=2x—1
Upper bound:
) y=9
9
To satisfy
this 17T
L5
Lower bound:
y=35
> X
of 345
/e
Restrict
to this

FIGURE 2.15 Keeping x within 1 unit of
x = 4 will keep y within 2 units of y = 7
(Example 1).
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P Pearson

A
1
L+ mf“\
(x)
lf £(x) lies
L ( in here
L\n/
L=1o
forall x # ¢
in here
o é
x
5 £ o—e— > X

FIGURE 2.16 How should we define
0 > 0 so that keeping x within the interval
(c — 8, c + ) will keep f(x) within the

. 1 1
- .
interval (L 10 L + 1 O)'
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DEFINITION Let f(x) be defined on an open interval about ¢, except possibly at ¢
itself. We say that the limit of f(x) as x approaches c is the number L, and write

lim f(x) = L,

X—>C

if, for every number € > 0, there exists a corresponding number 6 > 0 such that

|f(x) — L| <& whenever 0 < |x — c| < é.
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> <

f(x) lies
L o—f(x) " in here

for all x # ¢
in here

FIGURE 2.17 The relation of 6 and € in
the definition of limit.
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¥y ¥y ¥ y
y =f(x)/ y=fx)
L+ i 1 1
L+ 100 L+ 100
L G L
| |
1 1
1 L | 1
L i L1700 ! L= 100
2 |
1 I
/ L x / ! x /] x
0 c A\ 0 ¢ 0
¢=38y10 ¢+ 810 = 8y100 e+ 81100
The challenge: Response: New challenge: Response:
Make|f(x) —L| <e = 11—0 |x=c| <80 (anumber) Make |f(x) —L| <& = ﬁ ¥ = ¢ <8100
y
¥y =fx)
1
L+ 1000
—
L ______7/
, i
1 I
L 1000 / i
I
/ I
X
0 [
New challenge: Response:
_ 1
&= 1000 [x=¢| <8100
¥y ¥ ¥
h
y=f) y=f(x)
I 1
L+ 100,000 L+ 160,000
™~ \ L+ N
} ------- 1 Lp=====2 L= T
1 ! 1 / L& |
L~ 160,000 : 100,000 !
I
1 I
/ L ., /] / |
0 ¢ ’ 0 * 0 ¢ x
New challen;ge: Response: New challenge:
€= 100,000 |x—c| <8 1100000 g =
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b
I
™

-+
It

=3
/ NOT TO SCALE

FIGURE 2.18 If f(x) = 5x — 3, then
0 < |x — 1| < &/5 guarantees that
| f(x) — 2| < & (Example 2).
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> X

0 c—8c c+6

FIGURE 2.19 For the function

f(x) = x, wefind that 0 < |x — ¢| < §
will guarantee | f(x) — c| < & whenever
0 = & (Example 3a).
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FIGURE 2.20 For the function
f(x) = k, we find that | f(x) — k\ < ¢ for
any positive o (Example 3b).
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2 5 3 10

FIGURE 2.21 An open interval of radius
3 about x = 5 will lie inside the open
interval (2, 10).
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FIGURE 2.22 The function and intervals
in Example 4.
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How to Find Algebraically a 6 for a Given f, L,c,and £ > 0
The process of finding a 8 > 0 such that
fx) —L| <e whenever 0<|x—cl <&

can be accomplished in two steps.

1. Solve the inequality | f(x) — L| < & to find an open interval (a, b) containing
c on which the inequality holds for all x # c¢. Note that we do not require the
inequality to hold at x = c. It may hold there or it may not, but the value of f at
x = ¢ does not influence the existence of a limit.

2. Find a value of 6 > 0 that places the open interval (¢ — 6, ¢ + ) centered
at c inside the interval (a, b). The inequality | f(x) — L| < & will hold for all
x # c in this d-interval.
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FIGURE 2.23 An interval containing
x = 2 so that the function in Example 5
satisfies |f(x) — 4| < e.
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One-Sided Limits
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FIGURE 2.24 Different right-hand and
left-hand limits at the origin.
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0 ;: - x a 0 x > cd >
(@ lim f(x)=1L (b) lim_ f(x) =M

FIGURE 2.25 (a) Right-hand limit as x approaches c. (b) Left-hand limit as x
approaches c.
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FIGURE 2.26 The function

f(x) = V4 — x2 has a right-hand limit O
at x = —2 and a left-hand limit O at x = 2
(Example 1).
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THEOREM 6 Suppose that a function f1s defined on an open interval
containing c, except perhaps at c itself. Then f(x) has a limit as x approaches ¢

if and only if it has left-hand and right-hand limits there and these one-sided
limits are equal:

lim fx) = L < lim f0) =L and  lim f(x) = L.

X—c¢ xX—c X—¢C
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y =f(x)
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O ' ' L > X
0 1 2 3 4

FIGURE 2.27 Graph of the function
in Example 2.
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L+e4
» f(x)
f(x) lies
L ™ [ inhere
L—e¢ J
forall x # ¢
in Elere
r 8 b}
. o o ) > X
c c+ 06

FIGURE 2.28 Intervals associated with
the definition of right-hand limit.
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DEFINITIONS (a) Assume the domain of f contains an interval (c, d) to the
right of c. We say that f(x) has right-hand limit L at ¢, and write

lim f(x) = L

x—c*t
if for every number & > 0 there exists a corresponding number 6 > 0 such that
|f(x) — L| <& whenever ¢ <x<c+d.

(b) Assume the domain of f contains an interval (b, c¢) to the left of c. We say that
f has left-hand limit L at ¢, and write

lim f(x) = L

X—>C

if for every number € > 0 there exists a corresponding number 6 > 0 such that

|f(x) — L| <& whenever ¢ — 8 <x <c.
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FIGURE 2.29 Intervals associated with
the definition of left-hand limit.
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FIGURE 2.30 lim Vx = 0 in Example 3.
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\ Hm l'

FIGURE 2.31 The function y = sin (1/x) has neither a right-
hand nor a left-hand limit as x approaches zero (Example 4).
The graph here omits values very near the y-axis.

—1F
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_sin 6

y = 0 (radians)
P — | — > 0
-3 2~ T~—"217 3

NOT TO SCALE

FIGURE 2.32 The graph of f(6) = (sin0)/60 suggests that the right-
and left-hand limits as 6 approaches 0 are both 1.
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THEOREM 7 —Limit of the Ratio sin /6 as 6 — 0

lim sin 6 _
9—0 0

1 (0 in radians) (D)
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.
>

tan 6

FIGURE 2.33 The ratio TA/OA = tan 6,
and OA = 1, so TA = tan 6.
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2.5

Continuity
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FIGURE 2.34 Connecting plotted points.
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FIGURE 2.35 The function 1s not
continuousat x = 1, x = 2,and x = 4
(Example 1).
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DEFINITIONS Let ¢ be a real number that is either an interior point or an
endpoint of an interval in the domain of f.

The function f is continuous at ¢ if
lim f(x) = f(o).
X—C
The function f is right-continuous at ¢ (or continuous from the right) if

lim f(x) = f(c).

X—>C

The function f is left-continuous at ¢ (or continuous from the left) if

lim f(x) = f(c).

X—C
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Continuity Two-sided

from the right ~ continuity Continuity
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FIGURE 2.36 Continuity at points a, b,
and c.
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> X
—2 0 2

FIGURE 2.37 A function that
1S continuous over its domain
(Example 2).
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y = Ux)

FIGURE 2.38 A function
that has a jump discontinuity
at the origin (Example 3).
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Continuity Test
A function f(x) is continuous at a point x = c if and only if it meets the following
three conditions.

1. f(c) exists (c lies in the domain of f).
2. im,_, . f(x) exists (f has a limit as x — ¢).
3. lim,_,,. f(x) = f(c) (the limit equals the function value).
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FIGURE 2.39 The greatest integer
function is continuous at every
noninteger point. It is right-continuous,
but not left-continuous, at every integer
point (Example 4).
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y = f(x)
. y=fx)
> X ) > X
0
(a) (b) (c) (d)
y y .1
A _ _ 1 r y = Sin —-
y =fx) = ﬂ W 1 “
] 0 > X
0 > “
LN
(e) )

FIGURE 2.40 The function in (a) is continuous at x = 0; the functions in (b) through (f)
are not.

Thomas' Calculus, 14e

? PeaI'SOn Copyright ©,2018,.2014. 2010 Pearson Education Inc. Sllde 63 Of 1 OO


https://testbank.online/books/9780134438986-solutions

b
r

FIGURE 2.41 The function

f(x) = 1/x is continuous over its
natural domain. It is not defined at
the origin, so it is not continuous
on any interval containing x = 0
(Example 5).
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THEOREM 8—Properties of Continuous Functions
If the functions f and g are continuous at x = ¢, then the following algebraic
combinations are continuous at x = c.

1. Sums: f+g

2. Differences: f—g

3. Constant multiples: k- f, for any number k

4. Products: f-g

5. Quotients: f/g, provided g(c) # 0

6. Powers: f", n a positive integer

7. Roots: \/f, provided it is defined on an interval

containing ¢, where 7z 1s a positive integer
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THEOREM 9—Compositions of Continuous Functions
If f is continuous at ¢ and g is continuous at f(c), then the composition g © f is
continuous at c.
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Continuous at ¢

Continuous Continuous
& at ¢ i at f(c) o
c f(o) g(f(c)

FIGURE 2.42 Compositions of continuous functions are continuous.
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2T -1

FIGURE 2.43 The graph suggests that
y = |(xsinx)/(x*> + 2)| is continuous
(Example 8d).
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THEOREM 10—Limits of Continuous Functions
If lim,_,. f(x) = b and g is continuous at the point b, then

lim g(f(x)) = g(b).

X—C
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THEOREM 11—The Intermediate Value Theorem for Continuous Functions  If f
is a continuous function on a closed interval [a, 5], and if y, is any value between

f(a) and f(b), then yy = f(c) for some c in [a, b].

y

A

y =fx)

f(b)

Yo

fla)
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FIGURE 2.44 The function

2 =2, T=x<2
f(x)_{s, 2=x=4
does not take on all values between
f(1) = 0 and f(4) = 3; it misses all the
values between 2 and 3.
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FIGURE 2.45 Zooming in on a zero of the function f(x) = x*> — x — 1. The zero is near
x = 1.3247 (Example 10).
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FIGURE 2.46 The curves
y=V2x+5andy=4—x*

have the same value at x = ¢ where

V2x + 5 + x> — 4 = 0 (Example 11).
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(a) (b)
FIGURE 2.47 (a) The graph of f(x) = (sinx)/x for —7/2 = x = 7 /2 does not include
the point (0, 1) because the function is not defined at x = 0. (b) We can extend the domain

to include x = 0 by defining the new function F(x) with F(0) = 1 and F(x) = f(x) every-
where else. Note that F(0) = lim,_,, f(x) and F(x) is a continuous function at x = 0.
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(b)

FIGURE 2.48 (a) The graph
of f(x) and (b) the graph of
its continuous extension F(x)
(Example 12).
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Section 2.6

Limits Involving Infinity;
Asymptotes of Graphs
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FIGURE 2.49 The graphof y = 1/x
approaches 0 as x — 00 or x — — 00,
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DEFINITIONS
1. We say that f(x) has the limit L as x approaches infinity and write
lim f(x) = L
X—> 00
if, for every number € > 0, there exists a corresponding number M such that

for all x in the domain of f
|f(x) — L| < & whenever x > M.

2. We say that f(x) has the limit L as x approaches negative infinity and write
lim f(x) =L

X—>—"00
if, for every number € > 0, there exists a corresponding number N such that

for all x in the domain of f
| f(x) — L| < & whenever x < N.
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No matter what
A, positive number ¢ is,
the graph enters
this band at x =
and stays.

M=

No matter what
positive number & is,
the graph enters
this band at x =—
and stays.

0 | =

FIGURE 2.50 The geometry behind the
argument in Example 1.

Thomas' Calculus, 14e

? PearSOn Copyright ©,2018,.2014. 2010 Pearson Education Inc. Sllde 79 Of 1 OO


https://testbank.online/books/9780134438986-solutions

THEOREM 12  All the limit laws in Theorem 1 are true when we replace
lim;—, by lim,—c or lim,—_c That is, the variable x may approach a finite
number ¢ or £00,
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FIGURE 2.51 The graph of the function
in Example 3a. The graph approaches the
line y = 5/3 as|x|increases.
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_11x+2
2x3 — 1

FIGURE 2.52 The graph of the
function in Example 3b. The graph
8 approaches the x-axis as | x| increases.
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DEFINITION  Aline y = b is a horizontal asymptote of the graph of a func-
tion y = f(x) if either

lim f(x) =5 or lim f(x) = b.

x—>00 x——00
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x> =2
x_%f(x) = N

FIGURE 2.53 The graph of the
function in Example 4 has two
horizontal asymptotes.
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FIGURE 2.54 Theliney = 11isa
horizontal asymptote of the function
graphed here (Example 5b).
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FIGURE 2.55 The graph of the greatest
integer function y = | ¢ | is sandwiched
betweeny =t — land y = .

Thomas' Calculus, 14e

P Pearson

Copyright ©,2018,.2014. 2010 Pearson Education Inc. Sllde 86 Of 1 OO


https://testbank.online/books/9780134438986-solutions

A
/>\y=2—|— si;x
—_— 2 T —
1k
| | ; | i | > X
=37 2w —mwm 0 T 2w 3w

FIGURE 2.56 A curve may cross one of
its asymptotes infinitely often (Example 7).
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FIGURE 2.57 The graph of the function
in Example 9 has an oblique asymptote.
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You can get as high
as you want by
taking x close enough
to 0. No matter how
high B 1s, the graph
B¢ goes higher.

1
| Y=Xx
X K
o >
T 0] x x
\ No matter how
low —B 1s, the

graph goes lower.

You can get as low as| @ —B
you want by taking
x close enough to 0.

FIGURE 2.58 One-sided infinite limits:

1 o1
Iim ¥ = 00 and Iim ¥ = 00
x—0" x—0
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FIGURE 2.59 Near x = 1, the func-
tion y = 1/(x — 1) behaves the way the
function y = 1/x behaves near x = 0. Its
graph is the graph of y = 1/x shifted 1
unit to the right (Example 10).
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FIGURE 2.60 The graph of f(x) in Ex-
ample 11 approaches infinity as x — 0.
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FIGURE 2.61 Forc — o <x<c¢ + 9,
the graph of f(x) lies above the line y = B.
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FIGURE 2.62 Forc — o <x<c + 6,
the graph of f(x) lies below the line y = —B.
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DEFINITIONS
1. We say that f(x) approaches infinity as x approaches c, and write

lim f(x) = oo,

if for every positive real number B there exists a corresponding 6 > 0 such
that

f(x) > B whenever 0 < |x — c¢| < &.
2. We say that f(x) approaches negative infinity as x approaches c, and write

Iim f(x) = —oo,
X—C

if for every negative real number —B there exists a corresponding 6 > 0
such that

f(x) < — B whenever 0 < |x —c| <.
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Vertical asymptote

Horizontal 1
asymptote

Of 1  Horizontal
asymptote,
y=0

Vertical asymptote,
x=0

FIGURE 2.63 The coordinate axes are
asymptotes of both branches of the hyper-
bolay = 1/x.
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DEFINITION A linex
y = f(x) if either

a is a vertical asymptote of the graph of a function

lim_f(x) = £00 or lim f(x) = +00.

xX—>a xX—a
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Vertical
asymptote, Js
x=-2 5k . _ x+3
4l Y x+2
=1+ 1
Horizontal 3 x+2
asymptote, |-
=1 [ —
Y |
| I | I I | | > X
—5 —4 -3\—2 -1 0 1 2 3
_1 -
_2 -
_3 -
_4 -
FIGURE 2.64 Thelines y = 1 and
x = —2 are asymptotes of the curve in

Example 15.
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L 8
3 - - x2—4
6 -
SF Vertical
Vertical 4 asymptote, x =2
asymptotez, 3 Horizontal
x=—

asymptote, y=10

| 1 1_I /III

| | |
—3—2-10| 1 2 3

> X

FIGURE 2.65 Graph of the function
in Example 16. Notice that the curve ap-
proaches the x-axis from only one side.
Asymptotes do not have to be two-sided.

Thomas' Calculus, 14e

? Pearson Copyright ©,2018,.2014. 2010 Pearson Education Inc. Sllde 98 Of 1 OO


https://testbank.online/books/9780134438986-solutions

e
>

y=s8ecx { y=tan x
I

|
rl=)
=
ﬂ -
I\Jlm
B

FIGURE 2.66 The graphs of sec x and tan x have infinitely many vertical asymptotes
(Example 17).
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500,000

300,000

100,000

AR FIGURE 2.67 The graphs of f and g are
(a) distinct for \x’ small, and (b) nearly

—100,000

o identical for |x| large (Example 18).
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