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12.1 SOLUTIONS 793

CHAPTER TWELVE

Solutions for Section 12.1

Skill Refresher

S1. Since the sum of the interior angles of any triangle is 180◦ , we have:

50◦ + 60◦ + � = 180◦

� = 180◦ − 50◦ − 60◦ = 70◦.

S2. Since the sum of the interior angles of any triangle is 180◦ , we have:

113◦ + 35◦ + � = 180◦

� = 180◦ − 113◦ − 35◦ = 32◦.

S3. Since the sum of the interior angles of any triangle is 180◦ , the third interior angle of the triangle is

180◦ − 65◦ − 40◦ = 75◦.

Therefore,

� = 180◦ − 75◦ = 105◦.

S4. Since the sum of the interior angles of any triangle is 180◦ , we have:

� + � + 40◦ = 180◦

2� = 180◦ − 40◦ = 140◦

� =
140◦

2
= 70◦.

S5. Using the Pythagorean Theorem, we have:

x2 = 32 + 52 = 34

x =
√
34.

S6. Using the Law of Cosines, we have:

x2 = 32 + 22 − 2(3)(2) cos 130◦

x2 = 13 − 12 cos 130◦ = 20.7135

x =
√
20.7135 = 4.551.

S7. Using the Law of Sines, we have:

sin 55◦

x
=

sin 65◦

4
x

sin 55◦
=

4

sin 65◦

x =
4 sin 55◦

sin 65◦
= 3.615.

EXERCISES

1. We can describe an elevation with one number, so this is a scalar.
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2. Temperature is measured by a single number, and so is a scalar.

3. The wind velocity is a vector because it has both a magnitude (the speed of the wind) and a direction (the direction of the

wind).

4. Scalar.

5. Scalar.

6. We can describe a population with one number, so this is a scalar.

7. We need three numbers—for instance, height, longitude, and latitude—to describe this location, so this is a vector.

8. We need two numbers, one for men and one for women, so this is a vector.

9.
p⃗ = 2w⃗ , q⃗ = −u⃗ , r⃗ = w⃗ + u⃗ = u⃗ + w⃗ ,

s⃗ = p⃗ + q⃗ = 2w⃗ − u⃗ , t⃗ = u⃗ − w⃗

PROBLEMS

10. See Figure 12.1.

w⃗

v⃗ v⃗ + w⃗

w⃗

Figure 12.1

11. See Figures 12.2 and 12.3.

w⃗

v⃗ − w⃗v⃗

Figure 12.2

−w⃗

v⃗

w⃗
v⃗ − w⃗

Figure 12.3

12. See Figure 12.4.
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2v⃗

v⃗

w⃗

Figure 12.4

13. See Figure 12.5.

v⃗ v⃗

2

w⃗

w⃗ +
v⃗

2

Figure 12.5

14. See Figure 12.6.

v⃗

2⃗v

w⃗

w⃗

2v⃗ + w⃗

Figure 12.6

15.

2w⃗
v⃗

w⃗

v⃗ − 2w⃗

Figure 12.7

−2w⃗

v⃗
v⃗ − 2w⃗

Figure 12.8

16. (a) The kite’s position is shown in Figure 12.9. The vector v⃗ from the kite to the ground has length

‖v⃗ ‖ = 50 sin 20◦ = 17.101 feet

and points directly downward.
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(b) The distance between the two positions is given by the Law of Cosines:

d2 = 502 + 502 − 2 ⋅ 50 ⋅ 50 ⋅ cos 20◦ = 301.5369

d = 17.365 feet.

Kite (new position)

Kite (original position)

v⃗

d

20◦
40◦

50 feet

50 feet

Ground

Figure 12.9

17. (a) From Figure 12.10,

Distance from Oracle Road = 5 sin 20◦ = 1.710 miles.

20◦

5miles

Route 10 Oracle Road

Figure 12.10

(b) If the distance along Route 10 is x miles, we have

x sin 20◦ = 2 miles

x =
2

sin 20◦
= 5.848 miles.

18. In Figure 12.11 we choose north as the positive y-axis, east as the positive x-axis and home as the origin, O.

�

�
135◦

45◦

3 miles

2 miles

x

P

O

Figure 12.11
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We know that the first vector is 2 units long, and the second vector is 3 units and is at an angle of 45◦ from the first.

Joining the tail of the first vector and the head of the second vector forms a triangle.

The length of the third side, x, can be found by applying the Law of Cosines:

x2 = 22 + 32 − 2 ⋅ 2 ⋅ 3 ⋅ cos(135◦) = 13 − 12

(
−

√
2

2

)

x2 = 13 + 6
√
2 = 21.4853

x = 4.635.

To obtain the angle �, we apply the Law of Sines:

sin �

3
=

sin 135◦

x

sin � = 3 ⋅

√
2∕2

4.635
= 0.458.

So � = 27.236◦.

Therefore, the person should walk 27.236◦ north of east for 4.635 miles to go directly back home. See Figure 12.11.

19. From Figure 12.12 we see that the vector ⃖⃖⃖⃖⃖⃗PQ is 4 units long and makes an angle of � + 45◦ = 72.236◦ with vector ⃖⃖⃖⃖⃖⃗OP
(from Problem 18). Joining Q to O makes a triangle. We now can apply the Law of Cosines to find y:

y2 = x2 + 42 − 2 ⋅ 4 ⋅ x ⋅ cos(� + 45◦)

= 21.485 + 16 − 37.082 ⋅ cos(72.236◦)

= 26.172

y = 5.116.

The angle made by ⃖⃖⃖⃖⃖⃗QO with the y-axis is � − 45◦, where � is found by applying the Law of Sines:

sin�

4.635
=

sin 72.236◦

y

sin� = 4.635
sin 72.236◦

5.116
= 0.863

� = 59.639◦ .

Thus, the person must walk 5.116 miles at an angle of 14.639◦ east of north.

� = 27.236◦

x =
4.6

35

27.236◦

45◦

45◦

�

1
4
.6
3
9
◦

y

4

O

P

Q

Figure 12.12
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20. After 2 seconds,

Distance moved by puck = 7 ⋅ 2 = 14 feet.

See Figure 12.13. Then

d = Distance from edge = 14 sin 35◦ = 8.030 feet.

14 ft

35◦

Hockey puck’s path

Edge of Rink

d

Figure 12.13

21.

Headquarters

�
✲✛ 5000 m

3000 m

Helicopter

r

UFO

7500 m

✲✛ 9000 m

�




Figure 12.14

Headquarters

✲✛ 5000 m

3000 m

Helicopter

r

UFO

7500 m

✲✛ 9000 m

�

Figure 12.15

Figure 12.14 shows the headquarters at the origin, and a positive y-value as up, and a positive x-value as east. To

solve for r, we must first find 
:


 = 180◦ − � − �

= 180◦ − arctan
3000

5000
− arctan

7500

9000
= 109.231◦ .

We now can find r using the Law of Cosines in the triangle formed by the position of the headquarters, the helicopter, and

the UFO.

In kilometers:

r2 = 34 + 137.250 − 2 ⋅
√
34 ⋅

√
137.250 ⋅ cos 


r2 = 216.250

r = 14.705 km

= 14,705 m.

From Figure 12.15 we see:

tan � =
4500

14,000

� = 17.819◦ .

Therefore, the helicopter must fly 14,705 meters with an angle of 17.819◦ from the horizontal.
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22. To find l, the distance the helicopter must travel to intercept the UFO, we must first find x as shown in Figure 12.16. From

the Pythagorean theorem (in kilometers):

x2 = 52 + 122

x = 13.

We can now find l using the Pythagorean theorem:

l2 = 132 + 4.52

l = 13.757.

To find the angle �, we say:

sin � =
12

13
� = 67.380◦ .

To find the angle �, we say:

sin� =
4.5

13.757
� = 19.093◦.

Therefore, the helicopter must travel 13,757 meters at an angle of 67.380◦ north of west and 19.093◦ from the horizontal.

5

3

7.5

N

helicopter

UFO

x

l

�
�

12

E

Up

❘

headquarters

Figure 12.16

23. (a) We begin by using the Law of Cosines to find the magnitude of the net force on the spacecraft due to Saturn and Titan.

Since F⃗ ST = F⃗ S + F⃗ T , the force due to Saturn and Titan, F⃗ ST , is obtained by joining the tail of F⃗ T to the head of

F⃗ S . We use the Law of Cosines to find the length of F⃗ ST :

||F⃗ ST ||2 = 72 + 102 − 2 ⋅ 7 ⋅ 10 cos 140◦

= 149 − 140 cos 140◦

||F⃗ ST || = 16.00769.

Now we use the Law of Sines to find the direction of F⃗ ST . If � is the angle between F⃗ ST and the line joining the

spacecraft to Saturn, measured to the right:

sin �

10
=

sin 140◦

||F⃗ ST ||

sin � = 10

(
sin 140◦

||F⃗ ST ||

)
= 0.40155

� = arcsin(0.40155) = 23.675◦.
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To find ||F⃗ STR||, we use the Law of Cosines on the triangle formed by joining the head of F⃗ ST with the tail of F⃗ R.

We have

||F⃗ STR||2 = (16.00769)2 + 52 − 2(16.00769)5 cos 76.325◦

= 243.4017

||F⃗ STR|| = 15.6013.

(b) To determine the direction of the spacecraft, we must determine the direction of F⃗ STR. We use the Law of Sines (as

we did in part (a) for the direction of F⃗ ST ), but with measured to the left of the line joining the spacecraft to Saturn:

sin 

5
=

sin 76.325◦

||F⃗ STR||
sin = 5

(
sin 76.325◦

15.6013

)
= 0.31140

 = arcsin(0.31140) = 18.144◦ .

So we know the spacecraft does not stay on course. Since 18.144 < 23.675, we know that the spacecraft veers slightly

right, 5.531◦ , toward Titan.

(c) We want the sum of the forces acting on the spacecraft to have direction 0◦, so the engines must (if possible) be

directed such that they eliminate the 5.531◦ to the right. The triangle has angle 5.531◦ facing the length of 1. We use

the Law of Sines to try and find the angle facing 15.6013, and then find the angle of thrust from it. We have

sin�

15.6013
=

sin 5.531◦

1
sin� = 15.6013 sin 5.531◦

� = arcsin(15.6013 sin 5.531◦)

= arcsin(1.5037).

We see that � is undefined, since no real angle has a sin of 1.5037. Thus, the engines cannot be used to correct the

spacecraft’s course.

24. Let v⃗ be the velocity of the ball relative to the ground. Figure 12.17 shows the wind in the same direction as the ball;

Figure 12.18 Shows the wind opposing the ball.

In Figure 12.17,

‖v⃗ ‖2 = 52 + 32 − 2 ⋅ 3 ⋅ 5 ⋅ cos 135◦ = 55.213

‖v⃗ ‖ =
√
55.2132 = 7.4306 = 7.431 ft/sec.

The vector v⃗ makes an angle � with the ball’s path. By the Law of Sines,

sin �

3
=

sin 135◦

7.4306

sin � =
3 sin 135◦

7.4306
= 0.28548

� = sin−1(0.28548) = 16.588◦ .

In Figure 12.18

‖v⃗ ‖2 = 52 + 32 − 2 ⋅ 3 ⋅ 5 ⋅ cos 45◦ = 12.7868

‖v⃗ ‖ =
√
12.7868 = 3.5759 = 3.576 ft/sec.

The vector v⃗ makes an angle � with the ball’s path. By the Law of Sines,

sin �

3
=

sin 45◦

3.5759

sin � =
3 sin 45◦

3.5759
= 0.59323

� = sin−1(0.59323) = 36.387◦ .
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v⃗3

5

�
45◦ 135◦

Wind

Ball’s Path

Figure 12.17

v⃗
3

5

45◦ �

Wind

Ball’s Path

Figure 12.18

25. The vector v⃗ + w⃗ is equivalent to putting the vectors ⃖⃖⃖⃖⃖⃗OA and ⃖⃖⃖⃖⃖⃗AB end-to-end as shown in Figure 12.19; the vector w⃗ + v⃗

is equivalent to putting the vectors ⃖⃖⃖⃖⃖⃗OC and ⃖⃖⃖⃖⃖⃗CB end-to-end. Since they form a parallelogram, v⃗ + w⃗ and w⃗ + v⃗ are both

equal to the vector ⃖⃖⃖⃖⃖⃗OB, we have v⃗ + w⃗ = w⃗ + v⃗ .

O

A

B

C

v⃗

w⃗
w⃗

v⃗

Figure 12.19

26. The vectors v⃗ , av⃗ and bv⃗ are all parallel. Figure 12.20 shows them with a, b > 1, so all the vectors are in the same

direction. Notice that av⃗ is a vector a times as long as v⃗ and bv⃗ is b times as long as v⃗ . Therefore av⃗ + bv⃗ is a vector

(a + b) times as long as v⃗ , and in the same direction. Thus,

av⃗ + bv⃗ = (a + b)v⃗ .

bv⃗

av⃗

v⃗

bv⃗

Figure 12.20

27. The effect of scaling the left-hand picture in Figure 12.21 is to stretch each vector by a factor of a (shown with a > 1).

Since, after scaling up, the three vectors av⃗ , aw⃗ , and a(v⃗ + w⃗ ) form a similar triangle, we know that a(v⃗ + w⃗ ) is the

sum of the other two; that is,

a(v⃗ + w⃗ ) = av⃗ + aw⃗ .

v⃗ + w⃗
w⃗

v⃗

❄

scaling
by a

a(v⃗ + w⃗ )

av⃗

aw⃗

Figure 12.21
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28. Since the zero vector has zero length, adding it to v⃗ has no effect. Thinking of v⃗ as a displacement, adding a zero dis-

placement leaves us with the same displacement.

29. According to the definition of scalar multiplication, 1 ⋅ v⃗ has the same direction and magnitude as v⃗ , so it is the same

as v⃗ .

30. By Figure 12.22, the vectors v⃗ + (−1)w⃗ and v⃗ − w⃗ are equal.

-

v⃗

w⃗ v⃗ − w⃗

(−1)w⃗

(−1)w⃗
v⃗ + (−1)w⃗

Figure 12.22

31. See Figure 12.23. The vector u⃗ + v⃗ is represented by ⃖⃖⃖⃖⃖⃗OB. The vector (u⃗ + v⃗ ) + w⃗ is represented by ⃖⃖⃖⃖⃖⃗OB followed by ⃖⃖⃖⃖⃖⃗BC,

which is therefore ⃖⃖⃖⃖⃖⃗OC . Now v⃗ + w⃗ is represented by ⃖⃖⃖⃖⃖⃗AC . So u⃗ + (v⃗ + w⃗ ) is ⃖⃖⃖⃖⃖⃗OA followed by ⃖⃖⃖⃖⃖⃗AC, which is ⃖⃖⃖⃖⃖⃗OC . Since

we get the vector ⃖⃖⃖⃖⃖⃗OC by both methods, we know

(u⃗ + v⃗ ) + w⃗ = u⃗ + (v⃗ + w⃗ ).

O A

B

C

u⃗

v⃗

w⃗

Figure 12.23

Solutions for Section 12.2

Skill Refresher

S1. To find the distance between (0, 0) and (2, 3), we first draw a right triangle whose hypotenuse is the line segment from

(0, 0) to (2, 3) (see Figure 12.24). Since the horizontal distance between the points is 2 − 0 = 2 and the vertical distance is

3 − 0 = 3, the side lengths of the right triangle are 2 and 3. Using the Pythagorean Theorem, we have:

x2 = 22 + 32 = 13

x =
√
13.

Therefore, since the length of the hypotenuse is
√
13, the distance between (0, 0) and (2, 3) is

√
13.
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(0, 0)

(2, 3)

2

3
x

Figure 12.24

S2. To find the distance between (−2, 1) and (3,−1), we first draw a right triangle whose hypotenuse is the line segment from

(−2, 1) to (3,−1) (see Figure 12.25). Since the horizontal distance between the points is 3 − (−2) = 5 and the vertical

distance is 1 − (−1) = 2, the side lengths of the right triangle are 5 and 2. Using the Pythagorean Theorem, we have:

x2 = 52 + 22 = 29

x =
√
29.

Therefore, since the length of the hypotenuse is
√
29, the distance between (−2, 1) and (3,−1) is

√
29.

(−2, 1)

(3,−1)

2

5

x

Figure 12.25

S3. To find the distance between (5,−2) and (2, 1), we first draw a right triangle whose hypotenuse is the line segment from

(5,−2) to (2, 1) (see Figure 12.26). Since the horizontal distance between the points is 5 − 2 = 3 and the vertical distance

is 1 − (−2) = 3, the sides of the right triangle both have length 3. Using the Pythagorean Theorem, we have:

x2 = 32 + 32 = 18

x =
√
18 = 3

√
2.

Therefore, since the length of the hypotenuse is 3
√
2, the distance between (5,−2) and (2, 1) is 3

√
2.

(2, 1)

(5,−2)

3

3

x

Figure 12.26
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S4. From the triangle, we see that cos 40◦ equals the length of the side adjacent to the angle divided by the length of the

hypotenuse. Therefore, we have:

cos 40◦ =
a

3
a = 3 cos 40◦ = 2.298.

Similarly, sin 40◦ equals the length of the side opposite to the angle divided by the length of the hypotenuse. Therefore,

we have:

sin 40◦ =
b
3

b = 3 sin 40◦ = 1.928.

S5. From the triangle, we see that cos 55◦ equals the length of the side adjacent to the angle divided by the length of the

hypotenuse. Therefore, we have:

cos 55◦ =
b

2
b = 2 cos 55◦ = 1.147.

Similarly, sin 55◦ equals the length of the side opposite to the angle divided by the length of the hypotenuse. Therefore,

we have:

sin 55◦ =
a
2

a = 2 sin 55◦ = 1.638.

EXERCISES

1. The vector we want is the displacement from Q to P , which is given by

⃖⃖⃖⃖⃖⃗QP = (1 − 4)i⃗ + (2 − 6)j⃗ = −3i⃗ − 4j⃗ .

2. The vector we want is the displacement from P to Q, which is given by

⃖⃖⃖⃖⃖⃗PQ = (4 − 1)i⃗ + (6 − 2)j⃗ = 3i⃗ + 4j⃗ .

3. The vector w⃗ appears to consist of 9.2 − 6.3 units to the left on the x-axis, and 4.5 − 0.7 units down on the y-axis.

Multiplying by 0.25 to convert to inches gives

v⃗ ≈ −0.725i⃗ − 0.95j⃗ .

4. 5(2i⃗ − j⃗ ) + j⃗ = 10i⃗ − 5j⃗ + j⃗ = 10i⃗ − 4j⃗ .

5. 4i⃗ + 2j⃗ − 3i⃗ + j⃗ = i⃗ + 3j⃗ .

6. −(i⃗ + j⃗ ) + 2(2i⃗ − 3j⃗ ) = −i⃗ − j⃗ + 4i⃗ − 6j⃗ = 3i⃗ − 7j⃗ .

7. (0.9i⃗ − 1.8j⃗ − 0.02k⃗ ) − (0.6i⃗ − 0.05k⃗ ) = 0.3i⃗ − 1.8j⃗ + 0.03k⃗
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8.

1 2 3 4 5 6 7 8 9 10

1

2

3

4

5

x

y

Figure 12.27: v⃗

9. ‖v⃗ ‖ =
√
12 + (−1)2 + 32 =

√
11 ≈ 3.317

10. ‖v⃗ ‖ =
√
12 + (−1)2 + 22 =

√
6 ≈ 2.449

11. ‖v⃗ ‖ =
√
7.22 + (−1.5)2 + 2.12 =

√
58.5 ≈ 7.649

12. ‖v⃗ ‖ =
√
1.22 + (−3.6)2 + 4.12 =

√
31.21 ≈ 5.587

PROBLEMS

13. The velocity of the ship in still water is 10j⃗ knots and the velocity of the current is −5i⃗ since the current is east to west.

The velocity of the ship is −5i⃗ + 10j⃗ knots.

14. (a) v⃗ = 2i⃗ + j⃗
(b) Since w⃗ = i⃗ − j⃗ , we have 2w⃗ = 2i⃗ − 2j⃗ .

(c) Since v⃗ = 2i⃗ + j⃗ and w⃗ = i⃗ − j⃗ , we have v⃗ + w⃗ = (2i⃗ + j⃗ ) + (i⃗ − j⃗ ) = 3i⃗ .

(d) Since w⃗ = i⃗ − j⃗ and v⃗ = 2i⃗ + j⃗ , we have w⃗ − v⃗ = (i⃗ − j⃗ ) − (2i⃗ + j⃗ ) = −i⃗ − 2j⃗ .

(e) ⃖⃖⃖⃖⃖⃗PQ = i⃗ + j⃗
(f) Since P is at the point (1,−2), the vector we want is (2 − 1)i⃗ + (0 − (−2))j⃗ = i⃗ + 2j⃗ .

(g) The vector must be horizontal, so i⃗ will work.

(h) The vector must be vertical, so j⃗ will work.

15. The angle is 45◦, or �∕4.

16. Figure 12.28 shows the vector w⃗ redrawn with its head at the tail of v⃗ .

A B

C
w⃗ v⃗

x

y

Figure 12.28

By the Pythagorean theorem, the length of the line AC is
√
2 and the length of CB is

√
22 + 12 =

√
5. Finally, the

length of AB is 3, so by the Law of Cosines

(
√
5)2 + (

√
2)2 − 2

√
5
√
2 cos(�) = 32

−2
√
10 cos(�) = 2
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cos(�) = −
1√
10

� = cos−1(−
1√
10

)

� = 108.435◦

Comparing this with Figure 12.28, this looks about right.

17. Figure 12.29 shows the vector w⃗ redrawn to show that it is perpendicular to the displacement vector ⃖⃖⃖⃖⃖⃗PQ, which lies along

the dotted line. Thus, the angle is 90◦ or �∕2.

w⃗

P

Q

Figure 12.29

18. (a) If the car is going east, it is going solely in the positive x-direction, so its velocity vector is 50i⃗ . The j⃗ -component is

0⃗ .

(b) If the car is going south, it is going solely in the negative y-direction, so its velocity vector is −50j⃗ . The i⃗ -component

is 0⃗ .

(c) If the car is going southeast, the angle between the x-axis and the velocity vector is −45◦. Therefore

Velocity vector = 50 cos(−45◦)i⃗ + 50 sin(−45◦)j⃗

= (25
√
2)i⃗ − (25

√
2)j⃗ .

(d) If the car is going northwest, the velocity vector is at a 45◦ angle to the y-axis, which is 135◦ from the x-axis. Therefore:

Velocity vector = 50(cos 135◦)i⃗ + 50(sin 135◦)j⃗ = −(25
√
2)i⃗ + (25

√
2)j⃗ .

19. Let the velocity vector of the airplane be V⃗ = xi⃗ +yj⃗ +zk⃗ in km/hr. We know that x = −y because the plane is traveling

northwest. Also, ‖V⃗ ‖ =
√
x2 + y2 + z2 = 200 km/hr and z = 300 m/min = 18 km/hr. We have

√
x2 + y2 + z2 =√

x2 + x2 + 182 = 200, so x = −140.847, y = 140.847, z = 18. (The value of x is negative and y is positive because the

plane is heading northwest.) Thus,

v⃗ = −140.847i⃗ + 140.847j⃗ + 18k⃗ .

20. (a) The displacement from P to Q is given by

⃖⃖⃖⃖⃖⃗PQ = (4i⃗ + 6j⃗ ) − (i⃗ + 2j⃗ ) = 3i⃗ + 4j⃗ .

Since

‖ ⃖⃖⃖⃖⃖⃗PQ‖ =
√
32 + 42 = 5,

a unit vector u⃗ in the direction of ⃖⃖⃖⃖⃖⃗PQ is given by

u⃗ =
1

5
⃖⃖⃖⃖⃖⃗PQ =

1

5
(3i⃗ + 4j⃗ ) =

3

5
i⃗ +

4

5
j⃗ .

(b) A vector of length 10 pointing in the same direction is given by

10u⃗ = 10(
3

5
i⃗ +

4

5
j⃗ ) = 6i⃗ + 8j⃗ .
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21. We need to calculate the length of each vector.

‖21i⃗ + 35j⃗ ‖ =
√
212 + 352 =

√
1666 ≈ 40.8,

‖40i⃗ ‖ =
√
402 = 40.

So the first car is faster.

22. Since both vehicles reach the crossroad in exactly one hour, at the present the truck is at O in Figure 12.30; the police car

is at P and the crossroads is at C . If r⃗ is the vector representing the displacement of the truck with respect to the police

car:

r⃗ = −40i⃗ − 30j⃗ .

30 km/hr
truck

30 km

✻

r⃗

40 km/hr

40 km

Police car

✛

x East

North
y

C Police car

P

Truck

O

Figure 12.30

23. (a) The shot is moving at 50 km/hr, which is the magnitude of the velocity vector.

(b) Thinking of the velocity vector as the hypotenuse of a right triangle making a 30◦ angle with the ground, the horizontal

component is the leg adjacent to the 30◦ angle, and the vertical component is the leg opposite. This means:

Horizontal component = 50 cos 30◦ = 43.301

Vertical component = 50 sin 30◦ = 25.

24. To determine if two vectors are parallel, we need to see if one vector is a scalar multiple of the other one. Since u⃗ = −2w⃗ ,

and v⃗ =
1

4
q⃗ and no other pairs have this property, only u⃗ and w⃗ , and v⃗ and q⃗ are parallel.

25. (a) The velocity, v⃗ , is represented by a vector of length 5 in a northeasterly direction. The vector i⃗ + j⃗ points northeast,

but has length
√
12 + 12 =

√
2. Thus,

v⃗ =
5√
2
(i⃗ + j⃗ ) = 3.536(i⃗ + j⃗ )

(b) The current flows northward, so it is represented by c⃗ = 1.2j⃗ . The swimmer’s velocity relative to the riverbed is

s⃗ = c⃗ + v⃗ = 1.2j⃗ + 3.536(i⃗ + j⃗ ) = 3.536i⃗ + 4.736j⃗ .

26. See Figure 12.31. The speed of the boat is

‖v⃗ ‖ =
√
2.52 + 3.12 = 3.982 mph.

The angle with the coastline is

� = tan−1
(
3.1
2.5

)
= 51.116◦.
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v⃗ 3.1j⃗

2.5i⃗

�

Sea

Coastline

Boat’s path

Figure 12.31

27. (a) (See Figure 12.32.)

(i) m⃗ = 3j⃗ , ℎ⃗ = 2j⃗ .

(ii) m⃗ = 3j⃗ , ℎ⃗ = 2i⃗ .

(iii) m⃗ = 3j⃗ , ℎ⃗ = (2 cos 60◦)i⃗ + (2 sin 60◦)j⃗ = i⃗ +
√
3j⃗ = i⃗ + 1.732j⃗ .

(iv) m⃗ = −3j⃗ , ℎ⃗ = (2 cos 45◦)i⃗ + (2 sin 45◦)j⃗ =
√
2i⃗ +

√
2j⃗ = 1.414i⃗ + 1.414j⃗ .

m⃗ = 3j⃗

ℎ⃗ = 2j⃗

(i)
m⃗ = 3j⃗

ℎ⃗ = 2i⃗

(ii)

m⃗ = 3j⃗
ℎ⃗ = i⃗ +

√
3j⃗

60◦

(iii)

ℎ⃗ =
√
2i⃗ +

√
2j⃗

m⃗ = −3j⃗

45◦

(iv)

Figure 12.32

(b) From Figure 12.33, we see the displacement vector, D⃗ , is D⃗ = 3j⃗ − 2i⃗ .

m⃗ = 3j⃗

ℎ⃗ = 2i⃗

D⃗

Figure 12.33

ℎ⃗ =
√
2i⃗ +

√
2j⃗

S⃗

m⃗ = −3i⃗

Figure 12.34

(c) From Figure 12.34, we see that the sum, S⃗ , is given by

S⃗ =
√
2i⃗ +

√
2j⃗ − 3j⃗ =

√
2i⃗ + (

√
2 − 3)j⃗ = 1.414i⃗ − 1.586j⃗ .
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28. We get displacement by subtracting the coordinates of the origin (0, 0, 0) from the coordinates of the cat (1, 4, 0), giving

Displacement = (1 − 0)i⃗ + (4 − 0)j⃗ + (0 − 0)k⃗ = i⃗ + 4j⃗ .

29. We get displacement by subtracting the coordinates of the bottom of the tree, (2, 4, 0), from the coordinates of the squirrel,

(2, 4, 1), giving:

Displacement = (2 − 2)i⃗ + (4 − 4)j⃗ + (1 − 0)k⃗ = k⃗ .

30.

Displacement = Cat’s coordinates − Bottom of the tree’s coordinates

= (1 − 2)i⃗ + (4 − 4)j⃗ + (0 − 0)k⃗ = −i⃗ .

31.

Displacement = Squirrel’s coordinates − Cat’s coordinates

= (2 − 1)i⃗ + (4 − 4)j⃗ + (1 − 0)k⃗ = i⃗ + k⃗ .

Solutions for Section 12.3

Skill Refresher

S1. First, we use Pythagorean Theorem to find a:

a2 + 32 = 42

a2 = 42 − 32 = 7

a =
√
7.

Since sin � is equal to the length of the side opposite to the angle � divided by the length of the hypotenuse, we also have

sin � = 3∕4. Therefore,

� = sin−1
(
3

4

)
= 48.59◦.

S2. First, we use Pythagorean Theorem to find a:

a2 = 42 + 62 = 52

a =
√
52 = 2

√
13.

Since tan � is equal to the length of the side opposite to the angle � divided by the length of the side adjacent to the angle

�, we also have tan � = 4∕6 = 2∕3. Therefore,

� = tan−1
(
2

3

)
= 33.69◦ .
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S3. First, since the interior angles in any triangle must add up to 180◦, we have

� = 180◦ − 90◦ − 50◦ = 40◦.

Also, we know that sin 50◦ must equal the length of the side opposite this angle divided by the length of the hypotenuse,

so we have:

sin 50◦ =
a

4
a = 4 sin 50◦ = 3.064.

EXERCISES

1. B⃗ = 2M⃗ = 2(1, 1, 2, 3, 5, 8) = (2, 2, 4, 6, 10, 16).

2. G⃗ = N⃗ + M⃗ = (5, 6, 7, 8, 9, 10) + (1, 1, 2, 3, 5, 8) = (6, 7, 9, 11, 14, 18).

3. A⃗ = M⃗ − N⃗ = (1, 1, 2, 3, 5, 8) − (5, 6, 7, 8, 9, 10) = (−4,−5,−5,−5,−4,−2).

4. �⃗ = 2N⃗ − 7M⃗ = 2(5, 6, 7, 8, 9, 10) − 7(1, 1, 2, 3, 5, 8) = (10, 12, 14, 16, 18, 20) − (7, 7, 14, 21, 35, 56)
= (3, 5, 0,−5,−17,−36).

5. K⃗ =
N⃗

3
+

2N⃗

3
=

3N⃗

3
= N⃗ = (5, 6, 7, 8, 9, 10).

6. �⃗ = 1.067M⃗ + 2.361N⃗ = 1.067(1, 1, 2, 3, 5, 8) + 2.361(5, 6, 7, 8, 9, 10) = (1.067, 1.067, 2.134, 3.201, 5.335, 8.536) +
(11.805, 14.166, 16.527, 18.888, 21.249, 23.61) = (12.872, 15.233, 18.661, 22.089, 26.584, 32.146).

7. Z⃗ =
N⃗

3
+
M⃗

2
=

1

3
(5, 6, 7, 8, 9, 10) +

1

2
(1, 1, 2, 3, 5, 8) =

(
5

3
, 2,

7

3
,
8

3
, 3,

10

3

)
+
(
1

2
,
1

2
, 1,

3

2
,
5

2
, 4
)

=
(

13

6
, 5
2
, 10

3
, 25

6
, 11

2
, 22

3

)
.

8. We have

R⃗ =
√
3M⃗ + 4

√
3N⃗ =

√
3(1, 1, 2, 3, 5, 8) + 4

√
3(5, 6, 7, 8, 9, 10)

= (
√
3,
√
3, 2

√
3, 3

√
3, 5

√
3, 8

√
3) + (20

√
3, 24

√
3, 28

√
3, 32

√
3, 36

√
3, 40

√
3)

= (21
√
3, 25

√
3, 30

√
3, 35

√
3, 41

√
3, 48

√
3) =

√
3(21, 25, 30, 35, 41, 48).

9. Since the components of Q⃗ represent millions of people, an increase of 120,000 people will increase each component by

0.12. Therefore,

S⃗ = Q⃗ + (0.12, 0.12, 0.12, 0.12, 0.12, 0.12)

= (3.57, 1.33, 6.55, 1.32, 1.05, 0.63) + (0.12, 0.12, 0.12, 0.12, 0.12, 0.12)

= (3.69, 1.45, 6.67, 1.44, 1.17, 0.75).

10. Since each population increases by 2%, we multiply Q⃗ by 1.02 to find R⃗ :

R⃗ = 1.02Q⃗ = 1.02(3.57, 1.33, 6.55, 1.32, 1.05, 0.63) = (3.6414, 1.3566, 6.6810, 1.3464, 1.0710, 0.6426).

11. Since the components of Q⃗ represent millions of people, a decrease of 43,000 people decreases each component by 0.043.

Therefore,

S⃗ = Q⃗ − (0.043, 0.043, 0.043, 0.043, 0.043, 0.043)

= (3.57, 1.33, 6.55, 1.32, 1.05, 0.63) − (0.043, 0.043, 0.043, 0.043, 0.043, 0.043)

= (3.527, 1.287, 6.507, 1.277, 1.007, 0.587).
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12. Since each population decreases by 22%, we multiply Q⃗ by 1 − 0.22 = 0.78 to find T⃗ :

T⃗ = 0.78Q⃗ = 0.78(3.57, 1.33, 6.55, 1.32, 1.05, 0.63) = (2.7846, 1.0374, 5.1090, 1.0296, 0.8190, 0.4914).

PROBLEMS

13. The total scores are out of 300 and are given by the total score vector v⃗ + 2w⃗ :

v⃗ + 2w⃗ = (73, 80, 91, 65, 84) + 2(82, 79, 88, 70, 92)

= (73, 80, 91, 65, 84) + (164, 158, 176, 140, 184)

= (237, 238, 267, 205, 268).

To get the scores as a percentage, we divide by 3, giving

1

3
(237, 238, 267, 205, 268) ≈ (79.000, 79.333, 89.000, 68.333, 89.333).

14. Suppose u⃗ represents the velocity of the plane relative to the air and w⃗ represents the velocity of the wind. We can add

these two vectors by adding their components. Suppose north is in the y-direction and east is the x-direction. The vector

representing the airplane’s velocity makes an angle of 45◦ with north; the components of u⃗ are

u⃗ = 700 sin 45◦ i⃗ + 700 cos 45◦ j⃗ ≈ 494.975i⃗ + 494.975j⃗ .

Since the wind is blowing from the west, w⃗ = 60i⃗ . By adding these we get a resultant vector v⃗ = 554.975i⃗ + 494.975j⃗ .

The direction relative to the north is the angle � shown in Figure 12.35, given by

� = tan−1
x

y
= tan−1

554.975

494.975

≈ 48.271◦ .

The magnitude of the velocity is

‖v⃗ ‖ =
√
494.9752 + 554.9752 =

√
552,996.970 = 743.638 km∕hr.

w⃗

�

u⃗

v⃗

E

N

45◦

0 ✲✛ x

✻

❄

y

Figure 12.35: Note that � is the angle between north and the vector v⃗

15. Let the x-axis point east and the y-axis point north. Since the wind is blowing from the northeast at a speed of 50 km∕hr,

the velocity of the wind is

w⃗ = −50 cos 45◦ i⃗ − 50 sin 45◦ j⃗ ≈ −35.355i⃗ − 35.355j⃗ .

Let a⃗ be the velocity of the airplane, relative to the air, and let� be the angle from the x-axis to a⃗ ; since ‖a⃗ ‖ = 600 km∕hr,

we have a⃗ = 600 cos�i⃗ + 600 sin�j⃗ . (See Figure 12.36.)
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w⃗

a⃗

v⃗

❄

�

x

y

Figure 12.36

Now the resultant velocity, v⃗ , is given by

v⃗ = a⃗ + w⃗ = (600 cos�i⃗ + 600 sin�j⃗ ) + (−35.355i⃗ − 35.355j⃗ )

= (600 cos� − 35.355)i⃗ + (600 sin� − 35.355)j⃗ .

Since the airplane is to fly due east, i.e., in the x direction, then the y-component of the velocity must be 0, so we must

have

600 sin� − 35.355 = 0

sin� =
35.355

600
.

Thus � = arcsin(35.355∕600) ≈ 3.378◦ .

16. (a)

ro
ad

car

ball 10

Figure 12.37: velocity

a⃗ of ball relative to

car

25

Figure 12.38: velocity

b⃗ of car relative to

road

�

25

10

Figure 12.39: a⃗ +

b⃗ =velocity of ball

relative to road

(b) Solving tan � = 25∕10 gives � = 68.199◦ . So the angle the ball makes with the road is 90◦ − 68.199◦ = 21.801◦ .

17. (a) See the sketch in Figure 12.40, where v⃗ represents the first part of the man’s walk, and w⃗ represents the second part.

Since the man first walks 5 miles, we know ‖v⃗ ‖ = 5. Since he walks 30◦ north of east, resolving gives

v⃗ = 5 cos 30◦ i⃗ + 5 sin 30◦ j⃗ = 4.330i⃗ + 2.500j⃗ .

For the second leg of his journey, the man walks a distance x miles due east, so w⃗ = xi⃗ .

(b) The vector from finish to start is −(v⃗ + w⃗ ) = −(4.330+x)i⃗ −2.500j⃗ . This vector is at an angle of 10◦ south of west.

So, using the magnitudes of the sides in the triangle in Figure 12.41:

2.500
4.330 + x

= tan(10◦) = 0.176

2.500 = 0.176(4.330 + x)

x =
2.500 − 0.176 ⋅ 4.330

0.176
= 9.848.

This means that x = 9.848.

30◦

10◦v⃗

w⃗

start

finish

Figure 12.40

−(4.33 + x)i⃗

−2.5j⃗
10◦

Figure 12.41

(c) The distance from the starting point is ‖ − (4.330 + 9.848)i⃗ − (2.500)j⃗ ‖ =
√
14.1782 + 2.5002 = 14.397 miles.
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18. (a) The only components that have the same value (in the same position in the vectors) have a value of 40 in the fourth

position, so outfits a⃗ and c⃗ must have the same belt, which costs $40.

(b) (i) Their wishes sum to 3a⃗ + 2c⃗ + d⃗ .

(ii) Writing out the sum, we get:

3a⃗ + 2c⃗ + d⃗ = 3(75, 30, 120, 40, 200) + 2(145, 50, 100, 40, 300) + (60, 45, 200, 35, 150)

= (225, 90, 360, 120, 600) + (290, 100, 200, 80, 600) + (60, 45, 200, 35, 150)

= (575, 235, 760, 235, 1350)

(c) (i) As expected, we know that the second component in each vector must represent the price of shirts, because if

David buys 5 outfits and spends only $145 on shirts, he must spend on average less than $30 on each shirt. Only

the first and second components have items selling for less than $30, and only the second allows us to get to an

exact sum of $145, since in the first component, 5 ⋅ 25 = 125 ≠ 145 and 4 ⋅ 25 + 1 ⋅ 60 = 160 > 145, which

are the the two lowest possible sums of 5 items. We solve the equations 30w + 20x + 50y + 45z = 145 and

w+x+ y+ z = 5, 0 ≤ w, x, y, z ≤ 5. It is clear that we must have either 1 or 3 of outfit d⃗ in order to have a 5 in

the units digit of the sum. Since 3 ⋅ 45 = 135, that is not possible, as adding two more of any outfit will exceed

$145. So we know that z = 1. This give us

30w + 20x + 50y = 100 and w + x + y = 4.

We see that if y = 1, the only way for the sum 30w + 20x + 50y to equal 100 is if w = x = 1, but then

w+ x+ y = 3, and we still have an outfit unaccounted for. Thus y = 0 and w = x = 2. Thus, altogether we have

2 outfits a⃗ and 2 outfits b⃗ and 1 outfit d⃗ :

2a⃗ + 2b⃗ + d⃗ .

(ii) We have

e⃗ = 2a⃗ + 2b⃗ + d⃗

= 2(75, 30, 120, 40, 200) + 2(25, 20, 75, 30, 90) + (60, 45, 200, 35, 150)

= (150 + 60 + 240 + 80 + 400) + (50 + 40 + 150 + 60 + 180) + (60 + 45 + 200 + 35 + 150)

= (260 + 145 + 590 + 175 + 730).

19. (a) We have

F⃗net = F⃗1 + F⃗2 + F⃗3

= (3, 6) + (−2, 5) + (7,−4)

= (3 − 2 + 7, 6 + 5 − 4) = (8, 7).

(b) We want F⃗net + F⃗4 = 0⃗ , and so F⃗4 = 0⃗ − F⃗net = (0, 0) − (8, 7) = (−8,−7).

20. (a) We have ‖r⃗ ‖ =
√
32 + 52 =

√
34.

(b) We have ||F⃗ || = qQ∕||r||2 = 20 ⋅ 30∕34 = 300∕17 = 17.6.

(c) The angle that r⃗ makes with the x-axis has tan � = ry∕rx = 5∕3, so � = tan−1(5∕3) = 59.0◦. Thus, Fx = F cos � =

17.6 cos(59.0◦) = 9.065 and Fy = F sin � = 17.6 sin(59.0◦) = 15.086, so F⃗ = (9.065, 15.086).

21. In an actual video game, our rectangle would be replaced with a more sophisticated graphic (perhaps an airplane or an

animated figure). But the principles involved in rotation about the origin are the same, and it will be easier to think about

them using rectangles instead of fancy graphics.

We can represent the four corners of the rectangle (before rotation) using the position vectors p⃗ a, p⃗ b, p⃗ c , and p⃗ d . For

instance, the components of p⃗ a are p⃗ a = 2i⃗ + j⃗ .

After the rectangle has been rotated, its four corners are given by the position vectors q⃗ a, q⃗ b, q⃗ c , and q⃗ d . Notice that

the lengths of these vectors have not changed; in other words,

||p⃗ a|| = ||q⃗ a||, ||p⃗ b|| = ||q⃗ b||, ||p⃗ c|| = ||q⃗ c||, and ||p⃗ d|| = ||q⃗ d ||.
This is because in a rotation the only thing that changes is orientation, not length.
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When the rectangle is rotated through a 35◦ angle, the angle made by corner a increases by 35◦. So do the angles

made by the other three corners. Letting � be the angle made by corner a, we have

tan � =
1

2
� = arctan 0.5 = 26.565◦ .

This is the direction of the position vector p⃗ a. After rotation, the angle � is given by

� = 26.565◦ + 35◦ = 61.565◦.

This is the direction of the new position vector q⃗ a. The length of q⃗ a is the same as the length of p⃗ a and is given by

||q⃗ a||2 = ||p⃗ a||2 = 22 + 12 = 5,

and so ||q⃗ a|| =
√
5. Thus, the components of q⃗ a are given by

q⃗ a = (
√
5 cos 61.565◦)i⃗ + (

√
5 sin 61.565◦)j⃗

= 1.065i⃗ + 1.966j⃗ .

This process can be repeated for the other three corners. You can see for yourself that the angles made with the origin by

the corners a, b, and c, respectively, are 14.036◦ , 26.565◦ , and 45◦. After rotation, these angles are 49.036◦ , 61.565◦, and

80◦. Similarly, the lengths of the position vectors for these three points (both before and after rotation) are
√
17,

√
20, and√

8. Thus, the final positions of these three points are

q⃗ b = 2.703i⃗ + 3.113j⃗ ,

q⃗ c = 2.129i⃗ + 3.933j⃗ ,

q⃗ d = 0.491i⃗ + 2.785j⃗ .

22. (a) See Figure 12.42.

2 5

4

8

p1 = (2, 4)

p2 = (5, 8)

s⃗ = (2, 4, 5, 8)

x

y

Figure 12.42

(b) Let t⃗ = (x1, y1, x2, y2), so that one corner of the rectangle is p1 = (x1, y1) and the opposite corner is p2 = (x2, y2).

(i) We have

t⃗ + u⃗ = (x1, y1, x2, y2) + (1, 0, 1, 0) = (x1 + 1, y1, x2 + 1, y2).

One corner of the new rectangle is (x1 + 1, y1), and the opposite corner is (x2 + 1, y2). These corners are each

one unit farther to the right than the old corners, and so the whole rectangle is one unit farther to the right.
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(ii) We have

t⃗ + v⃗ = (x1, y1, x2, y2) + (0, 1, 0, 1) = (x1, y1 + 1, x2, y2 + 1).

One corner of the new rectangle is (x1, y1 + 1), and the opposite corner is (x2, y2 + 1). These corners are each

one unit farther up than the old corners, and so the whole rectangle is one unit farther up.

(iii) By a similar argument to part (i), the new rectangle is one unit to the left of the old one.

(iv) The new rectangle is 2 units to the right of the old rectangle and 3 units up.

(v) The new rectangle is 1 unit to the right and 1 unit up.

(vi) The new rectangle is k units to the right and k units up.

Solutions for Section 12.4

Skill Refresher

S1. Since

3 cos � = 2

cos � =
2

3
,

we have

� = cos−1
(
2

3

)
= 48.19◦.

S2. Since
√
5 cos � = −1

cos � = −
1√
5
,

we have

� = cos−1

(
−

1√
5

)
= 116.565◦ .

S3. Since
√
10 cos � = 2

cos � =
2√
10
,

we have

� = cos−1

(
2√
10

)
= 50.768◦ .

S4. Since

13 cos � = 7

cos � =
7

13
,

we have

� = cos−1
(
7

13

)
= 57.421◦ .

EXERCISES

1. z⃗ ⋅ a⃗ = (i⃗ − 3j⃗ − k⃗ ) ⋅ (2j⃗ + k⃗ ) = 1 ⋅ 0 + (−3)2 + (−1)1 = 0 − 6 − 1 = −7.
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2. a⃗ ⋅ z⃗ = (2j⃗ + k⃗ ) ⋅ (i⃗ − 3j⃗ − k⃗ ) = 0 ⋅ 1 + 2(−3) + 1(−1) = 0 − 6 − 1 = −7.

3. c⃗ ⋅ y⃗ = (i⃗ + 6j⃗ ) ⋅ (4i⃗ − 7j⃗ ) = 1 ⋅ 4 + 6(−7) = 4 − 42 = −38.

4. a⃗ ⋅ y⃗ = (2j⃗ + k⃗ ) ⋅ (4i⃗ − 7j⃗ ) = −14.

5. a⃗ ⋅ b⃗ = (2j⃗ + k⃗ ) ⋅ (−3i⃗ + 5j⃗ + 4k⃗ ) = 0(−3) + 2 ⋅ 5 + 1 ⋅ 4 = 0 + 10 + 4 = 14.

6. b⃗ ⋅ z⃗ = (−3i⃗ + 5j⃗ + 4k⃗ ) ⋅ (i⃗ − 3j⃗ − k⃗ ) = −22.

7. c⃗ ⋅ a⃗ + a⃗ ⋅ y⃗ = (i⃗ + 6j⃗ ) ⋅ (2j⃗ + k⃗ ) + (2j⃗ + k⃗ ) ⋅ (4i⃗ − 7j⃗ ) = 12 − 14 = −2.

8. c⃗ + y⃗ = (i⃗ + 6j⃗ ) + (4i⃗ − 7j⃗ ) = 5i⃗ − j⃗ , so

a⃗ ⋅ (c⃗ + y⃗ ) = (2j⃗ + k⃗ ) ⋅ (5i⃗ − j⃗ ) = −2.

9. Since a⃗ ⋅ b⃗ is a scalar and a⃗ is a vector, the expression is a vector parallel to a⃗ . We have

a⃗ ⋅ b⃗ = (2j⃗ + k⃗ ) ⋅ (−3i⃗ + 5j⃗ + 4k⃗ ) = 0(−3) + 2(5) + 1(4) = 14.

Thus,

(a⃗ ⋅ b⃗ ) ⋅ a⃗ = 14a⃗ = 14(2j⃗ + k⃗ ) = 28j⃗ + 14k⃗ .

10. Since c⃗ ⋅ c⃗ is a scalar and (c⃗ ⋅ c⃗ )a⃗ is a vector, the expression is another scalar. We could calculate c⃗ ⋅ c⃗ , then (c⃗ ⋅ c⃗ )a⃗ ,

and then take the dot product ((c⃗ ⋅ c⃗ )a⃗ ) ⋅ a⃗ . Alternatively, we can use the fact that

((c⃗ ⋅ c⃗ )a⃗ ) ⋅ a⃗ = (c⃗ ⋅ c⃗ )(a⃗ ⋅ a⃗ ).

Since

c⃗ ⋅ c⃗ = (i⃗ + 6j⃗ ) ⋅ (i⃗ + 6j⃗ ) = 12 + 62 = 37

a⃗ ⋅ a⃗ = (2j⃗ + k⃗ ) ⋅ (2j⃗ + k⃗ ) = 22 + 12 = 5,

we have,

(c⃗ ⋅ c⃗ )(a⃗ ⋅ a⃗ ) = 37(5) = 185.

11. Since a⃗ ⋅ y⃗ and c⃗ ⋅ z⃗ are both scalars, the expression is the product of two numbers and therefore a number. We have

a⃗ ⋅ y⃗ = (2j⃗ + k⃗ ) ⋅ (4i⃗ − 7j⃗ ) = 0(4) + 2(−7) + 1(0) = −14

c⃗ ⋅ z⃗ = (i⃗ + 6j⃗ ) ⋅ (i⃗ − 3j⃗ − k⃗ ) = 1(1) + 6(−3) + 0(−1) = −17.

Thus,

(a⃗ ⋅ y⃗ )(c⃗ ⋅ z⃗ ) = 238.

12. Since z⃗ ⋅ c⃗ and y⃗ ⋅ a⃗ are both scalars, the expression is the product of two numbers and therefore a number. We have

z⃗ ⋅ c⃗ = (i⃗ − 3j⃗ − k⃗ ) ⋅ (i⃗ + 6j⃗ ) = 1(1) + (−3)6 + (−1)0 = −17.

y⃗ ⋅ a⃗ = (4i⃗ − 7j⃗ ) ⋅ (2j⃗ + k⃗ ) = (4)0 + (−7)2 + (0)1 = −14

Thus,

(z⃗ ⋅ c⃗ )(y⃗ ⋅ a⃗ ) = 238.

PROBLEMS

13. We use the dot product to find this angle.

We have w⃗ = i⃗ − j⃗ and v⃗ = i⃗ + 2j⃗ so

w⃗ ⋅ v⃗ = (i⃗ − j⃗ ) ⋅ (i⃗ + 2j⃗ ) = −1,
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therefore

w⃗ ⋅ v⃗ = ||w⃗ || ⋅ ||v⃗ || cos �.
Since ||w⃗ || =

√
5 and ||v⃗ || =

√
2, and w⃗ ⋅ v⃗ = −1, we have

−1 =
√
2
√
5 cos �

cos � = −
1√
10

� = arccos −
1√
10

= 108.435◦ .

14. (a) The force has magnitude 2 downward and the displacement has magnitude 3 downward. Therefore � = 0◦, so

Work done = 2 ⋅ 3 cos 0◦ = 2 ⋅ 3 ⋅ 1 = 6 ft-lb.

(b) The force is the same, the displacement has magnitude 5 feet and the angle between the force and the displacement is

180◦ . Thus,

Work done = 2 ⋅ 5 cos 180◦ = 2 ⋅ 5(−1) = −10 ft-lb.

15. Intuitively, we know that we have to do more work to push the refrigerator up this ramp than the one in the text because it

is steeper. In this case

Work = −||F⃗ ||||d⃗ || cos 120◦ = −350 ⋅ 12 cos 120◦ = 2100.0 ft-lbs,

so nearly three times as much work is needed.

The reason that more work is needed is that the refrigerator ends up farther from the ground.

16. Since 3i⃗ +
√
3 j⃗ =

√
3(
√
3 i⃗ + j⃗ ), we know that 3i⃗ +

√
3 j⃗ and

√
3 i⃗ + j⃗ are scalar multiples of one another, and

therefore parallel.

Since (
√
3 i⃗ + j⃗ ) ⋅ (i⃗ −

√
3 j⃗ ) =

√
3 −

√
3 = 0, we know that

√
3 i⃗ + j⃗ and i⃗ −

√
3 j⃗ are perpendicular.

Since 3i⃗ +
√
3 j⃗ and

√
3 i⃗ + j⃗ are parallel, 3i⃗ +

√
3 j⃗ and i⃗ −

√
3 j⃗ are perpendicular, too.

17. Using the dot product, the angle is given by

cos � =
(i⃗ + j⃗ + k⃗ ) ⋅ (i⃗ − j⃗ − k⃗ )

‖i⃗ + j⃗ + k⃗ ‖‖i⃗ − j⃗ − k⃗ ‖
=

1 ⋅ 1 + 1(−1) + 1(−1)√
11 + 12 + 12

√
12 + (−1)2 + (−1)2

= −
1

3
.

So, � = arccos(−
1

3
) ≈ 1.911 radians, or ≈ 109.471◦ .

18. In general, u⃗ and v⃗ are perpendicular when u⃗ ⋅ v⃗ = 0.

In this case, u⃗ ⋅ v⃗ = (ti⃗ − j⃗ + k⃗ ) ⋅ (ti⃗ + tj⃗ − 2k⃗ ) = t2 − t − 2.
This is zero when t2 − t − 2 = 0, i.e. when (t − 2)(t + 1) = 0, so t = 2 or −1.

In general, u⃗ and v⃗ are parallel if and only if v⃗ = �u⃗ for some real number �.

Thus we need �ti⃗ − �j⃗ + �k⃗ = ti⃗ + tj⃗ − 2k⃗ , so we need �t = t, and −� = t, and � = −2. But if � = −2, we can’t have

�t = t unless t = 0, and if t = 0, we can’t have −� = t, so there are no values of t for which u⃗ and v⃗ are parallel.

19. The maximum value of ||a⃗ + b⃗ || is 7 + 4 = 11, which occurs when a⃗ and b⃗ are in the same direction. The minimum

value of ||a⃗ + b⃗ || is 7 − 4 = 3, which occurs when they are in opposite directions.

The maximum value of ||a⃗ − b⃗ || is 7+4 = 11, which occurs when a⃗ and b⃗ are in opposite directions. The minimum

value of ||a⃗ − b⃗ || is 7 − 4 = 3, which occurs when a⃗ and b⃗ are in the same direction.

b⃗

a⃗

Figure 12.43: Vectors a⃗ and b⃗ in same

direction: Max ||a⃗ + b⃗ ||, min ||a⃗ − b⃗ ||

b⃗ a⃗

Figure 12.44: Vectors a⃗ and b⃗ in opposite

direction: max ||a⃗ − b⃗ ||, min ||a⃗ + b⃗ ||
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20. We need to find the speed of the wind in the direction of the track. Looking at Figure 12.45, we see that we want the

component of w⃗ in the direction of v⃗ . We calculate

‖w⃗ parallel to v⃗ ‖ = ‖w⃗ ‖ cos � =
w⃗ ⋅ v⃗

‖v⃗ ‖ =
(5i⃗ + j⃗ ) ⋅ (2i⃗ + 6j⃗ )

‖2i⃗ + 6j⃗ ‖
=

16√
40

≈ 2.53 < 5.

Therefore, the race results will not be disqualified.

x

y
Track
v⃗ = 2i⃗ + 6j⃗

�

Wind
w⃗ = 5i⃗ + j⃗

0

Figure 12.45

21. It is clear from the Figure 12.46 that only angle ∠CAB could possibly be a right angle. Subtraction of x, y values for the

points gives ⃖⃖⃖⃖⃖⃗AB = 3i⃗ − j⃗ and A⃗C = 1i⃗ + 2j⃗ . Taking the dot product yields ⃖⃖⃖⃖⃖⃗AB ⋅ ⃖⃖⃖⃖⃖⃗AC = (3)(1) + (−1)(2) = 1. Since this

is nonzero, the angle cannot be a right angle.

1 4

1

4

A

B

C

x

y

Figure 12.46

22. We want to show that (b⃗ ⋅ c⃗ )a⃗ − (a⃗ ⋅ c⃗ )b⃗ and c⃗ are perpendicular. We do this by taking their dot product:

((b⃗ ⋅ c⃗ )a⃗ − (a⃗ ⋅ c⃗ )b⃗ ) ⋅ c⃗ = (b⃗ ⋅ c⃗ )(a⃗ ⋅ c⃗ ) − (a⃗ ⋅ c⃗ )(b⃗ ⋅ c⃗ ) = 0.

Since the dot product is 0, the vectors (b⃗ ⋅ c⃗ )a⃗ − (a⃗ ⋅ c⃗ )b⃗ and c⃗ are perpendicular.

23. We have:

u⃗ ⋅ (v⃗ + w⃗ ) = (u1, u2) ⋅ (v1 +w1, v2 +w2)

= u1(v1 +w1) + u2(v2 +w2) = u1v1 + u1w1 + u2v2 + u2w2

= (u1v1 + u2v2) + (u1w1 + u2w2) = u⃗ ⋅ v⃗ + u⃗ ⋅ w⃗ .
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24. By the distributive law,

u⃗ ⋅ v⃗ = (u1 i⃗ + u2 j⃗ ) ⋅ (v1 i⃗ + v2j⃗ )

= u1v1 i⃗ ⋅ i⃗ + u1v2 i⃗ ⋅ j⃗ + u2v1j⃗ ⋅ i⃗ + u2v2j⃗ ⋅ j⃗ .

Since ‖i⃗ ‖ = ‖j⃗ ‖ = 1 and the angle between i⃗ and j⃗ is 90◦,

i⃗ ⋅ i⃗ = 1, j⃗ ⋅ j⃗ = 1, i⃗ ⋅ j⃗ = j⃗ ⋅ i⃗ = 0.

Thus,

u⃗ ⋅ v⃗ = u1v1 + u2v2.

25. (a) We have the price vector a⃗ = (3, 2, 4). Let the consumption vector c⃗ = (cb, ce, cm), then 3cb + 2ce + 4cm = 40 or

a⃗ ⋅ c⃗ = 40.
(b) Note a⃗ ⋅ c⃗ is the cost of consuming c⃗ groceries at Acme Store, so b⃗ ⋅ c⃗ is the cost of consuming c⃗ groceries at Beta

Mart. Thus b⃗ ⋅ c⃗ − a⃗ ⋅ c⃗ = (b⃗ − a⃗ ) ⋅ c⃗ is the difference in costs between Beta and Acme for the same c⃗ groceries.

For b⃗ − a⃗ to be perpendicular to c⃗ , we must have (b⃗ − a⃗ ) ⋅ c⃗ = 0. Since b⃗ − a⃗ = (0.20,−0.20, 0.50), the vector

b⃗ − a⃗ is perpendicular to c⃗ if 0.20cb − 0.20ce + 0.50cm = 0. For example, this occurs when we consume the same

number of loaves of bread as dozens of eggs, but no milk.

(c) Since b⃗ ⋅ c⃗ is the cost of groceries at Beta, you might think of (1∕1.1)b⃗ ⋅ c⃗ as the “freshness-adjusted” cost at Beta.

Then (1∕1.1)b⃗ ⋅ c⃗ < a⃗ ⋅ c⃗ means the “freshness-adjusted” cost is lower at Beta.

26. We have

‖a⃗ 2‖ =
√
0.102 + 0.082 + 0.122 + 0.692 = 0.7120

‖a⃗ 3‖ =
√
0.202 + 0.062 + 0.062 + 0.662 = 0.6948

‖a⃗ 4‖ =
√
0.222 + 0.002 + 0.202 + 0.572 = 0.6429

a⃗ 2 ⋅ a⃗ 3 = 0.10 ⋅ 0.20 + 0.08 ⋅ 0.06 + 0.12 ⋅ 0.06 + 0.69 ⋅ 0.66 = 0.4874

a⃗ 3 ⋅ a⃗ 4 = 0.20 ⋅ 0.22 + 0.06 ⋅ 0.00 + 0.06 ⋅ 0.20 + 0.66 ⋅ 0.57 = 0.4322.

The distance between the English and the Bantus is given by � where

cos � =
a⃗ 2 ⋅ a⃗ 3

‖a⃗ 2‖‖a⃗ 3‖
=

0.4874

(0.7120)(0.6948)
≈ 0.9852

so � ≈ 9.9o.

The distance between the English and the Koreans is given by � where

cos� =
a⃗ 3 ⋅ a⃗ 4

‖a⃗ 3‖‖a⃗ 4‖
=

0.4322

(0.6948)(0.6429)
≈ 0.9676

so � ≈ 14.6o. Hence the English are genetically closer to the Bantus than to the Koreans.

27. Let the room be put in the coordinate system as shown in Figure 12.47.
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0 = (0, 0, 0)

A = (0, 0, 25)

B = (0, 80, 25)

C = (200, 0, 0)

D = (200, 80, 0)

�

✛

✛

✛

✛ ✛

✛

80

25

200

Figure 12.47

Then the vectors of the two strings are given by:
⃖⃖⃖⃖⃖⃗AD = (200i⃗ + 80j⃗ + 0k⃗ ) − (0i⃗ + 0j⃗ + 25k⃗ ) = 200i⃗ + 80j⃗ − 25k⃗
⃖⃖⃖⃖⃖⃗BC = (200i⃗ + 0j⃗ + 0k⃗ ) − (0i⃗ + 80j⃗ + 25k⃗ ) = 200i⃗ − 80j⃗ − 25k⃗ .

Let the angle between ⃖⃖⃖⃖⃖⃗AD and ⃖⃖⃖⃖⃖⃗BC be �. Then we have

cos � =
⃖⃖⃖⃖⃖⃗AD ⋅ ⃖⃖⃖⃖⃖⃗BC

‖ ⃖⃖⃖⃖⃖⃗AD‖ ‖ ⃖⃖⃖⃖⃖⃗BC‖
=

200(200) + (80)(−80) + (−25)(−25)√
2002 + 802 + (−25)2

√
(200)2 + (−80)2 + (−25)2

=
34225

47025
= 0.727804

� = arccos 0.727804

= 43.297◦ .

28. (a) The points A, B and C are shown in Figure 12.48.

x y

z
A

B

C

Figure 12.48

First, we calculate the vectors which form the sides of this triangle:
⃖⃖⃖⃖⃖⃗AB = (4i⃗ + 2j⃗ + k⃗ ) − (2i⃗ + 2j⃗ + 2k⃗ ) = 2i⃗ − k⃗
⃖⃖⃖⃖⃖⃗BC = (2i⃗ + 3j⃗ + k⃗ ) − (4i⃗ + 2j⃗ + k⃗ ) = −2i⃗ + j⃗
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⃖⃖⃖⃖⃖⃗AC = (2i⃗ + 3j⃗ + k⃗ ) − (2i⃗ + 2j⃗ + 2k⃗ ) = j⃗ − k⃗ .

Now we calculate the lengths of each of the sides of the triangles:

‖⃖⃖⃖⃖⃖⃗AB‖ =
√
22 + (−1)2 =

√
5

‖ ⃖⃖⃖⃖⃖⃗BC‖ =
√
(−2)2 + 12 =

√
5

‖⃖⃖⃖⃖⃖⃗AC‖ =
√
12 + (−1)2 =

√
2.

Thus the length of the shortest side of S is
√
2.

(b) cos ∠BAC =
⃖⃖⃖⃗AB⋅⃖⃖⃖⃗AC

‖⃖⃖⃖⃗AB‖⋅‖⃖⃖⃖⃗AC‖
=

2 ⋅ 0 + 0 ⋅ 1 + (−1) ⋅ (−1)√
5 ⋅

√
2

≈ 0.32.

29. (a) We have

r⃗ ⋅ w⃗ = (x1, y1, x2, y2) ⋅ (−1, 0, 1, 0)

= −x1 + x2 = x2 − x1,

so, since x2 > x1, this quantity represents the width w.

(b) We have

r⃗ ⋅ ℎ⃗ = (x1, y1, x2, y2) ⋅ (0,−1, 0, 1)

= −y1 + y2 = y2 − y1,

so, since y2 > y1, this quantity represents the height ℎ.

(c) We have

2r⃗ ⋅ (w⃗ + ℎ⃗ ) = 2r⃗ ⋅ w⃗ + 2r⃗ ⋅ ℎ⃗

= 2w + 2ℎ,

where from part (a) w is the width and from part (b) ℎ is the height. Thus, this quantity represents the perimeter p.

Solutions for Section 12.5

Skill Refresher

S1. Since the number of male students starts at 4000 and increases by 5%, the resulting number of male students is

4000 + 0.05(4000) = 4000 + 200 = 4200.

Therefore, since the number of female students attending the university remains unchanged at 6000, the resulting number

of total students attending the university is

4200 + 6000 = 10,200.

S2. Since the number of female students starts at 6000 and increases by 3%, the resulting number of female students is

6000 + 0.03(6000) = 6000 + 180 = 6180.

Therefore, since the number of male students attending the university remains unchanged at 4000, the resulting total number

of students attending the university is

6180 + 4000 = 10,180.

S3. The total starting number of students who attend the university is 10,000. Therefore, since the entire student population

grows by 4%, the resulting total student population is

10,000 + 0.04(10,000) = 10,000 + 400 = 10,400

students.
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S4. Since the number of female students starts at 6000 and grows by 300, the resulting number of female students is

6000 + 300 = 6300.

Since the number of male students starts at 4000 and decreases by 2%, the resulting number of male students is

4000 − 0.02(4000) = 4000 − 80 = 3920.

Therefore, the resulting total number of students attending the university is

6300 + 3920 = 10,220.

EXERCISES

1. (a) We have

5R = 5

(
3 7

2 −1

)
=

(
5 ⋅ 3 5 ⋅ 7

5 ⋅ 2 5 ⋅ −1

)
=

(
15 35

10 −5

)
.

(b) We have

−2S = −2

(
1 −5

0 8

)
=

(
−2 ⋅ 1 −2 ⋅ −5

−2 ⋅ 0 −2 ⋅ 8

)
=

(
−2 10

0 −16

)
.

(c) We have

R + S =

(
3 7

2 −1

)
+

(
1 −5

0 8

)

=

(
3 + 1 7 − 5

2 + 0 −1 + 8

)
=

(
4 2

2 7

)
.

(d) Writing S − 3R = S + (−3)R, we first find −3R:

−3R = −3

(
3 7

2 −1

)
=

(
−3 ⋅ 3 −3 ⋅ 7

−3 ⋅ 2 −3 ⋅ −1

)
=

(
−9 −21

−6 3

)
.

This gives

S + (−3)R =

(
1 −5

0 8

)
+

(
−9 −21

−6 3

)

=

(
1 − 9 −5 − 21

0 − 6 8 + 3

)
=

(
−8 −26

−6 11

)
.

(e) Writing R + 2R + 2(R − S) = 5R + (−2)S, we use our answers to parts (a) and (b):

5R + (−2)S =

(
15 35

10 −5

)
+

(
−2 10

0 −16

)

=

(
15 − 2 35 + 10

10 + 0 −5 − 16

)
=

(
13 45

10 −21

)
.

(f) We have

kS =

(
k ⋅ 1 k ⋅ −5

k ⋅ 0 k ⋅ 8

)
=

(
k −5k

0 8k

)
.
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2. (a) We have

2A = 2

⎛
⎜⎜⎜⎝

2 5 7

4 −6 3

16 −5 0

⎞
⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎝

2 ⋅ 2 2 ⋅ 5 2 ⋅ 7

2 ⋅ 4 2 ⋅ −6 2 ⋅ 3

2 ⋅ 16 2 ⋅ −5 2 ⋅ 0

⎞
⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎝

4 10 14

8 −12 6

32 −10 0

⎞
⎟⎟⎟⎠
.

(b) We have

−3B = −3

⎛⎜⎜⎜⎝

8 −6 0

5 3 −2

3 7 12

⎞⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎝

−3 ⋅ 8 −3 ⋅ −6 −3 ⋅ 0

−3 ⋅ 5 −3 ⋅ 3 −3 ⋅ −2

−3 ⋅ 3 −3 ⋅ 7 −3 ⋅ 12

⎞
⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎝

−24 18 0

−15 −9 6

−9 −21 −36

⎞
⎟⎟⎟⎠
.

(c) We have

A + B =

⎛
⎜⎜⎜⎝

2 5 7

4 −6 3

16 −5 0

⎞
⎟⎟⎟⎠
+

⎛
⎜⎜⎜⎝

8 −6 0

5 3 −2

3 7 12

⎞
⎟⎟⎟⎠

=

⎛⎜⎜⎜⎝

2 + 8 5 − 6 7 + 0

4 + 5 −6 + 3 3 − 2

16 + 3 −5 + 7 0 + 12

⎞⎟⎟⎟⎠
=

⎛⎜⎜⎜⎝

10 −1 7

9 −3 1

19 2 12

⎞⎟⎟⎟⎠
.

(d) Notice that we can write 2A − 3B as 2A + (−3B). We found 2A in part (a) and −3B in part (b). We have:

2A + (−3B) =

⎛
⎜⎜⎜⎝

4 10 14

8 −12 6

32 −10 0

⎞
⎟⎟⎟⎠
+

⎛
⎜⎜⎜⎝

−24 18 0

−15 −9 6

−9 −21 −36

⎞
⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎝

4 − 24 10 + 18 14 + 0

8 − 15 −12 − 9 6 + 6

32 − 9 −10 − 21 0 − 36

⎞
⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎝

−20 28 14

−7 −21 12

23 −31 −36

⎞
⎟⎟⎟⎠
.

(e) We found (A + B) in part (c). We have:

5(A + B) = 5

⎛⎜⎜⎜⎝

10 −1 7

9 −3 1

19 2 12

⎞⎟⎟⎟⎠

=

⎛⎜⎜⎜⎝

5 ⋅ 10 5 ⋅ −1 5 ⋅ 7

5 ⋅ 9 5 ⋅ −3 5 ⋅ 1

5 ⋅ 19 5 ⋅ 2 5 ⋅ 12

⎞⎟⎟⎟⎠
=

⎛⎜⎜⎜⎝

50 −5 35

45 −15 5

95 10 60

⎞⎟⎟⎟⎠
.
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(f) There are many ways to work this problem. One way is to write A + (A + (A + B)) = 3A + B. This gives:

3A + B = 3

⎛⎜⎜⎜⎝

2 5 7

4 −6 3

16 −5 0

⎞⎟⎟⎟⎠
+

⎛⎜⎜⎜⎝

8 −6 0

5 3 −2

3 7 12

⎞⎟⎟⎟⎠

=

⎛⎜⎜⎜⎝

3 ⋅ 2 3 ⋅ 5 3 ⋅ 7

3 ⋅ 4 3 ⋅ −6 3 ⋅ 3

3 ⋅ 16 3 ⋅ −5 3 ⋅ 0

⎞⎟⎟⎟⎠
+

⎛⎜⎜⎜⎝

8 −6 0

5 3 −2

3 7 12

⎞⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎝

6 + 8 15 − 6 21 + 0

12 + 5 −18 + 3 9 − 2

48 + 3 −15 + 7 0 + 12

⎞
⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎝

14 9 21

17 −15 7

51 −8 12

⎞
⎟⎟⎟⎠
.

3. (a) We have

4U = 4

⎛
⎜⎜⎜⎜⎜⎝

3 2 5 1

4 6 7 3

1 9 5 8

0 −2 4 6

⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎝

4 ⋅ 3 4 ⋅ 2 4 ⋅ 5 4 ⋅ 1

4 ⋅ 4 4 ⋅ 6 4 ⋅ 7 4 ⋅ 3

4 ⋅ 1 4 ⋅ 9 4 ⋅ 5 4 ⋅ 8

4 ⋅ 0 4 ⋅ −2 4 ⋅ 4 4 ⋅ 6

⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎝

12 8 20 4

16 24 28 12

4 36 20 32

0 −8 16 24

⎞
⎟⎟⎟⎟⎟⎠

.

(b) We have

−2V = −2

⎛⎜⎜⎜⎜⎜⎝

1 6 4 2

3 5 −1 7

9 4 7 3

2 8 4 5

⎞⎟⎟⎟⎟⎟⎠

=

⎛⎜⎜⎜⎜⎜⎝

−2 ⋅ 1 −2 ⋅ 6 −2 ⋅ 4 −2 ⋅ 2

−2 ⋅ 3 −2 ⋅ 5 −2 ⋅ −1 −2 ⋅ 7

−2 ⋅ 9 −2 ⋅ 4 −2 ⋅ 7 −2 ⋅ 3

−2 ⋅ 2 −2 ⋅ 8 −2 ⋅ 4 −2 ⋅ 5

⎞⎟⎟⎟⎟⎟⎠

=

⎛⎜⎜⎜⎜⎜⎝

−2 −12 −8 −4

−6 −10 2 −14

−18 −8 −14 −6

−4 −16 −8 −10

⎞⎟⎟⎟⎟⎟⎠

.

(c) We have

U − V =

⎛
⎜⎜⎜⎜⎜⎝

3 2 5 1

4 6 7 3

1 9 5 8

0 −2 4 6

⎞
⎟⎟⎟⎟⎟⎠

−

⎛
⎜⎜⎜⎜⎜⎝

1 6 4 2

3 5 −1 7

9 4 7 3

2 8 4 5

⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎝

3 − 1 2 − 6 5 − 4 1 − 2

4 − 3 6 − 5 7 − (−1) 3 − 7

1 − 9 9 − 4 5 − 7 8 − 3

0 − 2 −2 − 8 4 − 4 6 − 5

⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎝

2 −4 1 −1

1 1 8 −4

−8 5 −2 5

−2 −10 0 1

⎞
⎟⎟⎟⎟⎟⎠

.
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(d) Notice that we can write 3U − 3V as 3(U − V). We found U − V in part (c). We have:

3(U − V) = 3

⎛
⎜⎜⎜⎜⎜⎝

2 −4 1 −1

1 1 8 −4

−8 5 −2 5

−2 −10 0 1

⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎝

3 ⋅ 2 3 ⋅ −4 3 ⋅ 1 3 ⋅ −1

3 ⋅ 1 3 ⋅ 1 3 ⋅ 8 3 ⋅ −4

3 ⋅ −8 3 ⋅ 5 3 ⋅ −2 3 ⋅ 5

3 ⋅ −2 3 ⋅ −10 3 ⋅ 0 3 ⋅ 1

⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎝

6 −12 3 −3

3 3 24 −12

−24 15 −6 15

−6 −30 0 3

⎞
⎟⎟⎟⎟⎟⎠

.

(e) Notice that we can write U + U − (U −V) as U + V. We have

U + V =

⎛⎜⎜⎜⎜⎜⎝

3 2 5 1

4 6 7 3

1 9 5 8

0 −2 4 6

⎞⎟⎟⎟⎟⎟⎠

+

⎛⎜⎜⎜⎜⎜⎝

1 6 4 2

3 5 −1 7

9 4 7 3

2 8 4 5

⎞⎟⎟⎟⎟⎟⎠

=

⎛⎜⎜⎜⎜⎜⎝

3 + 1 2 + 6 5 + 4 1 + 2

4 + 3 6 + 5 7 − 1 3 + 7

1 + 9 9 + 4 5 + 7 8 + 3

0 + 2 −2 + 8 4 + 4 6 + 5

⎞⎟⎟⎟⎟⎟⎠

=

⎛⎜⎜⎜⎜⎜⎝

4 8 9 3

7 11 6 10

10 13 12 11

2 6 8 11

⎞⎟⎟⎟⎟⎟⎠

.

(f) Notice that we can write 2(2U −V) as 4U + (−2V). We found 4U in part (a) and −2V in part (b). We have

4U + (−2V) =

⎛
⎜⎜⎜⎜⎜⎝

12 8 20 4

16 24 28 12

4 36 20 32

0 −8 16 24

⎞
⎟⎟⎟⎟⎟⎠

+

⎛
⎜⎜⎜⎜⎜⎝

−2 −12 −8 −4

−6 −10 2 −14

−18 −8 −14 −6

−4 −16 −8 −10

⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎝

12 − 2 8 − 12 20 − 8 4 − 4

16 − 6 24 − 10 28 + 2 12 − 14

4 − 18 36 − 8 20 − 14 32 − 6

0 − 4 −8 − 16 16 − 8 24 − 10

⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎝

10 −4 12 0

10 14 30 −2

−14 28 6 26

−4 −24 8 14

⎞
⎟⎟⎟⎟⎟⎠

.

4. (a) We have

Rp⃗ =

(
3 7

2 −1

)(
3

1

)
=

(
3 ⋅ 3 + 7 ⋅ 1

2 ⋅ 3 − 1 ⋅ 1

)
=

(
16

5

)
.

(b) We have

Sq⃗ =

(
1 −5

0 8

)(
−1

5

)
=

(
1 ⋅ −1 − 5 ⋅ 5

0 ⋅ −1 + 8 ⋅ 5

)
=

(
−26

40

)
.
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(c) We have q⃗ + p⃗ = (3, 1) + (−1, 5) = (2, 6), and so

S(q⃗ + p⃗ ) =

(
1 −5

0 8

)(
2

6

)
=

(
1 ⋅ 2 − 5 ⋅ 6

0 ⋅ 2 + 8 ⋅ 6

)
=

(
−28

48

)
.

(d) We have

R + S =

(
3 7

2 −1

)
+

(
1 −5

0 8

)

=

(
3 + 1 7 − 5

2 + 0 −1 + 8

)
=

(
4 2

2 7

)

and so

(R + S)p⃗ =

(
4 2

2 7

)(
3

1

)
=

(
4 ⋅ 3 + 2 ⋅ 1

2 ⋅ 3 + 7 ⋅ 1

)
=

(
14

13

)
.

(e) From parts (a) and (b), we have

Rp⃗ ⋅ Sq⃗ = (16, 5) ⋅ (−26, 40) = −216.

(f) We have p⃗ ⋅ q⃗ = (3, 1)(−1, 5) = 2 and so

(p⃗ ⋅ q⃗ )S = 2S = 2

(
1 −5

0 8

)
=

(
2 ⋅ 1 2 ⋅ −5

2 ⋅ 0 2 ⋅ 8

)
=

(
2 −10

0 16

)
.

5. (a) We have

Au⃗ =

⎛
⎜⎜⎜⎝

2 5 7

4 −6 3

16 −5 0

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

3

2

5

⎞
⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎝

2 ⋅ 3 + 5 ⋅ 2 + 7 ⋅ 5

4 ⋅ 3 − 6 ⋅ 2 + 3 ⋅ 5

16 ⋅ 3 − 5 ⋅ 2 + 0 ⋅ 5

⎞
⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎝

51

15

38

⎞
⎟⎟⎟⎠
.

(b) We have

Bv⃗ =

⎛
⎜⎜⎜⎝

8 −6 0

5 3 −2

3 7 12

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

−1

0

3

⎞
⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎝

8 ⋅ −1 − 6 ⋅ 0 + 0 ⋅ 3

5 ⋅ −1 + 3 ⋅ 0 − 2 ⋅ 3

3 ⋅ −1 + 7 ⋅ 0 + 12 ⋅ 3

⎞
⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎝

−8

−11

33

⎞
⎟⎟⎟⎠
.

(c) Letting w⃗ = u⃗ + v⃗ = (2, 2, 8), we have:

Aw⃗ =

⎛
⎜⎜⎜⎝

2 5 7

4 −6 3

16 −5 0

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

2

2

8

⎞
⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎝

2 ⋅ 2 + 5 ⋅ 2 + 7 ⋅ 8

4 ⋅ 2 − 6 ⋅ 2 + 3 ⋅ 8

16 ⋅ 2 − 5 ⋅ 2 + 0 ⋅ 8

⎞
⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎝

70

20

22

⎞
⎟⎟⎟⎠
.

Another to work this problem would be to write A(u⃗ + v⃗ ) as Au⃗ +Av⃗ and proceed accordingly.

Functions Modeling Change A Preparation for Calculus 6th edition Connally Solutions Manual

https://testbank.online/books/9781119498315-solutions


12.5 SOLUTIONS 827

(d) Letting C = A + B, we have

C =

⎛
⎜⎜⎜⎝

2 5 7

4 −6 3

16 −5 0

⎞
⎟⎟⎟⎠
+

⎛
⎜⎜⎜⎝

8 −6 0

5 3 −2

3 7 12

⎞
⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎝

10 −1 7

9 −3 1

19 2 12

⎞
⎟⎟⎟⎠
.

We can now write (A + B)v⃗ as Cv⃗ , and so:

Cv⃗ =

⎛
⎜⎜⎜⎝

10 −1 7

9 −3 1

19 2 12

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

−1

0

3

⎞
⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎝

10 ⋅ −1 − 1 ⋅ 0 + 7 ⋅ 3

9 ⋅ −1 − 3 ⋅ 0 + 1 ⋅ 3

19 ⋅ −1 + 2 ⋅ 0 + 12 ⋅ 3

⎞
⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎝

11

−6

17

⎞
⎟⎟⎟⎠
.

(e) From part (a) we have Au⃗ = (51, 15, 38), and from part (b) we have Bv⃗ = (−8,−11, 33). This gives

Au⃗ ⋅ Bv⃗ = (51, 15, 38) ⋅ (−8,−11, 33)

= 51 ⋅ −8 + 15 ⋅ −11 + 38 ⋅ 33 = 681.

(f) We have u⃗ ⋅ v⃗ = 3 ⋅ −1 + 2 ⋅ 0 + 5 ⋅ 3 = 12, and so

(u⃗ ⋅ v⃗ )A = 12A = 12

⎛
⎜⎜⎜⎝

2 5 7

4 −6 3

16 −5 0

⎞
⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎝

24 60 84

48 −72 36

192 −60 0

⎞
⎟⎟⎟⎠
.

6. (a) We have

Ut⃗ =

⎛
⎜⎜⎜⎜⎜⎝

3 2 5 1

4 6 7 3

1 9 5 8

0 −2 4 6

⎞
⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎝

4

5

1

−1

⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎝

3 ⋅ 4 + 2 ⋅ 5 + 5 ⋅ 1 + 1 ⋅ −1

4 ⋅ 4 + 6 ⋅ 5 + 7 ⋅ 1 + 3 ⋅ −1

1 ⋅ 4 + 9 ⋅ 5 + 5 ⋅ 1 + 8 ⋅ −1

0 ⋅ 4 − 2 ⋅ 5 + 4 ⋅ 1 + 6 ⋅ −1

⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎝

26

50

46

−12

⎞
⎟⎟⎟⎟⎟⎠

.

(b) We have

Vs⃗ =

⎛
⎜⎜⎜⎜⎜⎝

1 6 4 2

3 5 −1 7

9 4 7 3

2 8 4 5

⎞
⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎝

2

0

−1

7

⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎝

1 ⋅ 2 + 6 ⋅ 0 + 4 ⋅ −1 + 2 ⋅ 7

3 ⋅ 2 + 5 ⋅ 0 − 1 ⋅ −1 + 7 ⋅ 7

9 ⋅ 2 + 4 ⋅ 0 + 7 ⋅ −1 + 3 ⋅ 7

2 ⋅ 2 + 8 ⋅ 0 + 4 ⋅ −1 + 5 ⋅ 7

⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎝

12

56

32

35

⎞
⎟⎟⎟⎟⎟⎠

.
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(c) From part (a) we know that Ut⃗ = (26, 50, 46,−12). We can find Us⃗ as follows:

Us⃗ =

⎛
⎜⎜⎜⎜⎜⎝

3 2 5 1

4 6 7 3

1 9 5 8

0 −2 4 6

⎞
⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎝

2

0

−1

7

⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎝

3 ⋅ 2 + 2 ⋅ 0 + 5 ⋅ −1 + 1 ⋅ 7

4 ⋅ 2 + 6 ⋅ 0 + 7 ⋅ −1 + 3 ⋅ 7

1 ⋅ 2 + 9 ⋅ 0 + 5 ⋅ −1 + 8 ⋅ 7

0 ⋅ 2 − 2 ⋅ 0 + 4 ⋅ −1 + 6 ⋅ 7

⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎝

8

22

53

38

⎞
⎟⎟⎟⎟⎟⎠

.

and so

Ut⃗ ⋅ Us⃗ = (26, 50, 46,−12) ⋅ (8, 22, 53, 38)

= 26 ⋅ 8 + 50 ⋅ 22 + 46 ⋅ 53 − 12 ⋅ 38 = 3290.

(d) We can write this as Us⃗ −Ut⃗ . From parts (a) and (c) we know that Us⃗ = (8, 22, 53, 38) and Ut⃗ = (26, 50, 46,−12).
This gives

Us⃗ − Ut⃗ = (8, 22, 53, 38) − (26, 50, 46,−12) = (−18,−28, 7, 50).

(e) We first find U + V:

U + V =

⎛⎜⎜⎜⎜⎜⎝

3 2 5 1

4 6 7 3

1 9 5 8

0 −2 4 6

⎞⎟⎟⎟⎟⎟⎠

+

⎛⎜⎜⎜⎜⎜⎝

1 6 4 2

3 5 −1 7

9 4 7 3

2 8 4 5

⎞⎟⎟⎟⎟⎟⎠

=

⎛⎜⎜⎜⎜⎜⎝

3 + 1 2 + 6 5 + 4 1 + 2

4 + 3 6 + 5 7 − 1 3 + 7

1 + 9 9 + 4 5 + 7 8 + 3

0 + 2 −2 + 8 4 + 4 6 + 5

⎞⎟⎟⎟⎟⎟⎠

=

⎛⎜⎜⎜⎜⎜⎝

4 8 9 3

7 11 6 10

10 13 12 11

2 6 8 11

⎞⎟⎟⎟⎟⎟⎠

.

We next find s⃗ + t⃗ :

s⃗ + t⃗ = (2, 0,−1, 7) + (4, 5, 1,−1) = (6, 5, 0, 6).

This gives:

(U + V)(s⃗ + t⃗ ) =

⎛
⎜⎜⎜⎜⎜⎝

4 8 9 3

7 11 6 10

10 13 12 11

2 6 8 11

⎞
⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎝

6

5

0

6

⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎝

4 ⋅ 6 + 8 ⋅ 5 + 9 ⋅ 0 + 3 ⋅ 6

7 ⋅ 6 + 11 ⋅ 5 + 6 ⋅ 0 + 10 ⋅ 6

10 ⋅ 6 + 13 ⋅ 5 + 12 ⋅ 0 + 11 ⋅ 6

2 ⋅ 6 + 6 ⋅ 5 + 8 ⋅ 0 + 11 ⋅ 6

⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎝

82

157

191

108

⎞
⎟⎟⎟⎟⎟⎠

.
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(f) We found U + V in part (e). Evaluating s⃗ ⋅ t⃗ , we have:

s⃗ ⋅ t⃗ = (2, 0,−1, 7) ⋅ (4, 5, 1,−1)

= 2 ⋅ 4 + 0 ⋅ 5 − 1 ⋅ 1 + 7 ⋅ −1 = 0.

Thus,

(s⃗ ⋅ t⃗ )(U + V) = 0(U + V) =

⎛
⎜⎜⎜⎜⎜⎝

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

⎞
⎟⎟⎟⎟⎟⎠

.

PROBLEMS

7. (a) A is 2 × 2 and u⃗ has dimension 2 so this is defined. We have

Au⃗ =

(
3 7

2 −1

)(
1

1

)

=

(
3 ⋅ 1 + 7 ⋅ 1

2 ⋅ 1 − 1 ⋅ 1

)
=

(
10

1

)
.

(b) B is 3 × 3 but u⃗ has dimension 2 so this is not defined.

(c) The vector u⃗ has dimension 2 but v⃗ has dimension 3 so (u⃗ + v⃗ ) is not defined.

(d) A is matrix and u⃗ is a vector so A + u⃗ is not defined.

(e) v⃗ ⋅ v⃗ = 1 ⋅ 1 + 3 ⋅ 3 = 10 so from part (a) we have

Au⃗

v⃗ ⋅ v⃗
=

1

10

(
10

1

)
=

(
1

0.1

)
.

(f) The vector u⃗ has dimension 2 but v⃗ has dimension 3 so u⃗ ⋅ v⃗ is not defined.

8. (a) We have

w⃗ = Au⃗

=

(
1 2

2 −1

)(
5

−5

)

=

(
1 ⋅ 5 + 2 ⋅ (−5)

2 ⋅ 5 + (−1) ⋅ (−5)

)
=

(
−5

15

)
.

(b) Let w⃗ = (x, y): then

Aw⃗ =

(
1 2

2 −1

)(
x

y

)

=

(
1 ⋅ x + 2 ⋅ y

2 ⋅ x + (−1) ⋅ y

)

=

(
x + 2y

2x − y

)

so Aw⃗ = u⃗ is equivalent to (
x + 2y

2x − y

)
=

(
5

−5

)
.
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Comparing the components, we obtain the simultaneous equations

x + 2y = 5

2x − y = −5

which have the solution x = −1, y = 3, so w⃗ = (−1, 3).

9. (a) We have

snew = sold − 0.10sold
⏟⏟⏟

10% infected

= 0.90sold

inew = iold + 0.10sold
⏟⏟⏟

10% infected

− 0.50iold
⏟⏟⏟

50% recover

+ 0.02rold
⏟⏟⏟

2% reinfected

= 0.10sold + 0.50iold + 0.02rold

rnew = rold + 0.50iold
⏟⏟⏟

50% recover

− 0.02rold
⏟⏟⏟

2% reinfected

= 0.50iold + 0.98rold .

Using matrix multiplication, we can rewrite these three equations as

⎛
⎜⎜⎜⎝

snew

inew

rnew

⎞
⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎝

0.90 0 0

0.10 0.50 0.02

0 0.50 0.98

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

sold

iold

rold

⎞
⎟⎟⎟⎠
,

and so p⃗ new = Tp⃗ old where T =

⎛⎜⎜⎜⎝

0.90 0 0

0.10 0.50 0.02

0 0.50 0.98

⎞⎟⎟⎟⎠
.

(b) We have

p⃗1 = Tp⃗0 =

⎛⎜⎜⎜⎝

0.90 0 0

0.10 0.50 0.02

0 0.50 0.98

⎞⎟⎟⎟⎠

⎛⎜⎜⎜⎝

2.0

0.0

0.0

⎞⎟⎟⎟⎠

=

⎛⎜⎜⎜⎝

0.9(2) + 0(0) + 0(0)

0.1(2) + 0.5(0) + 0.02(0)

0(2) + 0.5(0) + 0.98(0)

⎞⎟⎟⎟⎠
=

⎛⎜⎜⎜⎝

1.8

0.2

0.0

⎞⎟⎟⎟⎠

p⃗2 = Tp⃗1 =

⎛
⎜⎜⎜⎝

0.90 0 0

0.10 0.50 0.02

0 0.50 0.98

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

1.8

0.2

0.0

⎞
⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎝

0.9(1.8) + 0(0.2) + 0(0)

0.1(1.8) + 0.5(0.2) + 0.02(0)

0(1.8) + 0.5(0.2) + 0.98(0)

⎞
⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎝

1.62

0.28

0.10

⎞
⎟⎟⎟⎠

p⃗3 = Tp⃗2 =

⎛
⎜⎜⎜⎝

0.90 0 0

0.10 0.50 0.02

0 0.50 0.98

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

1.62

0.28

0.10

⎞
⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎝

0.9(1.62) + 0(0.28) + 0(0.1)

0.1(1.62) + 0.5(0.28) + 0.02(0.1)

0(1.62) + 0.5(0.28) + 0.98(0.1)

⎞
⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎝

1.458

0.304

0.238

⎞
⎟⎟⎟⎠
.
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10. (a) We have

⎛
⎜⎜⎜⎝

fnew

snew

tnew

⎞
⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎝

0.3 0.6 0.5

0.7 0 0

0 0.4 0

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

fold

sold

told

⎞
⎟⎟⎟⎠
,

and so

fnew = 0.3fold + 0.6sold + 0.5told

snew = 0.7fold

tnew = 0.4sold.

From the first equation we can conclude that in a given year, 30% of the first-year insects lay eggs, as do 60% of the

second-year insects and 50% of the third-year insects. From the second equation, we see that 70% of the first-year

insects survive into their second year. From the third equation, we see that 40% of the second-year insects survive into

their third year.

(b) We have

p⃗1 = Tp⃗0 =

⎛
⎜⎜⎜⎝

0.3 0.6 0.5

0.7 0 0

0 0.4 0

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

2000

0

0

⎞
⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎝

0.3(2000) + 0.6(0) + 0.5(0)

0.7(2000) + 0(0) + 0(0)

0(2000) + 0.4(0) + 0(0)

⎞
⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎝

600

1400

0

⎞
⎟⎟⎟⎠

p⃗2 = Tp⃗1 =

⎛
⎜⎜⎜⎝

0.3 0.6 0.5

0.7 0 0

0 0.4 0

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

600

1400

0

⎞
⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎝

0.3(600) + 0.6(1400) + 0.5(0)

0.7(600) + 0(1400) + 0(0)

0(600) + 0.4(1400) + 0(0)

⎞
⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎝

1020

420

560

⎞
⎟⎟⎟⎠

p⃗3 = Tp⃗2 =

⎛
⎜⎜⎜⎝

0.3 0.6 0.5

0.7 0 0

0 0.4 0

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

1020

420

560

⎞
⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎝

0.3(1020) + 0.6(420) + 0.5(560)

0.7(1020) + 0(420) + 0(560)

0(1020) + 0.4(420) + 0(560)

⎞
⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎝

838

714

168

⎞
⎟⎟⎟⎠
.

11. (a) Let p⃗ old = (Aold, Bold) and p⃗ new = (Anew, Bnew). We have

Anew = Aold − 0.03Aold
⏟⏞⏟⏞⏟
3% leave A

+ 0.05Bold
⏟⏞⏟⏞⏟
5% leave B

= 0.97Aold + 0.05Bold

Bnew = Bold − 0.05Bold
⏟⏞⏟⏞⏟
5% leave B

+0.03Aold
⏟⏞⏟⏞⏟
3% leave A

= 0.03Aold + 0.95Bold.

Using matrix multiplication, we can rewrite these two equations as
(
Anew

Bnew

)
=

(
0.97 0.05

0.03 0.95

)(
Aold

Bold

)
,
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and so p⃗ new = Tp⃗ old where T =

(
0.97 0.05

0.03 0.95

)
.

(b) We have

p⃗ 2011 = Tp⃗ 2010 =

(
0.97 0.05

0.03 0.95

)(
200

400

)

=

(
0.97(200) + 0.05(400)

0.03(200) + 0.95(400)

)
=

(
214

386

)

p⃗ 2012 = Tp⃗ 2011 =

(
0.97 0.05

0.03 0.95

)(
214

386

)

=

(
0.97(214) + 0.05(386)

0.03(214) + 0.95(386)

)
=

(
226.88

373.12

)
.

12. (a) For part (i) we have

I
2
u⃗ =

(
1 0

0 1

)(
3

2

)
=

(
1 ⋅ 3 + 0 ⋅ 2

0 ⋅ 3 + 1 ⋅ 2

)
=

(
3

2

)
.

For part (ii) we have

I
2
u⃗ =

(
1 0

0 1

)(
0

7

)
=

(
1 ⋅ 0 + 0 ⋅ 7

0 ⋅ 0 + 1 ⋅ 7

)
=

(
0

7

)
.

For part (iii) we have

I
2
u⃗ =

(
1 0

0 1

)(
a

b

)
=

(
1 ⋅ a + 0 ⋅ b

0 ⋅ a + 1 ⋅ b

)
=

(
a

b

)
.

Notice that in each case, I
2
u⃗ = u⃗ . In other words, I

2
has no effect on u⃗ .

(b) For part (i) we have

I
3
u⃗ =

⎛
⎜⎜⎜⎝

1 0 0

0 1 0

0 0 1

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

−1

5

7

⎞
⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎝

1 ⋅ −1 + 0 ⋅ 5 + 0 ⋅ 7

0 ⋅ −1 + 1 ⋅ 5 + 0 ⋅ 7

0 ⋅ −1 + 0 ⋅ 5 + 1 ⋅ 7

⎞
⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎝

−1

5

7

⎞
⎟⎟⎟⎠
.

For part (ii) we have

I
3
u⃗ =

⎛
⎜⎜⎜⎝

1 0 0

0 1 0

0 0 1

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

3

8

1

⎞
⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎝

1 ⋅ 3 + 0 ⋅ 8 + 0 ⋅ 1

0 ⋅ 3 + 1 ⋅ 8 + 0 ⋅ 1

0 ⋅ 3 + 0 ⋅ 8 + 1 ⋅ 1

⎞
⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎝

3

8

1

⎞
⎟⎟⎟⎠
.

For part (iii) we have

I
3
u⃗ =

⎛
⎜⎜⎜⎝

1 0 0

0 1 0

0 0 1

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

a

b

c

⎞
⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎝

1 ⋅ a + 0 ⋅ b + 0 ⋅ c

0 ⋅ a + 1 ⋅ b + 0 ⋅ c

0 ⋅ a + 0 ⋅ b + 1 ⋅ c

⎞
⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎝

a

b

c

⎞
⎟⎟⎟⎠
.

Notice that in each case, I
3
u⃗ = u⃗ . In other words, I

3
has no effect on u⃗ .
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(c) Following the pattern, we might expect I
4

to be a 4-by-4 matrix with 1s along the diagonal and 0s everywhere else.

Letting w⃗ = (a, b, c, d), we see that:

I
4
w⃗ =

⎛
⎜⎜⎜⎜⎜⎝

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

⎞
⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎝

a

b

c

d

⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎝

1 ⋅ a + 0 ⋅ b + 0 ⋅ c + 0 ⋅ d

0 ⋅ a + 1 ⋅ b + 0 ⋅ c + 0 ⋅ d

0 ⋅ a + 0 ⋅ b + 1 ⋅ c + 0 ⋅ d

0 ⋅ a + 0 ⋅ b + 0 ⋅ c + 1 ⋅ d

⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎝

a

b

c

d

⎞
⎟⎟⎟⎟⎟⎠

.

Once again, we see that I
4

has no effect on w⃗ .

Matrices like I
2
, I

3
, and I

4
are referred to as identity matrices. Multiplying a vector (or another matrix) by an identity

matrix has no effect. The notion is similar to multiplying a number by 1, which is why the number 1 is sometimes referred

to as the multiplicative identity.

13. (a) We first find v⃗ :

v⃗ = Au⃗ =

(
2 1

3 2

)(
3

5

)
=

(
11

19

)
.

Now, we show that u⃗ = A−1v⃗ :

A
−1v⃗ =

(
2 −1

−3 2

)(
11

19

)
=

(
3

5

)
= u⃗ .

(b) We first find v⃗ :

v⃗ = Au⃗ =

(
2 1

3 2

)(
−1

7

)
=

(
5

11

)
.

Now, we show that u⃗ = A−1v⃗ :

A
−1v⃗ =

(
2 −1

−3 2

)(
5

11

)
=

(
−1

7

)
= u⃗ .

(c) We first find v⃗ :

v⃗ = Au⃗ =

(
2 1

3 2

)(
a

b

)
=

(
2a + b

3a + 2b

)
.

Now, we show that u⃗ = A−1v⃗ :

A
−1v⃗ =

(
2 −1

−3 2

)(
2a + b

3a + 2b

)

=

(
2(2a + b) − (3a + 2b)

−3(2a + b) + 2(3a + 2b)

)

=

(
4a + 2b − 3a − 2b

−6a − 3b + 6a + 4b

)

=

(
a

b

)
= u⃗ .
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14. (a) From Problem 13, we know that A =

(
2 1

3 2

)
and so a = 2, b = 1, c = 3, d = 2. This gives D = ad − bc =

2(2) − 1(3) = 1. We have

A
−1 =

1

D

(
d −b

−c a

)
= (1)

(
2 −1

−3 2

)
=

(
2 −1

−3 2

)
,

as required.

(b) For B =

(
3 11

1 7

)
, we have a = 3, b = 11, c = 1, d = 7. This gives D = ad − bc = 3(7) − 11(1) = 10. We have

B
−1 =

1

D

(
d −b

−c a

)
=

1

10

(
7 −11

−1 3

)
=

(
0.7 −1.1

−0.1 0.3

)
.

To verify this, we first find v⃗ = Bu⃗ :

u⃗ = Bu⃗ =

(
3 11

1 7

)(
a

b

)
=

(
3a + 11b

a + 7b

)
.

We now show that v⃗ = B
−1u⃗ :

B
−1u⃗ =

(
0.7 −1.1

−0.1 0.3

)(
3a + 11b

a + 7b

)

=

(
0.7(3a + 11b) − 1.1(a + 7b)

−0.1(3a + 11b) + 0.3(a + 7b)

)

=

(
2.1a + 7.7b − 1.1a − 7.7b

−0.3a − 1.1b + 0.3a + 2.1b

)

=

(
a

b

)
= u⃗ .

(c) For C =

(
2 8

3 12

)
we have a = 2, b = 8, c = 3, d = 12. This gives D = ad − bc = 2(12) − 8(3) = 0. Since 1∕D is

undefined, C−1 = (1∕D)

(
d −b

−c a

)
is undefined.

15. (a) We have

Av⃗2 =

(
−2 −1

8 7

)(
1

−1

)
=

(
−1

1

)
= −1

(
−1

1

)
,

so �2 = −1.

(b) We have

Av⃗3 =

(
−2 −1

8 7

)(
−3

3

)
=

(
3

−3

)
= −1

(
−3

3

)
,

so �3 = −1, the same as �2.

The reason �2 = �3 is because v⃗3 = −3v⃗2 , that is, because v⃗3 is a multiple of v⃗2 . Since A multiplies v⃗2 by −1,

it also multiples v⃗3 by −1.

(c) Since v⃗ is an eigenvector of A, we have Av⃗ = �v⃗ , � ≠ 0. We know that multiplying a vector v⃗ by a nonzero scalar �
produces a vector whose direction is the same as v⃗ and whose length is � times the length of v⃗ . This means that Av⃗
is parallel to v⃗ .

16. (a) We have

v⃗ = 3r⃗1 + 5r⃗2 = 3 (3, 2)
⏟⏟⏟

r⃗1

+5 (0, 1)
⏟⏟⏟

r⃗2
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=

⎛
⎜⎜⎜⎜⎝

3

2

⏟⏞⏟⏞⏟
r⃗1

0

1

⏟⏞⏟⏞⏟
r⃗2

⎞
⎟⎟⎟⎟⎠

(
3

2

)

⏟⏟⏟
u⃗

= (9, 11),

so v⃗ = (9, 11), u⃗ = (3, 2), and R =

(
3 0

2 1

)
.

(b) We have

q⃗ =

⎛⎜⎜⎜⎜⎝

3

2

⏟⏞⏟⏞⏟
s⃗1

4

3

⏟⏞⏟⏞⏟
s⃗2

⎞⎟⎟⎟⎟⎠

(
3

−2

)

⏟⏟⏟
p⃗

= 3 (3, 2)
⏟⏟⏟

s⃗1

−2 (4, 3)
⏟⏟⏟

s⃗2

= 3s⃗1 − 2s⃗2 = (1, 0).

17. (a) We have C =

(
3 5

2 4

)
and so

Cu⃗ =

(
3 5

2 4

)(
a

b

)

=

(
3a + 5b

2a + 4b

)

=

(
3a

2a

)
+

(
5b

4b

)

= a

(
3

2

)
+ b

(
5

4

)

= ac⃗1 + bc⃗2 .

(b) Provided C−1 exists, we can write u⃗ = C−1v. We can find C−1 using the approach from Problem 14: we have a = 3,

b = 5, c = 2, d = 4, and so D = ad − bc = 3(4) − 5(2) = 2. We have

C
−1 =

1

D

(
d −b

−c a

)
=

1

2

(
4 −5

−2 3

)
=

(
2 −2.5

−1 1.5

)
.

This means that

u⃗ = C
−1v⃗

=

(
2 −2.5

−1 1.5

)(
2

5

)

=

(
2(2) − 2.5(5)

−1(2) + 1.5(5)

)

=

(
−8.5

5.5

)
.
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(c) From parts (a) and (b), we see that

v⃗ =

(
2

5

)
= Cu⃗ =

(
3 2

5 4

)(
−8.5

5.5

)
.

Referring to Problem 16, we see that

v⃗ =

(
2

5

)
=

⎛
⎜⎜⎜⎜⎝

3

2

⏟⏞⏟⏞⏟
c⃗1

5

4

⏟⏞⏟⏞⏟
c⃗2

⎞
⎟⎟⎟⎟⎠

(
−8.5

5.5

)

⏟⏞⏞⏟⏞⏞⏟
u⃗

= −8.5 (3, 2)
⏟⏟⏟

c⃗1

+5.5 (5, 4)
⏟⏟⏟

c⃗2

= −8.5c⃗1 + 5.5c⃗2 ,

which gives v⃗ as a combination of c⃗1 and c⃗2 .

18. Let C=

(
6 7

1 2

)
be the matrix with columns c⃗1 and c⃗2 , and let u⃗ = (a, b). Then v⃗ = Cu⃗ . Solving for u⃗ , we first find

C−1: we have a = 6, b = 7, c = 1, d = 2, and so D = ad − bc = 6(2) − 7(1) = 5. This gives

C
−1 =

1

D

(
d −b

−c a

)
=

1

5

(
2 −7

−1 6

)
=

(
0.4 −1.4

−0.2 1.2

)
.

This means that

u⃗ = C
−1v⃗ =

(
0.4 −1.4

−0.2 1.2

)(
5

8

)
=

(
0.4(5) − 1.4(8)

−0.2(5) + 1.2(8)

)
=

(
−9.2

8.6

)
.

We can now write

v⃗ =

(
5

8

)
=

⎛
⎜⎜⎜⎜⎝

6

1

⏟⏞⏟⏞⏟
c⃗1

7

2

⏟⏞⏟⏞⏟
c⃗2

⎞
⎟⎟⎟⎟⎠

(
−9.2

8.6

)

⏟⏞⏞⏟⏞⏞⏟
u⃗

= −9.2 (6, 1)
⏟⏟⏟

c⃗1

+8.6 (7, 2)
⏟⏟⏟

c⃗2

= −9.2c⃗1 + 8.6c⃗2 ,

which gives v⃗ as a combination of c⃗1 and c⃗2 .

Solutions for Chapter 12 Review

EXERCISES

1. 3c⃗ = 3(1, 1, 2) = (3, 3, 6).

2. a⃗ + b⃗ = (5, 1, 0) + (2,−1, 9) = (7, 0, 9)

3. b⃗ − a⃗ = (2,−1, 9) − (5, 1, 0) = (−3,−2, 9).
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4. a⃗ + 2(b⃗ + c⃗ ) = (5, 1, 0) + 2((2,−1, 9) + (1, 1, 2)) = (5, 1, 0) + 2(3, 0, 11) = (11, 1, 22).

5. 2a⃗ − 3(b⃗ − c⃗ ) = 2(5, 1, 0) − 3((2,−1, 9) − (1, 1, 2)) = (10, 2, 0) − 3(1,−2, 7) = (7, 8,−21).

6. 2(b⃗ + 4(a⃗ + c⃗ )) = 2((2,−1, 9) + 4((5, 1, 0) + (1, 1, 2)) = 2((2,−1, 9) + 4(6, 2, 2)) = 2(26, 7, 17) = (52, 14, 34).

7. a⃗ + b⃗ − (a⃗ − b⃗ ) = a⃗ + b⃗ − a⃗ + b⃗ = 2b⃗ = 2(2,−1, 9) = (4,−2, 18).

8. 4(c⃗ + 2(a⃗ − c⃗ ) − 2a⃗ ) = 4(−c⃗ ) = −4(1, 1, 2) = (−4,−4,−8).

9. a⃗ = b⃗ = c⃗ = 3k⃗ , d⃗ = 2i⃗ + 3k⃗ , e⃗ = j⃗ , f⃗ = −2i⃗ .

10. u⃗ = i⃗ + j⃗ + 2k⃗ and v⃗ = −i⃗ + 2k⃗ .

11. −4i⃗ + 8j⃗ − 0.5i⃗ + 0.5k⃗ = −4.5i⃗ + 8j⃗ + 0.5k⃗

12. i⃗ + 2j⃗ − 6i⃗ − 3j⃗ = −5i⃗ − j⃗ .

13. (3i⃗ + j⃗ ) ⋅ (5i⃗ − 2j⃗ ) = 15 − 2 = 13.

14. (3j⃗ − 2k⃗ + i⃗ ) ⋅ (4k⃗ − 2i⃗ + 3j⃗ ) = (i⃗ + 2j⃗ − 3k⃗ ) ⋅ (−2i⃗ + 3j⃗ + 4k⃗ ) = −2 + 6 − 12 = −8.

15. (5i⃗ − j⃗ − 3k⃗ ) ⋅ (2i⃗ + j⃗ + k⃗ ) = 5 ⋅ 2 − 1 ⋅ 1 − 3 ⋅ 1 = 6.

16. Since 2i⃗ ⋅ 5j⃗ = 0,

(2i⃗ ⋅ 5j⃗ )(i⃗ + j⃗ + k⃗ ) = 0⃗ .

17. Since the dot product is a scalar, (2i⃗ + 5j⃗ ) ⋅ 3i⃗ = 6, we have i⃗ + j⃗ + k⃗ multiplied by 6, that is

(2i⃗ + 5j⃗ ) ⋅ 3i⃗ (i⃗ + j⃗ + k⃗ ) = 6(i⃗ + j⃗ + k⃗ ) = 6i⃗ + 6j⃗ + 6k⃗ .

18. Since (2i⃗ + 3j⃗ + k⃗ ) ⋅ (3i⃗ + j⃗ + 4k⃗ ) = 6 + 3 + 4 = 13, we have

(i⃗ + j⃗ + k⃗ )(2i⃗ + 3j⃗ + k⃗ ) ⋅ (3i⃗ + j⃗ + 4k⃗ ) = (i⃗ + j⃗ + k⃗ )13 = 13i⃗ + 13j⃗ + 13k⃗ .

19. ‖u⃗ ‖ =
√
12 + 12 + 22 =

√
6, ‖v⃗ ‖ =

√
(−1)2 + 22 =

√
5.

20. The length of the vector i⃗ − j⃗ + 2k⃗ is
√
12 + (−1)2 + 22 =

√
6. We can scale the vector down to length 2 by multiplying

it by 2√
6
. So the answer is 2√

6
i⃗ − 2√

6
j⃗ + 4√

6
k⃗ .

PROBLEMS

21. (a) To be parallel, vectors must be scalar multiples. The k⃗ component of the first vector is 2 times the k⃗ component

of the second vector. So the i⃗ components of the two vectors must be in a 2:1 ratio, and the same is true for the j⃗
components. Thus, 4 = 2a and a = 2(a − 1). These equations have the solution a = 2, and for that value, the vectors

are parallel.

(b) Perpendicular means a zero dot product. So 4a+a(a−1)+18 = 0, or a2+3a+18 = 0. Since b2−4ac = 9−4 ⋅1 ⋅18 =

−63 < 0, there are no real solutions. This means the vectors are never perpendicular.

22. (a) Let a⃗ be the velocity of P relative to the ground. Since the wheel is spinning at 6�∕2�(1) = 3 revolutions/second,

the magnitude ‖a⃗ ‖ is 3 rev/sec ⋅2�(1) ft/rev = 6� ft/sec. See Figure 12.49.

(b) Let b⃗ be the velocity of the axle relative to the ground. Then we are given that ‖b⃗ ‖ = 6� ft/sec. See Figure 12.50.

(c) Let c⃗ be the velocity of P relative to the ground. If c⃗ is the velocity of P relative to the ground, then we know that

c⃗ = a⃗ + b⃗ . We can construct the diagram in Figure 12.51 by adding a⃗ and b⃗ , which are both of magnitude 6�. See

Figure 12.51.

(d) The point P stops when it touches the ground. There a⃗ = −b⃗ and so c⃗ = a⃗ + b⃗ = 0 at that point. The greatest speed

is at the top, when a⃗ = b⃗ and so ‖c⃗ ‖ = ‖a⃗ ‖ + ‖b⃗ ‖ = 12� ft/sec.
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P

P

P

P

a⃗

a⃗a⃗

a⃗

axle

Figure 12.49: a⃗ is the velocity of P
relative to the axle

b⃗

ground

Figure 12.50: b⃗ is the velocity of the axle

relative to the ground

c⃗

c⃗c⃗

c⃗

Figure 12.51: c⃗ is the velocity of P relative

to the ground

23. (a) The wait list is given by

L⃗ = (51, 47, 41, 22, 23) − (40, 40, 30, 15, 10) = (11, 7, 11, 7, 13).

(b) We have

F⃗ = (40, 40, 30, 15, 10) − (8, 4, 9, 7, 6) = (32, 36, 21, 8, 4)

G⃗ = (11, 7, 11, 7, 13) − (8, 4, 9, 7, 6) = (3, 3, 2, 0, 7).

F⃗ tells us the enrollment at each level after the dropouts have occurred. G⃗ tells us the number remaining on the wait

list after the opened spots have been filled.

24. (a) We have

E⃗ max ⋅ T⃗ = (40, 40, 30, 15, 10) ⋅ (30, 30, 40, 80, 120)

= 40 ⋅ 30 + 40 ⋅ 30 + 30 ⋅ 40 + 15 ⋅ 80 + 10 ⋅ 120 = 6000,

so the total weekly tuition for all students is $6000.

(b) We have

T⃗ new = (30, 30, 40, 80, 120) + (5, 5, 10, 20, 30) = (35, 35, 50, 100, 150).

This is the new tuition vector. We see that

E⃗ max ⋅ R⃗ = (40, 40, 30, 15, 10) ⋅ (5, 5, 10, 20, 30)

= 40 ⋅ 5 + 40 ⋅ 5 + 30 ⋅ 10 + 15 ⋅ 20 + 10 ⋅ 30 = 1300,

which tells us that the total change in weekly tuition is $1300. Also,

E⃗ max ⋅ T⃗ new = (40, 40, 30, 15, 10) ⋅ (35, 35, 50, 100, 150)

= 40 ⋅ 35 + 40 ⋅ 35 + 30 ⋅ 50 + 15 ⋅ 100 + 10 ⋅ 150 = 7300,

which is the new tuition.

Notice that E⃗ max ⋅ (T⃗ + R⃗ ) = E⃗ max ⋅ T⃗ + E⃗ max ⋅ R⃗ , as required by the distributive law for the dot product.

25. See Figure 12.52, where g⃗ is the acceleration due to gravity and g = ‖g⃗ ‖.

If � = 0 (the plank is at ground level), the sliding force is F = 0.

If � = �∕2 (the plank is vertical), the sliding force equals g, the force due to gravity.

Therefore, we can guess that F is proportional with sin �:

F = g sin �.

This agrees with the bounds at � = 0 and � = �∕2, and with the fact that the sliding force is smaller than g between 0 and

�∕2.

F⃗S = F⃗

g⃗

�

Figure 12.52
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26. (a) See Figure 12.53, where g⃗ is the acceleration due to gravity, and g = ‖g⃗ ‖. As in Problem 25, F = g sin �. If we let l
be the length of the plank, then

sin � =
2t

l
,

because the plank’s height increases by 2 ft/sec. Therefore,

F = ℎ(t) = g
2t

l
= 2

gt

l
.

(b) The block starts sliding when time t satisfies

F = 3 lbs
2gt

l
= 3

t =
3l

2g
.

Therefore the block will begin to slide at t = 3l∕2g.

F⃗

g⃗

�

✛

✛

l

2t

Figure 12.53

27. See Figure 12.54, where g⃗ is the acceleration due to gravity, and g = ‖g⃗ ‖. Writing FS = ‖F⃗S ‖, we see that

sin � =
FS
g
.

Therefore FS = g sin �, which agrees with the answer for Problem 25.

F⃗S

g⃗

�

F⃗N
�

Figure 12.54

28. The velocity vector of the plane with respect to the calm air has the form

v⃗ = ai⃗ + 80k⃗ where ‖v⃗ ‖ = 480.

(See Figure 12.55.) Therefore
√
a2 + 802 = 480 so a =

√
4802 − 802 ≈ 473.286 km/hr. We conclude that v⃗ ≈ 473.286i⃗ +

80k⃗ .
The wind vector is

w⃗ = 100(cos 45◦)i⃗ + 100(sin 45◦)j⃗

≈ 70.711i⃗ + 70.711j⃗ .
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The velocity vector of the plane with respect to the ground is then

v⃗ + w⃗ = (473.286i⃗ + 80k⃗ ) + (70.711i⃗ + 70.711j⃗ )

= 544i⃗ + 70.711j⃗ + 80k⃗ .

From Figure 12.56, we see that the velocity relative to the ground is

543.997i⃗ + 70.7j⃗ .

The ground speed is therefore
√
543.9972 + 70.72 ≈ 548.573 km/hr.

ai⃗

80k⃗
v⃗

Figure 12.55: Side view

ai⃗

Velocity relative
to ground

w⃗

Figure 12.56: Top view

29. The speed of the particle before impact is v, so the speed after impact is 0.8v. If we consider the barrier as being along the

x-axis (see Figure 12.57), then the i⃗ -component is 0.8v cos 60◦ = 0.8v(0.5) = 0.4v.
Similarly, the j⃗ -component is 0.8v sin 60◦ = 0.8v(0.8660) ≈ 0.693v. Thus

v⃗ after = 0.4vi⃗ + 0.693vj⃗ .

v⃗ before

v⃗ af ter

v sin 60◦

0.8v sin 60◦

60◦ 60◦

✲✛
v cos 60◦

✲✛
0.8v cos 60◦

x

y

Figure 12.57

30. We must check that all the points are the same distance apart, i.e., that the magnitude of the displacement vectors ⃖⃖⃖⃖⃖⃗OA, ⃖⃖⃖⃖⃖⃗OB,
⃖⃖⃖⃖⃖⃗OC , ⃖⃖⃖⃖⃖⃗BA, ⃖⃖⃖⃖⃖⃗CB and ⃖⃖⃖⃖⃖⃗CA is the same. Here goes:

‖⃖⃖⃖⃖⃖⃗OA‖ = ‖(2i⃗ + 0j⃗ + 0k⃗ ) − (0i⃗ + 0j⃗ + 0k⃗ )‖ =
√
22 + 02 + 02 = 2

‖ ⃖⃖⃖⃖⃖⃗OB‖ = ‖(1i⃗ +
√
3j⃗ + 0k⃗ ) − (0i⃗ + 0j⃗ + 0k⃗ )‖ =

√
12 + (

√
3)2 + 02 = 2

‖ ⃖⃖⃖⃖⃖⃗OC‖ = ‖(1i⃗ + 1∕
√
3j⃗ + 2

√
2∕3k⃗ ) − (0i⃗ + 0j⃗ + 0k⃗ )‖ =

√
1 + 1∕3 + 4(2∕3) = 2

‖⃖⃖⃖⃖⃖⃗BA‖ = ‖(2i⃗ + 0j⃗ + 0k⃗ ) − (1i⃗ +
√
3j⃗ + 0k⃗ )‖ =

√
1 + 3 + 0 = 2

‖ ⃖⃖⃖⃖⃖⃗CB‖ = ‖(1i⃗ +
√
3j⃗ + 0k⃗ ) − (1i⃗ + 1∕

√
3j⃗ + 2

√
2∕3k⃗ )‖

=

√
02 + (

√
3 − 1∕

√
3)2 + 4(2∕3) =

√
3 − 2 + 1∕3 + 8∕3 = 2

‖⃖⃖⃖⃖⃖⃗CA‖ = ‖(2i⃗ + 0j⃗ + 0k⃗ ) − (1i⃗ + 1∕
√
3j⃗ + 2

√
2∕3k⃗ )‖ =

√
1 + 1∕3 + 4(2∕3) = 2.
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31. (a) To get from A to B, you must go down 7, to the left 2, and forward 2. So ⃖⃖⃖⃖⃖⃗AB = 2i⃗ − 2j⃗ − 7k⃗ . Similarly, ⃖⃖⃖⃖⃖⃗AC =

−2i⃗ + 2j⃗ − 7k⃗ .

(b) Remember

cos � =
⃖⃖⃖⃖⃖⃗AB ⋅ ⃖⃖⃖⃖⃖⃗AC

‖⃖⃖⃖⃖⃖⃗AB‖‖⃖⃖⃖⃖⃖⃗AC‖
=

(2)(−2) + (−2)(2) + (−7)(−7)√
57

√
57

=
41

57
.

So � = 44.003◦.

32. Suppose � is the angle between u⃗ and v⃗ .

(a) By the definition of scalar multiplication, we know that −v⃗ is in the opposite direction of v⃗ , so the angle between u⃗
and −v⃗ is � − �. (See Figure 12.58.) Hence,

u⃗ ⋅ (−v⃗ ) = ‖u⃗ ‖‖ − v⃗ ‖ cos(� − �)

= ‖u⃗ ‖‖v⃗ ‖(− cos �)

= −(u⃗ ⋅ v⃗ ).

−v⃗ v⃗

�
� − �

u⃗

Figure 12.58

�v⃗

�u⃗

� < 0

u⃗

v⃗

�

� − �

� − �

Figure 12.59

(b) If � < 0, the angle between u⃗ and �v⃗ is �−�, and so is the angle between �u⃗ and v⃗ . (See Figure 12.59.) So we have,

u⃗ ⋅ (�v⃗ ) = ‖u⃗ ‖‖�v⃗ ‖ cos(� − �)

= |�|‖u⃗ ‖‖v⃗ ‖(− cos �)

= −�‖u⃗ ‖‖v⃗ ‖(− cos �) since |�| = −�

= �‖u⃗ ‖‖v⃗ ‖ cos �
= �(u⃗ ⋅ v⃗ ).

By a similar argument, we have

(�u⃗ ) ⋅ v⃗ = ‖�u⃗ ‖‖v⃗ ‖ cos(� − �)

= −�‖u⃗ ‖‖v⃗ ‖(− cos �)

= �(u⃗ ⋅ v⃗ ).

33. If x⃗ and y⃗ are two consumption vectors corresponding to points satisfying the same budget constraint, then

p⃗ ⋅ x⃗ = k = p⃗ ⋅ y⃗ .

Therefore we have

p⃗ ⋅ (x⃗ − y⃗ ) = p⃗ ⋅ x⃗ − p⃗ ⋅ y⃗ = 0.

Thus p⃗ and x⃗ − y⃗ are perpendicular; that is, the difference between two consumption vectors on the same budget constraint

is perpendicular to the price vector.

34. ⃖⃖⃖⃖⃖⃗AB = 3i⃗ and ⃖⃖⃖⃖⃖⃖⃗CD = −3i⃗ − 4j⃗ .

35. ⃖⃖⃖⃖⃖⃗AB = −u⃗ ; ⃖⃖⃖⃖⃖⃗BC = 3v⃗ ; ⃖⃖⃖⃖⃖⃗AC = ⃖⃖⃖⃖⃖⃗AB + ⃖⃖⃖⃖⃖⃗BC = −u⃗ + 3v⃗ ; ⃖⃖⃖⃖⃖⃗AD = 3v⃗ .
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36. The six sides are given in Figure 12.60.

m⃗

n⃗

n⃗

−m⃗

n⃗ − m⃗

−m⃗

−n⃗

−(n⃗ − m⃗ )

Figure 12.60

The three diagonals, u⃗ , v⃗ , w⃗ , are given in Figures 12.61-12.63. We have

u⃗ = 2m⃗ , v⃗ = 2n⃗ , w⃗ = 2n⃗ − 2m⃗ .

u⃗

Figure 12.61
m⃗

n⃗

v⃗
n⃗ − m⃗

Figure 12.62

w⃗

Figure 12.63

37. Using the result of Problem 36, we have ⃖⃖⃖⃖⃖⃗AC = w⃗ + n⃗ − m⃗ = 3n⃗ − 3m⃗ ; ⃖⃖⃖⃖⃖⃗AB = v⃗ + m⃗ + n⃗ = 3m⃗ + n⃗ ; ⃖⃖⃖⃖⃖⃗AD =

v⃗ + m⃗ − (n⃗ − m⃗ ) = 4m⃗ − n⃗ ; ⃖⃖⃖⃖⃖⃗BD = (−n⃗ ) − (n⃗ − m⃗ ) = m⃗ − 2n⃗ .

STRENGTHEN YOUR UNDERSTANDING

1. False. The length ||0.5i⃗ + 0.5j⃗ || = √
(0.5)2 + (0.5)2 =

√
0.5 ≠ 1.

2. False. It is longer only if |k| > 1.

3. False. We have ‖ − u⃗ ‖ = ‖u⃗ ‖ = 5. Multiplying a vector by −1 does not change its length. The length of a vector is never

negative.

4. True. Since 6i⃗ − 2j⃗ + 2k⃗ = 2(3i⃗ − j⃗ + k⃗ ), the second vector is a multiple of the first and thus parallel to it.

5. False. The dot product (2i⃗ + j⃗ ) ⋅ (2i⃗ − j⃗ ) = 3 is not zero.

6. False. Vectors in the direction opposite to 2i⃗ + 3j⃗ are all of the form −2ki⃗ − 3kj⃗ where k > 0.

7. False. The angle � between u⃗ and v⃗ satisfies u⃗ ⋅ v⃗ = ‖u⃗ ‖ ⋅ ‖u⃗ ‖ cos � < 0, so cos � < 0 and therefore 90◦ < � < 180◦ .

8. False. The dot product of two vectors is a scalar.

9. True. If u⃗ = (u1, u2) and v⃗ = (v1, v2), then u⃗ + v⃗ and v⃗ + u⃗ both equal (u1 + v1, u2 + v2).

10. False. For example, if u⃗ = i⃗ and v⃗ = j⃗ then ‖u⃗ + v⃗ ‖ =
√
2 but ‖u⃗ ‖ + ‖v⃗ ‖ = 2.

11. True. If u⃗ = (u1, u2) and v⃗ = (v1, v2), then u⃗ ⋅ v⃗ and v⃗ ⋅ u⃗ both equal u1v1 + u2v2.

12. True. A dot product of zero ensures perpendicularity.

13. False. Distance is not a vector. The vector i⃗ + j⃗ is the displacement vector from P to Q. The distance between the points

is the length of the displacement vector: ‖i⃗ + j⃗ ‖ =
√
2.

14. False. The vector −4i⃗ + 5j⃗ is found by subtracting corresponding coordinates, not by adding them.

15. True. This is one definition of vector addition.
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16. False. The length of v⃗ is the square root of v⃗ ⋅ v⃗ .

17. True. Both vectors have length
√
13.

18. True. The first number, m, gives the number of rows and the second number, n, gives the number of columns.

19. False. We have a23 = 6, the entry in the second row, third column of the matrix A.

20. False. The matrix A is 2 × 3 because it has two rows (horizontal) and three columns (vertical).

21. True. In the subscript, the first number gives the row and the second number gives the column.

22. False. The correct rotation matrix is R =

(
cos� − sin�

sin� cos�

)
.

23. True. The sum A + B of two matrices is defined only when A and B have the same dimensions.

24. True. We have

Av⃗ =

(
2 3

−1 5

)(
10

5

)
=

(
2 ⋅ 10 + 3 ⋅ 5

−10 + 5 ⋅ 5

)
=

(
35

15

)
.
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CHAPTER TWO

Solutions for Section 2.1

Skill Refresher

S1. 5(x − 3) = 5x − 15.

S2. a(2a + 5) = 2a2 + 5a.

S3. 2(1 − 4x) + 10 = 2 − 8x + 10 = −8x + 12.

S4. 3(x + a) − 5a = 3x + 3a − 5a = 3x − 2a.

S5. x(5x + 1) − 3(5x + 1) = 5x2 + x − 15x − 3 = 5x2 − 14x − 3.

S6. (x + 2)(3x − 8) = 3x2 − 8x + 6x − 16 = 3x2 − 2x − 16.

S7. (m−5)(4(m−5)+2) = 4(m−5)2+2(m−5) = 4(m2−10m+25)+2m−10 = 4m2−40m+100+2m−10 = 4m2−38m+90.

S8.

3
(
1 +

1

x

)
= 3

(
x + 1

x

)

=
3x + 3

x
.

S9. 3 + 2
(
1

x

)2

− x = 3 +
2

x2
− x =

3x2 + 2 − x3

x2
.

S10. (x + 3)2 − 5(x + 3) + 8 = (x2 + 6x + 9) − 5x − 15 + 8 = x2 + x + 2.

S11. x2 − 9 = (x − 3)(x + 3) = 0. Setting each factor equal to zero, we see that there are two solutions: x = 3 and x = −3.

S12. We have

3(2x − 1) = 10

6x − 3 = 10

6x = 13

x =
13

6

S13. We have

8
√
x − 2 = 10

8
√
x = 12√
x = 1.5

x = (1.5)2 = 2.25.

S14.

√
2x − 1 + 3 = 9√

2x − 1 = 6

2x − 1 = 36

2x = 37

x =
37

2
.
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S15. Adding 1 to both sides, we get 2x3∕2 = 8. Dividing both sides by 2, we have x3∕2 = 4. To solve it for x we raise both sides

to the 2∕3 power to get

x = 42∕3.

S16. We have

x − 2

x + 1
= 5

x − 2 = 5(x + 1)

x − 2 = 5x + 5

−4x = 7

x = −1.75.

S17. We have

3w + 12

5w − 1
= 0

3w + 12 = 0

3w = −12

w = −4

S18. 21

z − 5
−

13

z2 − 5z
= 3

21

z − 5
−

13

z(z − 5)
= 3

21z − 13

z(z − 5)
= 3

21z − 13 = 3z(z − 5)

21z − 13 = 3z2 − 15z

3z2 − 36z + 13 = 0

z =
−(−36) ±

√
(−36)2 − 4(3)(13)

2(3)

=
36 ±

√
1140

6

=
36 ±

√
4 ⋅ 285

6

=
36 ± 2

√
285

6

=
18 ±

√
285

3
.

EXERCISES

1. Substituting −27 for x gives

g(−27) = −
1

2
(−27)1∕3 = −

1

2
(−3) =

3

2
.
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2. We need to solve for x in the equation:

0.3 =
2x + 1

x + 1
.

Multiplying both sides by x + 1 gives:

0.3(x + 1) = 2x + 1

0.3x + 0.3 = 2x + 1

−1.7x = 0.7

x = −0.412.

3. (a) Substituting t = 0 gives f (0) = 02 − 4 = −4.

(b) Setting f (t) = 0 and solving gives t2 − 4 = 0, so t2 = 4, so t = ±2.

4. (a) Substituting x = 0 gives g(0) = 02 − 5(0) + 6 = 6.

(b) Setting g(x) = 0 and solving gives x2 − 5x + 6 = 0.

Factoring gives (x − 2)(x − 3) = 0, so x = 2, 3.

5. (a) Substituting t = 0 gives

g(0) =
1

0 + 2
− 1 =

1

2
− 1 = −

1

2
.

(b) Setting g(t) = 0 and solving gives

1

t + 2
− 1 = 0

1

t + 2
= 1

1 = t + 2

t = −1.

6. Substituting zero for x gives

ℎ(0) = a ⋅ 02 + b ⋅ 0 + c = c.

7. To evaluate p(7), we substitute 7 for each r in the formula:

p(7) = 72 + 5 = 54.

8. To evaluate p(x) + p(8), we substitute x and 8 for each r in the formula and add the two expressions:

p(x) + p(8) = (x2 + 5) + (82 + 5) = x2 + 74.

9.

(0, 2)
g(x)

f (x)

x

y

10.

(−3, 0)

(3, 0) (9, 0)

g(x)
f (x)

x

y
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11. Curves cross at x = 2. See Figure 2.1. We do not know the y-coordinate of this point.

x = 2

g(x)
f (x)

x

y

Figure 2.1

12. Graph of g(x) is above graph of f (x) for x to the right of 2. See Figure 2.2.

g(x) above f (x) here

g(x)
f (x)

x

y

Figure 2.2

13. The solutions to g(x) = 2 are all x values that satisfy 2x + 2 = 2. Subtracting 2 from both sides, we get 2x = 0, and

dividing by 2, we get x = 0. Thus there is only one x value, x = 0, with g(x) = 2.

14. The solutions to g(x) < 2 are all x that satisfy 2x+2 < 2. Subtracting 2 from both sides, we get 2x < 0, and then dividing

by 2, we get x < 0. Therefore, the solutions of g(x) < 2 are all x with x < 0.

15. First we find ll the values where the two expressions are equal. To do this, we solve x2 + 2x − 2 = x2. Solving, we get

x2 + 2x − 2 = x2

2x − 2 = 0

x = 1.

We can solve the inequality the same way:

x2 + 2x − 2 < x2

2x − 2 < 0

2x < 2

x < 1.

16. First we find where the two graphs intersect. To find these points, we solve x2 + 2x − 2 = 2x + 2. Solving, we get

x2 + 2x − 2 = 2x + 2

x2 + 2x = 2x + 4

x2 = 4

x = ±2

Using a calculator or computer to graph the curves y = f (x) and y = g(x), as in Figure 2.3, we see that the graph of

f (x) lies above the graph of g(x) to the left of x = −2 and to the right of x = 2. Therefore, the solutions to the inequality

f (x) > g(x) are

x < −2 or x > 2.
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−3 −2 −1 1 2 3

−6

−4

−2

2

4

6

8
g(x) = 2x + 2

f (x) = x2 + 2x − 2

x

y

Figure 2.3: The function f (x) = x2 + 2x − 2

PROBLEMS

17. The input, t, is the number of months since January 1, and the output, F , is the number of foxes. The expression g(9)

represents the number of foxes in the park on October 1. Table 1.3 on page 4 of the text gives F = 100 when t = 9. Thus,

g(9) = 100. On October 1, there were 100 foxes in the park.

18. The output g(t) stands for a number of foxes. We want to know in what month there are 75 foxes. Table 1.3 on page 4 of

the text tells us that this occurs when t = 4 and t = 8; that is, in May and in September.

19. (a) Table 2.2 in the text shows f (8) = 158.1. Since t = 8 in the year 2004, we know that a member’s salary was $158,100

in the year 2004.

(b) Solving f (t) = 169.3 means finding the year in which a member’s salary was $169,300; it is t = 12. Since t = 12 in

2008, a member’s salary was $169,300 in 2008.

20. (a) When k = 25, we have c = 35, so f (25) = 35. This means that, when 25 thousand kayaks are produced annually, this

economy produces 35 thousand canoes.

(b) When c = 45, we have k = 0, so the solution to f (k) = 45 is k = 0. This means that, when this economy produces

45 thousand canoes annually, it will not produce any kayaks.

21. (a) From the graph, we estimate that f (4) = 36. This means that after 4 seconds, the electrical charge remaining in the

circuit is 36 microcoulombs.

(b) From the graph, we estimate that f (1.4) = 60. This means that the remaining charge in the capacitor is 60 micro-

coulombs after 1.4 seconds.

22. (a) From the graph, we estimate that f (6) = 4.5, which means that the volume of water in the tank is 4.5 cubic meters

after 6 minutes.

(b) From the graph, we estimate that f (t) = 1 when t = 1 and when t = 16. These solutions represent the times, in

minutes, when the volume of water in the tank is equal to 1 cubic meter.

23. Substituting
1

3
for x gives

f
(
1

3

)
= 3 + 2

(
1

3

)2

= 3 +
2

9
= 3.222.

On the other hand,

f (1) = 3 + 2(1)2 = 5

f (3) = 3 + 2(3)2 = 21.

So
f (1)

f (3)
=

5

21
= 0.238, and we see that

f
(
1

3

)
≠

f (1)

f (3)
.

They are not equal.

24. (a) g(100) = 100
√
100 + 100 ⋅ 100 = 100 ⋅ 10 + 100 ⋅ 100 = 11, 000

(b) g(4∕25) = 4∕25 ⋅
√
4∕25 + 100 ⋅ 4∕25 = 4∕25 ⋅ 2∕5 + 16 = 8∕125 + 16 = 16.064

(c) g(1.21 ⋅ 104) = g(12100) = (12100)
√
12100 + 100 ⋅ (12100) = 2, 541, 000
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25. (a) g(x) = x2 + x

g(−3x) = (−3x)2 + (−3x)

g(−3x) = 9x2 − 3x

(b) g(1 − x) = (1 − x)2 + (1 − x) = (1 − 2x + x2) + (1 − x) = x2 − 3x + 2

(c) g(x + �) = (x + �)2 + (x + �) = (x2 + 2�x + �2) + (x + �) = x2 + (2� + 1)x + �2 + �

(d) g(
√
x) = (

√
x)2 +

√
x = x +

√
x

(e) g
(

1

x + 1

)
=

(
1

(x + 1)2

)
+

1

x + 1
=

1

(x + 1)2
+

x + 1

(x + 1)2
=

x + 2

(x + 1)2

(f) g(x2) = (x2)2 + x2 = x4 + x2

26. (a) (i)

1

t

1

t
− 1

=

1

t

1−t

t

=
1

t
⋅

t

1 − t
=

1

1 − t
.

(ii)

1

t+1

1

t+1
− 1

=
1

t + 1
⋅

t + 1

1 − t − 1
= −

1

t
.

(b) Solve f (x) =
x

(x − 1)
= 3, so

x = 3x − 3

3 = 2x

x =
3

2
.

27. (a) f (2) = 22 = 4

(b) f (2 + ℎ) = (2 + ℎ)2 = 4 + 4ℎ + ℎ2.

(c) Using the answers to parts (a) and (b), we have

f (2 + ℎ) − f (2) = 4 + 4ℎ + ℎ2 − 4 = 4ℎ + ℎ2

(d) Using the answer to part (c), we have

f (2 + ℎ) − f (2)

ℎ
=

4ℎ + ℎ2

ℎ
= 4 + ℎ.

28. Since g (t + ℎ) = 2(t + ℎ) − 1 we have

g (t + ℎ) − g (t)

ℎ
=

2(t + ℎ) − 1 − (2t − 1)

ℎ
=

2t + 2ℎ − 1 − 2t + 1

ℎ
=

2ℎ

ℎ
.

29. (a)
x −2 −1 0 1 2 3

ℎ(x) 0 9 8 3 0 6

(b) From the table, we see that ℎ(3) = 6, while ℎ(1) = 3. Thus, ℎ(3) − ℎ(1) = 6 − 3 = 3.

(c) From the table, we see that ℎ(2) = 0, and ℎ(0) = 8. Thus, ℎ(2) − ℎ(0) = 0 − 8 = −8.

(d) From the table, we see that ℎ(0) = 8. Thus, 2ℎ(0) = 2(8) = 16.

(e) From the table, we see that ℎ(1) = 3. Thus, ℎ(1) + 3 = 3 + 3 = 6.

30. (a) Substituting into ℎ(t) = −16t2 + 64t, we get

ℎ(1) = −16(1)2 + 64(1) = 48

ℎ(3) = −16(3)2 + 64(3) = 48

Thus the height of the ball is 48 feet after 1 second and after 3 seconds.

(b) The graph of ℎ(t) is in Figure 2.4. The ball is on the ground when ℎ(t) = 0. From the graph we see that this occurs

at t = 0 and t = 4. The ball leaves the ground when t = 0 and hits the ground at t = 4 or after 4 seconds. From the

graph we see that the maximum height is 64 ft.
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2 4

64

ℎ(t)

t

Figure 2.4

31. (a) We have P (0) = 20(0)−500 = −500 dollars, which means that if no tickets are sold, the theater will lose 500 dollars.

(b) Setting P (n) = 0 and solving, we get

20n − 500 = 0

20n = 500

n = 25.

The theater will make a profit of 0 if 25 tickets are sold.

(c) The quantity P (100) represents the profit, in dollars, made by the theater if 100 tickets are sold.

32. (a) Substituting t = 0 gives v(0) = 02 − 2(0) = 0 − 0 = 0.

(b) To find when the object has velocity equal to zero, we solve the equation

t2 − 2t = 0

t(t − 2) = 0

t = 0 or t = 2.

Thus the object has velocity zero at t = 0 and at t = 2.

(c) The quantity v(3) represents the velocity of the object at time t = 3. Its units are ft/sec.

33. (a) The car’s position after 2 hours is denoted by the expression s(2). The position after 2 hours is

s(2) = 11(2)2 + 2 + 100 = 44 + 2 + 100 = 146.

(b) This is the same as asking the following question: “For what t is v(t) = 65?”

(c) To find out when the car is going 67 mph, we set v(t) = 67. We have

22t + 1 = 67

22t = 66

t = 3.

The car is going 67 mph at t = 3, that is, 3 hours after starting. Thus, when t = 3, s(3) = 11(32) + 3 + 100 = 202, so

the car’s position when it is going 67 mph is 202 miles.

34. (a) From the graph, we estimate that

f (t + 5) = f (6) = 18.

The quantity f (t + 5) represents the speed of the car, in feet per second, 5 seconds later than time t.

(b) From the graph, we estimate that

f (t) + 5 = f (1) + 5 = 96.

The quantity f (t) + 5 represents a speed, in feet per second, that is 5 feet per second faster than the speed of the car

at time t.

(c) From the graph, we estimate that f (4.3) = 40, so if f (t+ 2) = 40, we must have t+ 2 = 4.3, or t = 2.3 seconds. This

represents the time 2 seconds prior to when the car has slowed to 40 feet per second.

(d) Note that the equation f (t) + 10 = 40 is equivalent to the equation f (t) = 30, and from the graph, we estimate that

f (5) = 30; therefore, we must have t = 5 seconds. This represents the time at which the car has slowed to 30 feet per

second.
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35. (a) From the table, we see that f (0.4) = 21.7, so we must have x = 0.4 meters. This means that 0.4 meters is the distance

that the spring must be stretched beyond its equilibrium position in order for it to store 21.7 joules of elastic potential

energy.

(b) From the table, we see that f (1.6) = 348, so if f (x + 0.4) = 348, we must have x + 0.4 = 1.6, or x = 1.2 meters.

This represents a distance 0.4 meters shorter than the distance the string must be stretched in order for it to store 348

joules of elastic potential energy.

(c) Note that the equation f (x) − 65.3 = 21.7 is equivalent to the equation f (x) = 87.0, and from the table, we see that

f (0.8) = 87.0; therefore, we must have x = 0.8 meters. This represents the distance the spring must be stretched

beyond its equilibrium position in order for it to store 87 joules of elastic potential energy.

36. (a) We have f (10) = 2450(10)2 = 245,000, which means that the total force on the dam is 245,000 kilonewtons if the

depth of the water in the reservoir is 10 meters.

(b) We have

f (30) − f (10) = 2450(30)2 − 2450(10)2 = 2,205,000 − 245,000 = 1,960,000 kilonewtons.

This quantity represents how much the total force on the dam increases if the water depth in the reservoir rises from

10 meters to 30 meters.

(c) We have

2450(ℎ + 5)2 = 980,000

(ℎ + 5)2 = 400

ℎ + 5 = 20

ℎ = 15 meters.

The solution ℎ = 15 meters represents a water depth that is 5 meters lower than the depth required to result in a total

force of 980,000 kilonewtons on the dam.

(d) We first note that the equation f (ℎ)−50,000 = 1,175,000 is equivalent to the equation f (ℎ) = 1,225,000. We therefore

have:

2450ℎ2 = 1,225,000

ℎ2 = 500

ℎ =
√
500 = 22.4 meters.

The solution ℎ = 22.4 meters represents the water depth in the reservoir that produces a total force on the dam of

1,225,000 kilonewtons.

37. (a) From Figure 2.5, we see that P = (b, a) and Q = (d, e).

d

ℎ b

e

c

a

f (x)

Q(d, e)

P (b, a)

x

Figure 2.5

(b) To evaluate f (b), we want to find the y-value when the x-value is b. Since (b, a) lies on this graph, we know that the

y-value is a, so f (b) = a.

(c) To solve f (x) = e, we want to find the x-value for a y-value of e. Since (d, e) lies on this curve, x = d is our solution.

(d) To solve z = f (x), we need first to find a value for z; in other words, we need first to solve for f (z) = c. Since (0, c)

lies on this graph, we know that z = 0. Now we need to solve 0 = f (x) by finding the point whose y-value is 0. That

point is (ℎ, 0), so x = ℎ is our solution.

(e) We know that f (b) = a and f (d) = e. Thus, if f (b) = −f (d), we know that a = −e.
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38. (a) Her tax is $4833 on the first $80,150 plus 6.65% of income over $80,150, which is $96,000 − 80,150 = $15,850.

Thus:

Tax owed = $4833 + 0.0665($15,850) = $4833 + $1054.03 = $5887.03.

(b) Her taxable income, T (x), is 80% of her total income, or 80% of x. So T (x) = 0.8x.

(c) Her tax owed is $4833 plus 6.65% of her taxable income over $80,150. Since her taxable income is 0.8x, her taxable

income over $80,150 is 0.8x − 80,150. Therefore,

L(x) = 4833 + 0.0665(0.8x − 80,150),

so multiplying out and simplifying, we obtain

L(x) = 0.0532x − 496.975

(d) Evaluating for x = $120,000, we have

L(120,000) = 0.0532(120,000) − 496.975

= 5887.03.

The values are the same.

39. (a) (i) From the table, N(150) = 6. When 150 students enroll, there are 6 sections.

(ii) Since N(75) = 4 and N(100) = 5, and 80 is between 75 and 100 students, we choose the higher value for N(s).

So N(80) = 5. When 80 students enroll, there are 5 sections.

(iii) Since N(50) = 4 and N(75) = 4, and 55 is between 50 and 75 students, we choose the higher value for N(s).

So N(55) = 4. When 55 students enroll, there are 4 sections.

(b) (i) The table gives N(s) = 4 sections for s = 75 and s = 50. For any integer between those in the table, the section

number is the higher value. Therefore, for 50 ≤ s ≤ 75, we have N(s) = 4 sections. We do not know what

happens if s < 50.

(ii) First evaluate N(125) = 5. So we solve the equation N(s) = 5 for s. There are 5 sections when enrollment is

between 76 and 125 students.

40. (a) We calculate the values of f (x) and g(x) using the formulas given in Table 2.1.

Table 2.1

x −2 −1 0 1 2

f (x) 6 2 0 0 2

g(x) 6 2 0 0 2

The pattern is that f (x) = g(x) for x = −2,−1, 0, 1, 2. Based on this, we might speculate that f and g are really

the same function. This is, in fact, the case, as can be verified algebraically:

f (x) = 2x(x − 3) − x(x − 5)

= 2x2 − 6x − x2 + 5x

= x2 − x

= g(x).

Their graphs are the same, and are shown in Figure 2.6.

1

f (x)

x

y

Figure 2.6

−2 −1

1 2

j(x)

ℎ(x)

x

y

Figure 2.7
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(b) Using the formulas for ℎ(x) and j(x), we obtain Table 2.2.

Table 2.2

x −2 −1 0 1 2

ℎ(x) −3 −1 1 3 5

j(x) −3 −1 1 3 5

The pattern is that ℎ(x) = j(x) for x = −2,−1, 0, 1, 2. Based on this, we might speculate that ℎ and j are really

the same function. The graphs of these functions are shown in Figure 2.7. We see that the graphs share only the points

of the table and are thus two different functions.

41. (a) To evaluate f (1), we need to find the value of f which corresponds to x = 1. Looking in the table, we see that that

value is 2. So we can say f (1) = 2. Similarly, to find g(3), we see in the table that the value of g which corresponds

to x = 3 is 4. Thus, we know that g(3) = 4.

(b) The values of f (x) increase by 3 as x increases by 1. For x > 1, the values of g(x) are consecutive perfect squares.

The entries for g(x) are symmetric about x = 1. In other words, when x < 1 the values of g(x) are the same as the

values when x > 1, but the order is reversed.

(c) Since the values of f (x) increase by 3 as x increases by 1 and f (4) = 11, we know that f (5) = 11+3 = 14. Similarly,

f (x) decreases by three as x goes down by one. Since f (−1) = −4, we conclude that f (−2) = −4 − 3 = −7.

The values of g(x) are consecutive perfect squares. Since g(4) = 9, then g(5) must be the next perfect square

which is 16, so g(5) = 16. Since the values of g(x) are symmetric about x = 1, the value of g(−2) will equal g(5)

(since −2 and 4 are both a distance of 3 units from 1). Thus, g(−2) = g(4) = 9.

(d) To find a formula for f (x), we begin by observing that f (0) = −1, so the value of f (x) that corresponds to x = 0 is

−1. We know that the value of f (x) increases by 3 as x increases by 1, so

f (1) = f (0) + 3 = −1 + 3

f (2) = f (1) + 3 = (−1 + 3) + 3 = −1 + 2 ⋅ 3

f (3) = f (2) + 3 = (−1 + 2 ⋅ 3) + 3 = −1 + 3 ⋅ 3

f (4) = f (3) + 3 = (−1 + 3 ⋅ 3) + 3 = −1 + 4 ⋅ 3.

The pattern is

f (x) = −1 + x ⋅ 3 = −1 + 3x.

We can check this formula by choosing a value for x, such as x = 4, and use the formula to evaluate f (4). We find

that f (4) = −1 + 3(4) = 11, the same value we see in the table.

Since the values of g(x) are all perfect squares, we expect the formula for g(x) to have a square in it. We see that

x2 is not quite right since the table for such a function would look like Table 2.3.

Table 2.3

x −1 0 1 2 3 4

x2 1 0 1 4 9 16

But this table is very similar to the one that defines g. In order to make Table 2.3 look identical to the one given

in the problem, we need to subtract 1 from each value of x so that g(x) = (x − 1)2. We can check our formula by

choosing a value for x, such as x = 2. Using our formula to evaluate g(2), we have g(2) = (2 − 1)2 = 12 = 1. This

result agrees with the value given in the problem.

42. r(0.5s0) is the wind speed at a half the height above ground of maximum wind speed.

43. In r(s) = 0.75v0, the variable s is the height (or heights) at which the wind speed is 75% of the maximum wind speed.

44. (a) ℎ(1) = (1)2 + b(1) + c = b + c + 1

(b) Substituting b + 1 for x in the formula for ℎ(x):

ℎ(b + 1) = (b + 1)2 + b(b + 1) + c

= (b2 + 2b + 1) + b2 + b + c

= 2b2 + 3b + c + 1
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45. f (a) =
a ⋅ a

a + a
=

a2

2a
=

a

2
.

46. f (1 − a) =
a(1 − a)

a + (1 − a)
= a(1 − a) = a − a2

47. f
(

1

1 − a

)
=

a
1

1 − a

a +
1

1 − a

=

a

1 − a
a(1 − a) + 1

1 − a

=
a

1 − a
⋅

1 − a

a − a2 + 1
=

a

a − a2 + 1
.

48. (a) See Figure 2.8.

(b) See Figure 2.8.

(c, 0)(−c, 0)

(0, d) y = f (x)

x

y

Figure 2.8

49. (a) To evaluate f (2), we determine which value of I corresponds to w = 2. Looking at the graph, we see that I ≈ 7 when

w = 2. This means that ≈ 7000 people were infected two weeks after the epidemic began.

(b) The height of the epidemic occurred when the largest number of people were infected. To find this, we look on

the graph to find the largest value of I , which seems to be approximately 8.5, or 8500 people. This seems to have

occurred when w = 4, or four weeks after the epidemic began. We can say that at the height of the epidemic, at

w = 4, f (4) = 8.5.

(c) To solve f (x) = 4.5, we must find the value of w for which I = 4.5, or 4500 people were infected. We see from the

graph that there are actually two values of w at which I = 4.5, namely w ≈ 1 and w ≈ 10. This means that 4500

people were infected after the first week when the epidemic was on the rise, and that after the tenth week, when the

epidemic was slowing, 4500 people remained infected.

(d) We are looking for all the values of w for which f (w) ≥ 6. Looking at the graph, this seems to happen for all values

of w ≥ 1.5 and w ≤ 8. This means that more than 6000 people were infected starting in the middle of the second

week and lasting until the end of the eighth week, after which time the number of infected people fell below 6000.

50. This represents the change in average hurricane intensity at average Caribbean Sea surface temperature after CO2 levels

rise to future projected levels.

51. This represents the change in average hurricane intensity at current CO2 levels if sea surface temperature rises by 1◦C.

Solutions for Section 2.2

Skill Refresher

S1. The function is undefined when the denominator is zero. Therefore, x−3 = 0 tells us the function is undefined for x = 3.

S2. The function is undefined when the denominator is zero. Therefore, x − 3 = 0 tells us the function is undefined for x = 3

But it is also undefined at x = 0.

S3. Because of the square root the function is undefined when x − 15 is negative. That is, when x < 15.

S4. Because of the square root the function is undefined when 15 − x is negative. That is, when x > 15.

S5. We solve for x as a function of y:

y =
x + 3

x − 4
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y(x − 4) = x + 3

xy − 4y = x + 3

xy − x = 4y + 3

x(y − 1) = 4y + 3

x =
4y + 3

y − 1

S6. We solve for x as a function of y:

y =
2x − 5

x + 3

y(x + 3) = 2x − 5

xy + 3y = 2x − 5

xy − 2x = −3y − 5

x(y − 2) = −3y − 5

x =
−3y − 5

y − 2

S7. We solve for x as a function of y:

y =
x + 8

3x − 2
y(3x − 2) = x + 8

3xy − 2y = x + 8

3xy − x = 2y + 8

x(3y − 1) = 2y + 8

x =
2y + 8

3y − 1

S8. We solve for x as a function of y:

y =
4x + 7

x
xy = 4x + 7

xy − 4x = 7

x(y − 4) = 7

x =
7

y − 4

S9. Adding 8 to both sides of the inequality we get x > 8.

S10. First we subtract 5 from both sides to get −x > −5. Then multiplying both sides by −1 and changing the direction of the

inequality, we get x < 5.

S11. Divide by −3 with a direction change, and then add 4.

−3(n − 4) > 12

−3(n − 4)

−3
<

12

−3
n − 4 < −4

n − 4 + 4 < −4 + 4

n < 0.
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S12. Subtract 24, then divide by −4 with a direction change:

12 ≤ 24 − 4a

12 − 24 ≤ 24 − 4a − 24

−12 ≤ −4a

−12

−4
≥

−4a

−4
3 ≥ a.

Or, equivalently, a ≤ 3.

S13. x2 − 25 > 0 is true when x > 5 or x < −5.

S14. We have 36 − x2 ≥ 0 when −6 ≤ x ≤ 6

S15. Adding 2a2 to both sides gives 12 ≤ 3a2. Then dividing by 3 gives 4 ≤ a2. This is true when a ≥ 2 and a ≤ −2.

S16. Subtracting y2 from both sides and adding 3 gives 2y2 > 18. Then dividing by 2 gives y2 > 9. This is true when y > 3 or

y < −3.

EXERCISES

1. The domain is 1 ≤ x ≤ 7. The range is 2 ≤ f (x) ≤ 18.

2. The domain is 2 ≤ x ≤ 6. The range is 1 ≤ f (x) ≤ 3.

3. The domain is 0 ≤ x ≤ 4. The range is 0 ≤ f (x) ≤ 2.

4. The domain is 1 ≤ x ≤ 5. The range is 1 ≤ f (x) ≤ 6.

5. The graph of f (x) = 1∕x for −2 ≤ x ≤ 2 is shown in Figure 2.9. From the graph, we see that f (x) = −(1∕2) at x = −2.

As we approach zero from the left, f (x) gets more and more negative. On the other side of the y-axis, f (x) = (1∕2) at

x = 2. As x approaches zero from the right, f (x) grows larger and larger. Thus, on the domain −2 ≤ x ≤ 2, the range is

f (x) ≤ −(1∕2) or f (x) ≥ (1∕2).

−2

−1

1 2
−

1

2

1

2

x

y

Figure 2.9

6. The graph of f (x) = 1∕x2 for −1 ≤ x ≤ 1 is shown in Figure 2.10. From the graph, we see that f (x) = 1 at x = −1 and

x = 1. As we approach 0 from 1 or from −1, the graph increases without bound. The lower limit of the range is 1, while

there is no upper limit. Thus, on the domain −1 ≤ x ≤ 1, the range is f (x) ≥ 1.

Functions Modeling Change A Preparation for Calculus 6th edition Connally Solutions Manual

https://testbank.online/books/9781119498315-solutions


102 Chapter Two /SOLUTIONS

−1 1

1

y

x

Figure 2.10

7. The graph of f (x) = x2 − 4 for −2 ≤ x ≤ 3 is shown in Figure 2.11. From the graph, we see that f (x) = 0 at x = −2,

that f (x) decreases down to −4 at x = 0, and then increases to f (x) = 32 − 4 = 5 at x = 3. The minimum value of f (x)

is −4, while the maximum value is 5. Thus, on the domain −2 ≤ x ≤ 3, the range is −4 ≤ f (x) ≤ 5.

−2 3

−4

5

x

y

Figure 2.11

8. The graph of f (x) =
√
9 − x2 for −3 ≤ x ≤ 1 is shown in Figure 2.12. From the graph, we see that f (x) = 0 at x = −3,

and that f (x) increases to a maximum value of 3 at x = 0, and then decreases to a value of f (x) =
√
9 − 12 ≈ 2.83 or

= 2
√
2 at x = 1. Thus, on the domain −3 ≤ x ≤ 1, the range is 0 ≤ f (x) ≤ 3.

−3 1

3

x

y

Figure 2.12

9. The domain is all real numbers except those which do not yield an output value. The expression 1∕(x+3) is defined for any

real number x except −3, since for x = −3 the denominator of f (x), x+ 3, is 0 and division by 0 is undefined. Therefore,

the domain of f (x) is all real numbers ≠ −3.

10. Since division by 0 is undefined, p(t) is defined for any real number except for t, for which the denominator is equal to 0.

Solving the equation t2 − 4 = 0, we get t = ±2. So the domain is all real numbers ≠ ±2.
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11. f (t) is not defined when 3t + 9 = 0. So the domain is all real numbers ≠ −3.

12. Since q4 + 2 cannot be equal to zero for any real number, the domain is all real numbers.

13. To evaluate f (x), we must have 9 + x > 0. Thus

Domain: x > −9.

14. y(t) is not defined when t4 = 0. So the domain is all real numbers ≠ 0.

15. For f (x) to be defined, the expression x2−4, found inside the square root sign, must always be nonnegative. This happens

when x ≥ 2 or x ≤ −2. So the domain is all real numbers x such that x ≥ 2 or x ≤ −2.

16. We can take the cube root of any number, so the domain is all real numbers.

17. Any number can be squared, so the domain is all real numbers.

18. To evaluate t(a), we must have a − 2 ≥ 0. So the domain is all real numbers ≥ 2.

19. Since m(q) is a linear function, the domain of m(q) is all real numbers. For any value of m(q) there is a corresponding value

of q. So the range is also all real numbers.

20. The square root function is only defined for non-negative values, that is when 15 − 4x ≥ 0, thus we require that x ≤ 15∕4.

The domain is x ≤ 15∕4. The values of the square root function are all non-negative, so the range is f (x) ≥ 0.

21. To evaluate f (x), we must have x − 4 > 0. Thus

Domain: x > 4.

To find the range, we want to know all possible output values. We solve the equation y = f (x) for x in terms of y. Since

y =
1√
x − 4

,

squaring gives

y2 =
1

x − 4
,

and multiplying by x − 4 gives

y2(x − 4) = 1

y2x − 4y2 = 1

y2x = 1 + 4y2

x =
1 + 4y2

y2
.

This formula tells us how to find the x-value which corresponds to a given y-value. The formula works for any y except

y = 0 (which puts a 0 in the denominator). We know that y must be positive, since
√
x − 4 is positive, so we have

Range: y > 0.

22. To evaluate f (x), we must have 9 − x > 0. Thus

Domain: x < 9.

To find the range, we want to know all possible output values. We solve the equation y = f (x) for x in terms of y. Since

y =
1√
9 − x

,

squaring gives

y2 =
1

9 − x
,

Functions Modeling Change A Preparation for Calculus 6th edition Connally Solutions Manual

https://testbank.online/books/9781119498315-solutions


104 Chapter Two /SOLUTIONS

and multiplying by 9 − x gives

y2(9 − x) = 1

9y2 − y2x = 1

y2x = 9y2 − 1

x =
9y2 − 1

y2
.

This formula tells us how to find the x-value which corresponds to a given y-value. The formula works for any y except

y = 0 (which puts a 0 in the denominator). We know that y must be positive, since
√
9 − x is positive, so we have

Range: y > 0.

PROBLEMS

23. The function f (x) is not defined when x = a. So a = 3.

24. The function p(t) is not defined when 2t− a = 0 and t+ b = 0. So p(t) is not defined when t = a∕2 and t = −b. A possible

answer is a∕2 = 4, namely a = 8 and b = −5.

25. The function n(q) can be evaluated only when q2 + a ≥ 0. Since, when q is 0, any a < 0 gives q2 + a < 0, we know that

a must be greater than or equal to zero. Furthermore, for all a ≥ 0, we have q2 + a ≥ 0. Hence the domain of n(q) is all

real numbers for any a ≥ 0. So any nonnegative real number, such as 0,
1

2
,
√
2, or 77 is a possible value of a giving n(q) a

domain of all real numbers.

26. The function m(r) is defined when r − a ≥ 0. So the domain of m(r) is all real numbers ≥ a. Hence a = −3.

27. One way to do this is to combine two operations, one of which forces x to be less than −4, the other of which forces x not

to equal −2. For example:

A function such as y =
√
x + 4 is undefined for x < −4, because the input of the square root operation is negative

for these x-values.

A function such as y = 1∕(x + 2) is undefined for x = −2.

Combining two functions such as these, for example by adding or multiplying them, yields a function with the required

domain. Thus, possible functions include

y =
1

x + 2
+
√
x + 4 or y =

√
x + 4

x + 2
.

Other answers are possible.

28. One way to do this is to combine two operations, one of which forces x to be negative, the other of which forces x not to

equal −5. For example:

A function such as y = 1∕(x + 5) forces x ≠ 5 so that the denominator is not 0.

A function such as y = 1∕
√
−x forces x to be negative so that the input to the square root is not negative, and the

denominator is not 0.

We combine these functions, for example as

y =
1

x + 5
+

1√
−x

or y =
1

(x + 5)
√
−x

.

Other answers are possible.

29. Since the restaurant opens at 2 pm, t = 0, and closes at 2 am, t = 12, a reasonable domain is 0 ≤ t ≤ 12.

Since there cannot be fewer than 0 clients in the restaurant and 200 can fit inside, the range is the integers between 0

and 200.

30. A possible graph of gas mileage (in miles per gallon, mpg) is shown in Figure 2.13. The function shown has a domain

0 ≤ x ≤ 120 mph, as the car cannot have a negative speed and is not likely to go faster than 120 mph. The range of the

function shown is 0 ≤ y ≤ 40 mpg. A wide variety of other answers is possible.
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50 120

40

x (speed in mph)

y (gas mileage in mpg)

Figure 2.13

31. We know that the theater can hold anywhere from 0 to 200 people. Therefore the domain of the function is the integers, n,

such that 0 ≤ n ≤ 200.

We know that each person who enters the theater pays $14.00. Therefore, the theater makes (0) ⋅ ($14.00) = 0 dollars

if there is no one in the theater and (200) ⋅ ($14.00) = $2800.00 if the theater is completely filled. Thus, the range of the

function is the integer multiples of 14 from 0 to 2800. (That is, 0, 14, 28,….)

The graph of this function is shown in Figure 2.14.

50 100 150 200

350

700

1050

1400

1750

2100

2450

2800

n, number of people
in attendance

money ($)

Figure 2.14

32. (a) (i) From the table we find that a 200 lb person uses 7.6 calories per minute while walking. So a half-hour, or 30-

minute, walk burns 30(7.6) = 228 calories.

(ii) The number of calories used per minute increases with the person’s weight. Weight is the independent variable

and number of calories burned is the dependent variable. The function is increasing.

(b) (i) Since the function is approximately linear, its equation is c = b + mw, where c is the number of calories and w

is weight. Using the last two values in the table, the slope is

m =
9.5 − 7.6

250 − 200
=

1.9

50
= 0.038 cal/lb.

Using the point (250, 9.5), we have

9.5 = b + 0.038(250)

b = 0.

Functions Modeling Change A Preparation for Calculus 6th edition Connally Solutions Manual

https://testbank.online/books/9781119498315-solutions


106 Chapter Two /SOLUTIONS

So the equation is c = 0.038w. See Figure 2.15. All the values given lie on this line with the exception of the

first, which is slightly below it.

50 100 150 200 250

1

3

5

7

9

w (weight, lbs)

c (calories)

Figure 2.15

(ii) The domain and range values must be positive: Domain 0 < w; Range 0 < c.

The table gives weights between 100 to 250 lb and calories per minute between 3.7 and 9.5. We do not

know whether the trend in the table continues outside these values, so reasonable restrictions are

Domain is 100 ≤ w ≤ 250

Range is 3.7 ≤ c ≤ 9.5.

Other answers are possible.

(iii) Evaluating the function at w = 135,

Calories per minute = 0.038(135) ≈ 5.13.

33. We can put in any number for x except zero, which makes 1∕x undefined. We note that as x approaches infinity or negative

infinity, 1∕x approaches zero, though it never arrives there, and that as x approaches zero, 1∕x goes to negative or positive

infinity. Thus, the range is all real numbers except a.

34. Since (x − b)1∕2 =
√
x − b, we know that x − b ≥ 0. Thus, x ≥ b. If x = b, then (x − b)1∕2 = 0, which is the minimum

value of
√
x − b, since it can’t be negative. Thus, the range is all real numbers greater than or equal to 6.

35. (a) We see that the 6th listing has a last digit of 9. Thus, f (6) = 9.

(b) The domain of the telephone directory function is n = 1, 2, 3, …, N , where N is the total number of listings in the

directory. We could find the value of N by counting the number of listings in the phone book.

(c) The range of this function is d = 0, 1, 2, …, 9, because the last digit of any listing must be one of these numbers.

36. (a) r(0) = 800 − 40(0) = 800 means water is entering the reservoir at 800 gallons per second at time t = 0. Since we

don’t know how much water was in the reservoir originally, this is not the amount of water in the reservoir.

r(15) = 800 − 40(15) = 800 − 600 = 200 means water is entering the reservoir at 200 gallons per second at time

t = 15.

r(25) = 800 − 40(25) = 800 − 1000 = −200 means water is leaving the reservoir at 200 gallons per second at time

t = 25.

(b) The intercepts occur at (0, 800) and (20, 0). The first tells us that the water is initially flowing in at the rate of 800

gallons per second. The other tells us that at 20 seconds, the flow has stopped.

The slope is (800 − 0)∕(0 − 20) = 800∕ − 20 = −40. This means that the rate at which water enters the reservoir

decreases by 40 gallons per second each second. The water is flowing in at a decreasing rate.
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0
10 20 30
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400

−400

t

y

y = r(t)

Figure 2.16

(c) The reservoir has more and more water when the rate is positive, because then water is being added. Water is being

added until t = 20 when it starts flowing out. This means at t = 20, the most water is in the reservoir. The reservoir

has water draining out between t = 20 and t = 30, but this amount is not as much as the water that entered between

t = 0 and t = 20. Thus, the reservoir had the least amount of water at the beginning when t = 0. Remember the graph

shows the rate of flow, not the amount of water in the reservoir.

(d) The domain is the number of seconds specified; 0 ≤ t ≤ 30. The rate varies from 800 gallons per second at t = 0 to

−400 gallons per second at t = 30, so the range is −400 ≤ r(t) ≤ 800.

37. (a) Substituting t = 0 into the formula for p(t) shows that p(0) = 50, meaning that there were 50 rabbits initially. Using a

calculator, we see that p(10) ≈ 131, which tells us there were about 131 rabbits after 10 months. Similarly, p(50) ≈ 911

means there were about 911 rabbits after 50 months.

(b) The graph in Figure 2.17 tells us that the rabbit population grew quickly at first but then leveled off at about 1000 rabbits

after around 75 months or so. It appears that the rabbit population increased until it reached the island’s capacity.

100

50

500

1000

t (months)

P

Figure 2.17

(c) From the graph in Figure 2.17, we see that the range is 50 ≤ p(t) ≤ 1000. This tells us that (for t ≥ 0) the number of

rabbits is no less than 50 and no more than 1000.

(d) The smallest population occurred when t = 0. At that time, there were 50 rabbits. As t gets larger and larger, (0.9)t

gets closer and closer to 0. Thus, as t increases, the denominator of

p(t) =
1000

1 + 19(0.9)t

decreases. As t increases, the denominator 1+ 19(0.9)t gets close to 1 (try t = 100, for example). As the denominator

gets closer to 1, the fraction gets closer to 1000. Thus, as t gets larger and larger, the population gets closer and closer

to 1000. Thus, the range is 50 ≤ p(t) < 1000.

38. (a) We can add as much copper to our alloy as we like, so, since positive x-values represent quantities of added copper, x

can be as big as we please. But, since the alloy starts off with only 3 kg of copper, we can remove no more than this.

Therefore, the domain of f is x ≥ −3.

For the range of f , note that the output of f is a percentage of copper. Since the alloy can contain no less than

0% copper (as would be the case if all 3 kg were removed), we see that f (x) must be greater than (or equal to) 0%.

On the other hand, no matter how much copper we add, the alloy will always contain 6 kg of tin. Thus, we can never

obtain a pure, 100%-copper alloy. This means that if y = f (x),

0% ≤ y < 100%,

or

0 ≤ y < 1.
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(b) By definition, f (x) is the percentage of copper in the bronze alloy after x kg of copper are added (or removed). We

have

Percentage of copper

in the bronze alloy
=

quantity of copper in the alloy

total quantity of alloy
.

Since x is the quantity of copper added or removed, this gives

f (x) =
initial quantity of copper + x

initial quantity of alloy + x
,

and since the original 9 kg of alloy contained 3 kg of copper, we have

f (x) =
3 + x

9 + x
.

(c) If we think of the formula f (x) = (3 + x)∕(9 + x) as defining a function, but not as a model of an alloy of bronze,

then the way we think about its domain and range changes. For example, we no longer need to ask, “Does this x-value

make sense in the context of the model?” We need only ask “Is f (x) algebraically defined for this value of x?” or “If

we use this x-value for input, will there be a corresponding y-value as output?”

For the domain of f , we see that y = (3 + x)∕(9 + x) is defined for any x-value other than x = −9. Thus, the

domain of f is any value of x such that x ≠ −9.

To find the range of this function, we solve y = f (x) for x in terms of y:

y =
3 + x

9 + x

y(9 + x) = 3 + x (multiply both sides by denominator)

9y + xy = 3 + x (expand parentheses)

xy − x = 3 − 9y (collect all terms with x at left)

x(y − 1) = 3 − 9y (factor out x)

x =
3 − 9y

y − 1
(divide by y − 1).

In solving for x, at the last step we had to divide by y−1. This is valid if and only if y ≠ 1, for otherwise we would be

dividing by zero. There is no x-value resulting in a y-value of 1. Consequently, the range of f is any value of y such

that y ≠ 1.

Notice the difference between this situation and the situation where f is being used as a model for bronze.

39. (a) If V = �r2ℎ and V = 355, then �r2ℎ = 355. So ℎ = (355)∕(�r2). Thus, since

A = 2�r2 + 2�rℎ,

we have

A = 2�r2 + 2�r
(
355

�r2

)
,

and

A = 2�r2 +
710

r
.

(b)

5 10

500

1000

✛ Minimum value of A

r (cm)

A (cm2)

A = s(r)

Figure 2.18: Graph of A(r) for 0 < r ≤ 10
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(c) The domain is any positive value or r > 0, because (in practice) a cola can could have as large a radius as you wanted

(it would just have to be very short to maintain its 12 oz size). From the graph in (b), the value of A is never less than

about 277.5 cm2. Thus, the range is A > 277.5 cm2 (approximately).

(d) They need a little more than 277.5 cm2 per can. The minimum A-value occurs (from graph) at r ≈ 3.83 cm, and since

ℎ = 355∕�r2, ℎ ≈ 7.7 cm.

(e) Since the radius of a real cola can is less than the value required for the minimum value of A, it must use more

aluminum than necessary. This is because the minimum value of A has r ≈ 3.83 cm and ℎ ≈ 7.7 cm. Such a can has a

diameter of 2r or 7.66 cm. This is roughly equal to its height—holding such a can would be difficult. Thus, real cans

are made with slightly different dimensions.

Solutions for Section 2.3

Skill Refresher

S1. Since the point zero is not included, this graph represents x > 0.

S2. Since the point −3 is included, the graph represents x ≤ −3.

S3. Since both end points of the interval are solid dots, this graph represents x ≥ 2 and x ≤ 3. Combining these two inequalities,

we have 2 ≤ x ≤ 3.

S4. Since the point zero is not included and the point 4 is included, this graph represents x > 0 and x ≤ 4. Combining these

two, we have 0 < x ≤ 4.

S5. Since both end points of the interval are solid dots, this graph represents x ≤ −1 or x ≥ 2.

S6. Since the point −1 is not included and the point 4 is included, this graph represents x < −1 or x ≥ 4.

S7. Since the point (1, 3) lies on the graph of f, we have f (1) = 3.

S8. Since the point (1, 1) lies on the graph of f, we have f (1) = 1.

S9. Since the point (1, 1) lies on the graph of f, we have f (1) = 1.

S10. Since there is no point on the graph of f with x = 1, we conclude that f (1) is undefined.

S11. Domain: 2 ≤ x < 6 and Range: 3 ≤ y < 5.

S12. Domain: 1 < x < 7 and Range: −8 < y < −1.

S13. Domain: −2 ≤ x ≤ 3 and range: −2 ≤ y ≤ 3.

S14. Domain: −2 ≤ x < 4 and Range: 1 ≤ y ≤ 5.

EXERCISES

1. f (x) =

{
−1, −1 ≤ x < 0

0, 0 ≤ x < 1

1, 1 ≤ x < 2

is shown in Figure 2.19.

−2 −1 1 2 3

−2

−1

1

2

x

y

✒
y = −1

✠

y = 0 ✠

y = 1

Figure 2.19
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2. f (x) =

{
x + 1, −2 ≤ x < 0

x − 1, 0 ≤ x < 2

x − 3, 2 ≤ x < 4

is shown in Figure 2.20.

−2 2 4

−1

1

❘

y = x + 1 ✠

y = x − 1

✛ y = x − 3

x

y

Figure 2.20

3. The graph of f (x) =

{
x + 4, x ≤ −2

2, −2 < x < 2

4 − x, x ≥ 2

is shown in Figure 2.21.

−2 2

❘
y = x + 4

✠
y = 4 − x

✠
y = 2

x

y

Figure 2.21

4. The graph of f (x) =

⎧
⎪⎨⎪⎩

x2, x ≤ 0√
x, 0 < x < 4

x∕2, x ≥ 4

is shown in Figure 2.22.

−2 4
x

y

❘
y = x2

■ y =
√
x

■
y =

x

2

Figure 2.22

5. We find the formulas for each of the lines. For the first, we use the two points we have, (1, 4) and (3, 2). We find the slope:

(2 − 4)∕(3 − 1) = −1. Using the slope of −1, we solve for the y-intercept:

4 = b − 1 ⋅ 1

5 = b.

Thus, the first line is y = 5 − x, and it is for the part of the function where x < 3. Notice that we do not use this formula

for the value x = 3.
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We follow the same method for the second line, using the points (3,
1

2
) and (5,

3

2
). We find the slope: (

3

2
−

1

2
)∕(5−3) =

1

2
.

Using the slope of
1

2
, we solve for the y-intercept:

1

2
= b +

1

2
⋅ 3

−1 = b.

Thus, the second line is y = −1 +
1

2
x, and it is for the part of the function where x ≥ 3.

Therefore, the function is:

y =

{
5 − x for x < 3

−1 +
1

2
x for x ≥ 3.

6. We find the formulas for each of the lines. For the first, we use the two points we have, (1, 6.5) and (3, 5.5). We find the

slope: (5.5 − 6.5)∕(3 − 1) = −
1

2
. Using the slope of −

1

2
, we solve for the y-intercept:

6.5 = b −
1

2
⋅ 1

7 = b.

Thus, the first line is y = 7 −
1

2
x, and it is for the part of the function where x ≤ 3.

We follow the same method for the second line, using the points (3, 2) and (5, 2). Noting that the y values are the

same, we know the slope is zero and that the line is y = 2 for the part of the function where 3 < x ≤ 5.

We follow the same method for the third line, using the points (5, 7) and (7, 3). We find the slope: (3−7)∕(7−5) = −2.

Using the slope of −2, we solve for the y-intercept:

3 = b − 2 ⋅ 7

17 = b.

Thus, the second line is y = 17 − 2x, and it is for the part of the function where x > 5.

Therefore, the function is:

y =

⎧⎪⎨⎪⎩

7 −
1

2
x for x ≤ 3

2 for 3 < x ≤ 5

17 − 2x for x > 5.

7. We find the formulas for each of the lines. For the first, we use the two points we have, (1, 3.5) and (3, 2.5). We find the

slope: (2.5 − 3.5)∕(3 − 1) = −
1

2
. Using the slope of −

1

2
, we solve for the y-intercept:

3.5 = b −
1

2
⋅ 1

4 = b.

Thus, the first line is y = 4 − 1

2
x, and it is for the part of the function where 1 ≤ x ≤ 3.

We follow the same method for the second line, using the points (5, 1) and (8, 7). We find the slope: (7−1)∕(8−5) = 2.

Using the slope of 2, we solve for the y-intercept:

1 = b + 2 ⋅ 5

−9 = b.

Thus, the second line is y = −9 + 2x, and it is for the part of the function where 5 ≤ x ≤ 8.

Therefore, the function is:

y =

{
4 −

1

2
x for 1 ≤ x ≤ 3

−9 + 2x for 5 ≤ x ≤ 8.
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8. We find the formulas for each of the lines. For the first, we use the two points we have, (1, 4) and (3, 2). We find the slope:

(2 − 4)∕(3 − 1) = −1. Using the slope of −1, we solve for the y-intercept:

4 = b − 1 ⋅ 1

5 = b.

Thus, the first line is y = 5 − x, and it is for the part of the function where x ≤ 3.

We follow the same method for the second line, using the points (3, 2) and (5, 4). We find the slope: (4−2)∕(5−3) = 1.

Using the slope of 1, we solve for the y-intercept:

4 = b + 1 ⋅ 5

−1 = b.

Thus, the second line is y = −1 + x, and it is for the part of the function where x ≥ 3.

Therefore, the function is:

y =

{
5 − x for x ≤ 3

−1 + x for x ≥ 3.

Notice that the value of y = 2 at x = 3 can be obtained from either formula.

Alternatively, this is the graph of the absolute value function,

y = |x − 3| + 2.

9. Since G(x) is defined for all x, the domain is all real numbers. For x < −1 the values of the function are all negative

numbers. For −1 ≥ x ≥ 0 the function’s values are 4 ≥ G(x) ≥ 3, while for x > 0 we see that G(x) ≥ 3 and the values

increase to infinity. The range is G(x) < 0 and G(x) ≥ 3.

10. Since F (x) is defined for all x, the domain is all real numbers. For x ≤ 1 the values of the function are −∞ ≤ F (x) ≤ 1,

while for x > 1 we see that 0 < F (x) < 1, so the range is F (x) ≤ 1.

11. We want to find all numbers x such that |x| = 5, or |x − 0| = 5. That is, we want the distance between x and 0 to be 5.

Thus, x must be five units to the left or five units to the right of 0; that is, x = −5 and x = 5 .

12. We want to find all numbers y such that 2|y| − 20 = 0. Adding 20 to both sides and then dividing by 2, this is equivalent

to |y| = 10 which we can rewrite as |y−0| = 10. This means we want the distance between y and 0 to be 10. Thus, y must

be ten units to the left or ten units to the right of 0; that is, y = −10 and y = 10 .

13. We want to find all numbers x such that |x − 3| = 7. That is, we want the distance between x and 3 to be 7. Thus, x must

be seven units to the left or seven units to the right of 3; that is, x = −4 and x = 10.

14. We want to find all numbers x such that 20 = 10|x − 5|. Dividing both sides by 10, this is equivalent to all all numbers x

such that 2 = |x − 5|. That is, we want the distance between x and 5 to be 2. Thus, x must be two units to the left or two

units to the right of 5; that is, x = 3 and x = 7.

15. We want to find all numbers x such that |y − 3| = 8 − |y − 3|. Subtracting |y − 3| from both sides, this is equivalent to

2|y− 3| = 8. Then, dividing both sides by 2, this is equivalent to |y− 3| = 4. That is, we want the distance between y and

3 to be 4. Thus, x must be four units to the left or four units to the right of 3; that is, x = −1 and x = 7.

16. We want to find all numbers y such that |2y − 6| = 8. That is, we want the distance between 2y and 6 to be 8. Thus, 2y

must be eight units to the left or eight units to the right of 6; that is,

2y = −2 or 2y = 14.

In the first case, y = −1; in the second, y = 7. So the values of y such that |2y − 6| = 8 are y = −1 and y = 7.

PROBLEMS

17. (a) Yes, because every value of x is associated with exactly one value of y.

(b) No, because some values of y are associated with more than one value of x.

(c) Only part (a) leads to a function. Its range is y = 1, 2, 3, 4.
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18. (a) Figures 2.24 and 2.23 show the two functions x and
√
x2. Because the two functions do not coincide for x < 0, they

cannot be equal. The graph of
√
x2 looks like the graph of |x|.

−4 −2 2 4

−4

−2

2

4

y = x

x

y

Figure 2.23

−4 −2 2 4

−4

−2

2

4

y =
√
x2

x

y

Figure 2.24

(b) Table 2.4 is the complete table. Because the two functions do not coincide for x < 0 they cannot be equal. The table

for
√
x2 looks like a table for of |x|.

Table 2.4

x −5 −4 −3 −2 −1 0 1 2 3 4 5√
x2 5 4 3 2 1 0 1 2 3 4 5

(c) If x > 0, then
√
x2 = x, whereas if x < 0 then

√
x2 = −x. This is the definition of |x|. Thus we have shown√

x2 = |x|.
(d) We see nothing because

√
x2 − |x| = 0, and the graphing calculator or computer has drawn a horizontal line on top

of the x-axis.

19. (a) Figure 2.25 shows the function u(x). Some graphing calculators or computers may show a near-vertical line close to

the origin. The function seems to be −1 when x < 0 and 1 when x > 0.

−5 −3 −1 1 3 5

−1

1

x

y

Figure 2.25

(b) Table 2.5 is the completed table. It agrees with what we found in part (a). The function is undefined at x = 0.

Table 2.5

x −5 −4 −3 −2 −1 0 1 2 3 4 5

|x|∕x −1 −1 −1 −1 −1 1 1 1 1 1

(c) The domain is all x except x = 0. The range is −1 and 1.

(d) u(0) is undefined, not 0. The claim is false.
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20. (a) Since −2 < 0, we choose the formula g(x) = −1, getting g(−2) = −1. Since 2 ≥ 0, we choose the formula g(x) = x3,

getting g(2) = 23 = 8. The value x = 0 is the place on the x-axis, where we switch from one formula to the other. But

the equal sign is attached to the formula for g(x) = x3, so g(0) = 03 = 0.

(b) By graphing g we can see in Figure 2.26 that the domain includes the entire x-axis. On the vertical axis the only

negative value is −1, so the range is g(x) ≥ 0 and g(x) = −1.

−2 −1

1 2

1

8

g(x) = −1

g(x) = x3

x

Figure 2.26

21. (a) Since zero lies in the interval −1 ≤ x ≤ 1, we find the function value from the formula f (x) = 3x. This gives

f (0) = 3 ⋅ 0 = 0. To find f (3), we first note that x = 3 lies in the interval 1 < x ≤ 5, so we find the function value

from the formula f (x) = −x + 4. The result is f (3) = −3 + 4 = 1.

(b) By graphing f we can see in Figure 2.27 that the combined domain is −1 ≤ x ≤ 5 and the range is −3 ≤ f (x) ≤ 3.

−1 1 3 5

−3

3

f (x) = 3x

f (x) = −x + 4

x

y

Figure 2.27

22. (a) We have f (−2) =
1

−2
= −

1

2
and f (2) =

√
2.

(b) For x ≥ −1, we have f (x) ≥ 0, because
√
x and x2 are always non-negative. For x < −1, we see 1∕x is between −1

and 0, thus the range is f (x) > −1.

23. The statement

y = x2 for x less than zero, and y = x − 1 for x greater than or equal to zero

can be condensed to y =

{
x2 for x < 0

x − 1 for x ≥ 0

24. (a) Let y = f (x) be the cost of a stripping and refinishing job for a floor which is x square feet in area. When the area is

less than or equal to 150 square feet, the price is $1.83 times the number of square feet. Thus, for x-values up through

150, we have f (x) = 1.83x. However, if the area is more than 150 square feet, the extra cost of toxic waste disposal

is added, giving f (x) = 1.83x + 350. The maximum total area for a job is 1000 square feet, so the formula is

f (x) =

{
1.83x, 0 ≤ x ≤ 150

1.83x + 350, 150 < x ≤ 1000

(b) The graph is in Figure 2.28. Note that when x = 150 sq ft, y = 1.83(150) = $274.5. When x goes above 150 sq ft,

the cost jumps by $350 to $624.5.
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150 500 1000

274.5

624.5

2180

x

y

Figure 2.28

No floor has a negative area and the company will refinish any floor whose area is less than or equal to 1000

square feet, so

Domain is 0 ≤ x ≤ 1000.

As the size of the floor gets bigger, the cost increases. The smallest value of the range occurs when x = 0 and the

largest value occurs when x = 1000. So the smallest value is f (0) = 0 and the largest is f (1000) = 2180. There is a

gap, though, in the values of the range. The value of f (x) jumps from 274.5, when x = 150, to more than 624.5 when

x is just slightly more than 150. Putting all these pieces together, we have

Range is 0 ≤ y ≤ 274.5 or 624.5 < y ≤ 2180.

25. (a) Upon entry, the cost is $2.50. The tax surcharge of $0.50 is added to the fare. So, the initial cost will be $3.00. The

cost for the first 1∕5 mile adds $0.50, giving a fare of $3.50. For a journey of 2∕5 mile, another $0.50 is added for a

fare of $4.00. Each additional 1∕5 mile gives another increment of $0.50. See Table 2.6.

Table 2.6

Miles 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Cost 3.00 3.50 4.00 4.50 5.00 5.50 6.00 6.50 7.00 7.50 8.00

(b) The table shows that the cost for a 1.2 mile trip is $6.00.

(c) From the table, the maximum distance one can travel for $7.00 is 1.6 miles.

(d) See Figure 2.29.

0.2 0.6 1 1.4 1.8 2

3

4

5

6

7

8

distance
(miles)

cost (dollars)

Figure 2.29

26. (a) The dots in Figure 2.30 represent the graph of the function.
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10 20 30 40 50

50

100

number
of people

cost (dollars)

Figure 2.30

(b) Since admission is charged for whole numbers of people between 1 and 50, the domain is the integers from 1 to 50.

The minimum cost is $40. The maximum occurs for 50 people and is $40 + 40($2) = $120. Since the lowest cost is

$40, and each additional person costs $2, the range only includes numbers which are multiples of 2. Thus, the range

is all the even integers from 40 to 120.

27. (a) The smaller the difference, the smaller the refund. The smallest possible difference is $0.01. This translates into a

refund of $1.00 + $0.01 = $1.01.

(b) Looking at the refund rules, we see that there are three separate cases to consider. The first case is when 10 times the

difference is less than $1. If the difference is more than 0 but less than 10c/, you will receive $1 plus the difference.

The formula for this is:

y = 1 + x for 0 < x < 0.10.

In the second case, 10 times the difference is between $1 and $5. This will be true if the difference is between 10c/ and

50c/. The formula for this is:

y = 10x + x for 0.10 ≤ x ≤ 0.50.

In the third case, 10 times the difference is more than $5. If the difference is more than 50c/, then you receive $5 plus

the difference or:

y = 5 + x for x > 0.50.

Putting these cases together, we get:

y =

{
1 + x for 0 < x < 0.1

10x + x for 0.1 ≤ x ≤ 0.5

5 + x for x > 0.5.

(c) We want x such that y = 9. Since the highest possible value of y for the first case occurs when x = 0.09, and

y = 1+ 0.09 = $1.09, the range for this case does not go high enough. The highest possible value for the second case

occurs when x = 0.5, and y = 10(0.5) + 0.5 = $5.50. This range is also not high enough. So we look to the third case

where x > 0.5 and y = 5 + x. Solving 5 + x = 9, we find x = 4. So the price difference would have to be $4.

(d) See Figure 2.31.

0.1 0.5 1

1

2

3

4
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Figure 2.31
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28. (a) See Table 2.7. Note that the cost is in fractions of a cent, so answers are rounded to the nearest cent.

Table 2.7

kWh 0 5 10 15 20 25 30 35 40

Cost in dollars 0.17 0.55 0.93 1.32 1.92 2.57 3.22 3.88 4.53

(b) In dollars, C(n) =

{
0.1661 + 0.0768n, 0 ≤ n ≤ 16

1.3949 + 0.1306(n − 16), n > 16

(c) The formula gives a cost of $3.62 for 33 kWh usage.

(d) Since 33 kWh cost $3.62 , we use the formula for n > 16 and solve

4 = 1.3949 + 0.1306(n − 16),

giving n = 35.947.

29. (a) Figure 2.32 shows the rates for off peak periods of the year. Figure 2.33 shows the rates for holiday periods (Dec

12–Jan 1, Jan 14–16, Feb 17–26).

7 13 20 65

70

40

58

75

age
(years)

cost ($)

Figure 2.32: Regular

7 13 20 65

70

46

65

83

age
(years)

cost ($)

Figure 2.33: Holiday rates

(b) The holiday rate for juniors increases by $6, for Teens and Seniors by $7, but for Adults the increase is $8.

(c) See Figure 2.34.

Dec
12

Jan
2

Jan
14

Jan
17

Feb
17

Feb
27

75
83

date
2016-2017

cost ($)

Figure 2.34: Cost as a function of 2016/2017 dates for Adults

(d) Rates through 11 December and after 27 February represent early-season and late-season rates, respectively; these

are off-peak rates, since it makes economic sense to cut rates when there are fewer skiers. Holiday rates took effect

from 12 December through 1 January because of the Christmas/New Year’s holiday; they took effect from 14 January

through 16 January for Martin Luther King’s holiday; they took effect from 17 February through 26 February for

the Presidents’ Week holiday; it makes economic sense to charge peak rates during the holidays, as more skiers are

available to use the facility. Other times represent rates during the heart of the winter skiing season; these are the

regular rates.
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30. (a) We have f (x) =

{
x2 − 4 for x2 − 4 ≥ 0

−(x2 − 4) for x2 − 4 < 0
or

f (x) =

⎧
⎪⎨⎪⎩

x2 − 4 for x ≤ −2

4 − x2 for −2 < x < 2

x2 − 4 for x ≥ 2

.

(b) See Figure 2.35.

−2 2

2

6

y = f (x)

x

y

Figure 2.35

31. (a) We have f (x) =

{
2x − 6 for 2x − 6 ≥ 0

−(2x − 6) for 2x − 6 < 0
or

f (x) =

{
2x − 6 for x ≥ 3

6 − 2x for x < 3
.

(b) See Figure 2.36.

2 4 6

4

8

y = f (x)

x

y

Figure 2.36

Solutions for Section 2.4

Skill Refresher

S1. Substituting x = 4 into f (x), we have f (4) =
√
4 = 2.

S2. Substituting x = 4 into g(x), we have g(4) =
√
4+ 6 = 8. Notice that g(x) is a vertical shift of f (x) =

√
x up 6 units, and

thus the point (4, 2) on the graph of f (x) has been shifted to the point (4, 8) on the graph of g(x).

S3. Substituting x = 4 into ℎ(x), we have ℎ(4) =
√
4−3 = −1. Notice that ℎ(x) is a vertical shift of f (x) =

√
x down 3 units,

and thus the point (4, 2) on the graph of f (x) has been shifted to the point (4,−1) on the graph of ℎ(x).

S4. Substituting x = 4 into k(x), we have k(4) =
√
4 + 5 =

√
9 = 3. Notice that k(x) is a horizontal shift of f (x) =

√
x to

the left by 5 units.

S5. We have

f (x + 1) = 1 + 3(x + 1) = 1 + 3x + 3 = 4 + 3x,

and

f (x) + 1 = (1 + 3x) + 1 = 2 + 3x.
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S6. We have

f (x + 1) =
√
(x + 1) + 2 =

√
x + 3,

and

f (x) + 1 =
√
x + 2 + 1.

S7. We have

f (x + 1) = (x + 1)2 + (x + 1) + 1 = x2 + 2x + 1 + x + 1 + 1 = x2 + 3x + 3,

and

f (x) + 1 = (x2 + x + 1) + 1 = x2 + x + 2.

S8. We have

f (x + 1) =
1

x + 1
,

and

f (x) + 1 =
1

x
+ 1 =

1

x
+

x

x
=

1 + x

x
.

S9. The solutions are

x = −2 and x = 2.

S10. The equation is x2 = 9, so solutions are x = −3 and x = 3.

S11. The solutions are x − 1 = −2 and x − 1 = 2, giving

x = −1 and x = 3.

S12. The solutions are x + 1 = −2 and x + 1 = 2, giving

x = −3 and x = 1.

S13. This appears to be f shifted up 2 units, so this is a vertical shift.

S14. This appears to be f shifted to the left 2 units, so this is a horizontal shift.

S15. A shift does not change the shape or scale of the graph, but only moves it as a rigid object to a different location in the

coordinate system. This appears to be f reflected over the x-axis, which is not a shift of f .

S16. This appears to be f shifted down one unit, so this is a vertical shift of f .

S17. This appears to be f shifted to the right one unit, so this is a horizontal shift of f .

S18. A shift does not change the shape or scale of the graph, but only moves it as a rigid object to a different location in the

coordinate system. Since this graph has a different shape than f , it is not a shift of f .

S19. This appears to be the graph of f shifted up one unit and to the right 2 units. It appears to be both a vertical and a horizontal

shift of f .

S20. This appears to be the graph of f shifted up one unit and to the left 2 units. It appears to be both a vertical and a horizontal

shift of f .

EXERCISES

1. (a)
x −1 0 1 2 3

g(x) −3 0 2 1 −1

The graph of g(x) is shifted one unit to the right of f (x).
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(b)
x −3 −2 −1 0 1

ℎ(x) −3 0 2 1 −1

The graph of ℎ(x) is shifted one unit to the left of f (x).

(c)
x −2 −1 0 1 2

k(x) 0 3 5 4 2

The graph k(x) is shifted up three units from f (x).

(d)
x −1 0 1 2 3

m(x) 0 3 5 4 2

The graph m(x) is shifted one unit to the right and three units up from f (x).

2. The graph of y = f (x + 3) + 3 is the graph of f shifted left by 3 units and up by 3 units. See Figure 2.37.

−5 3

−4

4

x

y

Figure 2.37: Graph of y = f (x + 3) + 3

3. See Figure 2.38.

−2 2 4

5

x

y

Figure 2.38

4. See Figure 2.39.
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Figure 2.39
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5. See Figure 2.40.

1 2 3 4 5 6 7
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y

Figure 2.40

6. See Figure 2.41.
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y

Figure 2.41

7. (a) The translation f (x)+5moves the graph up 5 units. The x-coordinate is not changed, but the y-coordinate is−4+5 = 1.

The new point is (3, 1).

(b) The translation f (x + 5) shifts the graph to the left 5 units. The y-coordinate is not changed, but the x-coordinate is

3 − 5 = −2. The new point is (−2,−4).

(c) This translation shifts both the x and y coordinates, 3 units right and 2 units down, resulting in (6,−6).

8. The translation shifts the graph to the right 2 units, so the new domain is 0 < x < 9.

9. The range shifts the graph down 150 units, so the new range is −50 ≤ R(s) − 150 ≤ 50.

10. (a) (i) To evaluate f (x) for x = 6, we find from the table the value of f (x) corresponding to an x-value of 6. In this

case, the corresponding value is 248. Thus, f (x) at x = 6 is f (6) = 248.

(ii) The value of f (5) is the value of f (x) corresponding to x = 5, or 145. Thus, f (5) − 3 = 145 − 3 = 142.

(iii) Since f (5−3) is the same thing as f (2), the value of f (x) corresponding to x = 2, we have f (5−3) = f (2) = 4.

(iv) Since g(x) + 6 for x = 2 equals g(2) + 6 and g(2) is the value of g(x) corresponding to an x-value of 2, we have

g(2) = 6 and g(2) + 6 = 6 + 6 = 12.

(v) We have g(x+6) for x = 2, which is g(2+6) = g(8). Looking at the table, we see that g(8) = 378. Thus, g(x+6)

for x = 2 equals 378.

(vi) Since g(x) for x = 0 equals g(0) = −6, we have 3 ⋅ (g(0)) = 3 ⋅ (−6) = −18.

(vii) Since f (3x) for x = 2 equals f (3 ⋅ 2) = f (6), we know from part (a) that f (6) = 248. Thus, f (3x) for x = 2

equals 248.

(viii) Since f (x)−f (2) for x = 8 equals f (8)−f (2), we have f (8) = 574 and f (2) = 4, so f (8)−f (2) = 574−4 = 570.

(ix) Since g(x + 1) − g(x) for x = 1 equals g(1 + 1) − g(1) = g(2) − g(1) and we have g(2) = 6 and g(1) = −7, we

have g(2) − g(1) = 6 − (−7) = 6 + 7 = 13.

(b) (i) To find x such that g(x) = 6, we look for the entry in the table at which g(x) = 6 and then see what the

corresponding x-value is. In this case, it is 2. Thus, g(x) = 6 for x = 2.

(ii) We use the same principle as that in part (i): f (x) = 574 when x = 8.

(iii) Again, this is just like part (i): g(x) = 281 when x = 7.

(c) Solving x3 + x2 + x − 10 = 7x2 − 8x − 6 involves finding those values of x for which both sides of the equation are

equal, or where f (x) = g(x). Looking at the table, we see that f (x) = g(x) = −7 for x = 1, and f (x) = g(x) = 74

for x = 4.
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PROBLEMS

11. The graph in Figure 2.34 is a result of shifting the function in Figure 2.33 right 2 units and down 6 units. Thus y =

f (x − 2) − 6 is a formula for the function in Figure 2.34.

12. (a) This graph is the graph of m(r) shifted upwards by two units. Thus, the formula for n(r) is

n(r) = m(r) + 2.

(b) This graph is the graph of m(r) shifted to the right by one unit. Thus, the formula for p(r) is

p(r) = m(r − 1).

(c) This graph is the graph of m(r) shifted to the left by 1.5 units. Thus, the formula for k(r) is

k(r) = m(r + 1.5).

(d) This graph is the graph of m(r) shifted to the right by 0.5 units and downwards by 2.5 units. Thus, the formula for

w(r) is

w(r) = m(r − 0.5) − 2.5.

13. (a) The translation should leave the x-coordinate unchanged, and shift the y-coordinate up 3; so y = g(x) + 3.

(b) The translation should leave the y-coordinate unchanged, and shift the x-coordinate right by 2; so y = g(x − 2).

14. (a) Notice that the value of ℎ(x) at every value of x is 2 less than the value of f (x) at the same x value. Thus

ℎ(x) = f (x) − 2.

(b) Observe that g(0) = f (1), g(1) = f (2), and so on. In general,

g(x) = f (x + 1).

(c) The values of i(x) are two less than the values of g(x)at the same x value. Thus

i(x) = f (x + 1) − 2.

15. Notice that w reaches its maximum value of y = 13 at x = 5, whereas v reaches its maximum value of y = 20 at x = 0.

Since we know that w is a transformation of v, this suggests that the graph of w is the graph of v shifted to the right by 5

units and down by 7 units:

w(x) = v(x − 5) − 7.

Thus, ℎ = 5 and k = −7. Checking our answer for x = 3 and x = 4, we see that

w(3) = v(3 − 5) − 7 = v(−2)
⏟⏟⏟

11

−7 = 4

w(4) = v(4 − 5) − 7 = v(−1)
⏟⏟⏟

17

−7 = 10,

and so on, as required.

16. At t = 3 months, Jonah’s weight is

V = s(3) + 2.

Since s(3) is the average weight of a 3-month old boy, we see that at 3 months, Jonah weighs 2 pounds more than average.

Similarly, at t = 6 months we have

V = s(6) + 2,

which means that, at 6 months, Jonah weighs 2 pounds more than average. In general, Jonah weighs 2 pounds more than

average for babies of his age.
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17. Since W = s(t + 4), at age t = 3 months Ben’s weight is given by

W = s(3 + 4) = s(7).

We defined s(7) to be the average weight of a 7-month old baby. At age 3 months, Ben’s weight is the same as the average

weight of 7-month old babies. Since, on average, a baby’s weight increases as the baby grows, this means that Ben is

heavier than the average for a 3-month old. Similarly, at age t = 6, Ben’s weight is given by

W = s(6 + 4) = s(10).

Thus, at 6 months, Ben’s weight is the same as the average weight of 10-month old babies. In both cases, we see that

Ben is above average in weight.

18. (a) P (t) + 100 describes a population that is always 100 people larger than the original population.

(b) P (t + 100) describes a population that has the same number of people as the original population, but the number

occurs 100 years earlier.

19. Since the +3 is an outside change, this transformation shifts the entire graph of q(z) up by 3 units. That is, for every z, the

value of q(z) + 3 is three units greater than q(z).

20. Since the −a is an outside change, this transformation shifts the entire graph of q(z) down by a units. That is, for every z,

the value of q(z) − a is a units less than q(z).

21. Since this is an inside change, the graph is four units to the left of q(z). That is, for any given z value, the value of q(z+4)

is the same as the value of the function q evaluated four units to the right of z (at z + 4).

22. Since this is an inside change, the graph is a units to the right of q(z). That is, for any given z value, the value of q(z − a)

is the same as the value of the function q evaluated a units to the left of z (at z − a).

23. From the inside change, we know that the graph is shifted b units to the left. From the outside change, we know that it is

shifted a units down. So, for any given z value, the graph of q(z + b) − a is b units to the left and a units below the graph

of q(z).

24. From the inside change, we know that the graph is shifted 2b units to the right. From the outside change, we know that it

is shifted ab units up. So, for any given z value, the graph of q(z − 2b) + ab is 2b units to the right and ab units above the

graph of q(z).

25. (a) There are many possible graphs, but all should show seasonally related cycles of temperature increases and decreases,

as in Figure 2.42.

365

20

40

60

80

T (d)

d

Temperature, ◦F

Figure 2.42

(b) While there are a wide variety of correct answers, the value of T (6) is a temperature for a day in early January, T (100)

for a day in mid-April, and T (215) for a day in early August. The value for T (371) = T (365 + 6) should be close to

that of T (6).

(c) Since there are usually 365 days in a year, T (d) and T (d + 365) represent average temperatures on days which are a

year apart.

(d) T (d+365) is the average temperature on the same day of the year a year earlier. They should be about the same value.

Therefore, the graph of T (d + 365) should be about the same as that of T (d).

(e) The graph of T (d) + 365 is a shift upward of T (d), by 365 units. It has no significance in practical terms, other than

to represent a temperature that is 365◦ hotter than the average temperature on day d.
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26. (a) On day d, high tide in Tacoma, T (d), is 1 foot higher than high tide in Seattle, S(d). Thus, T (d) = S(d) + 1.

(b) On day d, height of the high tide in Astoria equals high tide of the previous day, i.e. d − 1, in Seattle. Thus, A(d) =

S(d − 1).

27. Subtract the normal temperature from the thermometer reading. The fever is

f (t) = H(t) − 37 degrees.

Solutions for Section 2.5

Skill Refresher

S1.

5
(
1

5
x − 1

)
+ 5 = x − 5 + 5

= x.

S2.

4x2 + 4x + 1 − 4 = 4x2 + 4x − 3.

S3. We have

3(y − 2)2 − 7 = 3(y2 − 4y + 4) − 7

= 3y2 − 12y + 12 − 7

= 3y2 − 12y + 5.

S4. We have (1 − t)2 − (1 − t) = 1 − 2t + t2 − 1 + t = t2 − t.

S5. Adding 4 to both sides and dividing by 3, we get y =
x+4

3
.

S6. First we subtract 4x from both sides:

4x − 3y − 4x = 7 − 4x

−3y = 7 − 4x

y =
7 − 4x

−3
.

S7. First we multiply both sides by y − 2 and get x(y − 2) = 2y + 1.

xy − 2x = 2y + 1

xy − 2y = 2x + 1

y(x − 2) = 2x + 1

y =
2x + 1

x − 2
.

S8. First we multiply both sides by 1 − y and get x(1 − y) = 4y.

x − xy = 4y

−xy − 4y = −x

y(−x − 4) = −x

y =
−x

−x − 4

y =
x

x + 4
.
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S9. Adding 2 to both sides, we get
√
y = x + 2. Squaring both sides, we get

y = (x + 2)2 = x2 + 4x + 4.

S10. Add 4 to both sides and take the cube root to obtain y =
3
√
x + 4.

S11. Add (2y)3 to both sides and subtract x from both sides to get

(2y)3 = 5 − x

2y =
3
√
5 − x

y =

3
√
5 − x

2
.

EXERCISES

1. We use 5x + 3 as the input in the f function:

f (5x + 3) = 2(5x + 3) − 1 = 10x + 6 − 1 = 10x + 5.

2. We use x + 5 as the input in the f function:

f (x + 5) = (x + 5)2 + 3 = x2 + 10x + 25 + 3 = x2 + 10x + 28.

3. We use 3x − 1 as the input in the f function:

f (3x − 1) = (3x − 1)2 + 4(3x − 1) + 6 = (9x2 − 6x + 1) + 12x − 4 + 6 = 9x2 + 6x + 3.

4. We use x − 3 as the input in the f function:

f (x − 3) = 2(x − 3)2 + (x − 3) + 5 = 2(x2 − 6x + 9) + (x − 3) + 5 = 2x2 − 12x + 18 + x − 3 + 5 = 2x2 − 11x + 20.

5. f (g(0)) = f (1 − 02) = f (1) = 3 ⋅ 1 − 1 = 2.

6. g(f (0)) = g(3 ⋅ 0 − 1) = g(−1) = 1 − (−1)2 = 0.

7. g(f (2)) = g(3 ⋅ 2 − 1) = g(5) = 1 − (5)2 = −24.

8. f (g(2)) = f (1 − 22) = f (−3) = 3(−3) − 1 = −10.

9. f (g(x)) = f (1 − x2) = 3(1 − x2) − 1 = 2 − 3x2.

10. g(f (x)) = g(3x − 1) = 1 − (3x − 1)2 = 1 − (9x2 − 6x + 1) = −9x2 + 6x.

11. f (f (x)) = f (3x − 1) = 3(3x − 1) − 1 = 9x − 4.

12. g(g(x)) = g(1 − x2) = 1 − (1 − x2)2 = 2x2 − x4.

13. Since g(0) = 1, we have f (g(0)) = f (1) = −4.

14. Since f (3) = −2, we have g(f (3)) = g(−2) = 3.

15. Since g(1) = 3, we have g(g(1)) = g(3) = 0.

16. Since g(−4) = 4, we have f (g(−4)) = f (4) = 0.

17. We begin by evaluating the inside function and see from the graph that g(2) = 0. We then substitute 0 for g(2) in the

expression, giving

f (g(2)) = f (0) = 1.

18. We begin by evaluating the inside function and see from the graph that g(−1) = 3. We then substitute 3 for g(−1) in the

expression, giving

f (g(−1)) = f (3) = 4.
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19. We begin by evaluating the inside function and see from the graph that f (−1) = 0. We then substitute 0 for f (−1) in the

expression, giving

g(f (−1)) = g(0) = 0.

20. We begin by evaluating the inside function and see from the graph that f (0) = 1. We then substitute 1 for f (0) in the

expression, giving

g(f (0)) = g(1) = −1.

21. A(f (t)) is the area, in square centimeters, of the circle at time t minutes.

22. R(f (p)) is the revenue, in millions of dollars, when the price of oil is p dollars/barrel.

23. C(A(d)) is the price of a pizza with diameter d.

24. The inverse function, f−1(P ), gives the year in which population is P million. Units of f−1(P ) are years.

25. The inverse function, f−1(T ), gives the temperature in ◦F needed if the cake is to bake in T minutes. Units of f−1(T ) are
◦F.

26. The inverse function, f−1(N), is the number of days for N inches of snow to fall. Units of f−1(N) are days.

27. The inverse function, C−1(x), gives the weight in ounces of x calories of almonds.

28. The inverse function, P −1(c), gives the diameter in inches of a pizza costing c dollars.

29. The domain of f−1(y) is the range of f (x), that is, all numbers between −3 and 2. Thus:

Domain of f−1(y): − 3 ≤ all real numbers ≤ 2.

The range of f−1(y) is the domain of f (x), that is all numbers between −2 and 3. Thus:

Range of f−1(y): − 2 ≤ all real numbers ≤ 3.

30. The domain of f−1(y) is the range of f (x), that is, all numbers between −6 and 4. Thus:

Domain of f−1(y): − 6 ≤ all real numbers ≤ 4.

The range of f−1(y) is the domain of f (x), that is all numbers between −6 and 9. Thus:

Range of f−1(y): − 6 ≤ all real numbers ≤ 9.

31. The domain of f−1(y) is the range of f (x), that is, all numbers between 1 and about 4.5. Thus, we estimate:

Domain of f−1(y): 1 ≤ all real numbers ≤ 4.5.

The range of f−1(y) is the domain of f (x), that is all numbers between 0 and 6. Thus:

Range of f−1(y): 0 ≤ all real numbers ≤ 6.

32. The domain of f−1(y) is the range of f (x), that is, all numbers between 0 and about 5.2. Thus:

Domain of f−1(y): 0 ≤ all real numbers ≤ 5.2.

The range of f−1(y) is the domain of f (x), that is all numbers between 1 and 6. Thus:

Range of f−1(y): 1 ≤ all real numbers ≤ 6.

33. Since y = 2t + 3, solving for t gives

2t + 3 = y

t =
y − 3

2

f−1(y) =
y − 3

2
.
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34. Since y = 3x − 7, solving for x gives

3x − 7 = y

x =
y + 7

3

f−1(y) =
y + 7

3
.

35. Since y = x3 + 1, solving for x gives

x3 + 1 = y

x3 = y − 1

x = (y − 1)1∕3

f−1(y) = (y − 1)1∕3.

36. Since Q = x3 + 3, solving for x gives

x3 + 3 = Q

x3 = Q − 3

x = (Q − 3)1∕3

f−1(Q) = (Q − 3)1∕3

37. Since A = �r2, solving for r gives

A

�
= r2

√
A

�
= r

r = f−1(A) =

√
A

�
.

38. Since y = 1 +
1

s
, solving for s gives

y − 1 =
1

s
1

y − 1
= s

g−1(y) =
1

y − 1
.

39. Since P =
3x

2x + 1
, solving for x gives

3x

2x + 1
= P

3x = 2xP + P

3x − 2xP = P

x(3 − 2P ) = P

x =
P

3 − 2P

.f−1(P ) =
P

3 − 2P
.
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40. We have

f (4) = 5 ⋅ 4 = 20.

To find f−1(15), we find the value of x giving f (x) = 15. If 15 = 5x, then x = 15∕5 = 3. Thus, f−1(15) = 3.

41. We have

k(3) = 4(3) − 10 = 12 − 10 = 2.

To find k−1(14), we find the value of x so that k(x) = 14. If 14 = 4x − 10, then 24 = 4x so x = 6. Thus, k−1(14) = 6.

42. We have

ℎ
(
−
1

2

)
=

−1∕2

4
+ 2 = −

1

8
+ 2 =

15

8
.

If 8 = x∕4 + 2, then x∕4 = 6, so x = 24. Thus, ℎ−1(8) = 24.

43. We have

g
(
3

2

)
= 2

(
3

2

)3

− 1 =
23

4

If −17 = 2x3 − 1, then x3 = −8, so x = −2. Thus, g−1(−17) = −2.

44. (a) Since the vertical intercept of the graph of f is (0, 1.5), we have f (0) = 1.5.

(b) Since the horizontal intercept of the graph of f is (2.2, 0), we have f (2.2) = 0.

(c) The function f−1 goes from y-values to x-values, so to evaluate f−1(0), we want the x-value corresponding to y = 0.

This is x = 2.2, so f−1(0) = 2.2.

(d) Solving f−1(?) = 0 means finding the y-value corresponding to x = 0. This is y = 1.5, so f−1(1.5) = 0.

45. (a) Since the vertical intercept of the graph of f is (0, b), we have f (0) = b.

(b) Since the horizontal intercept of the graph of f is (a, 0), we have f (a) = 0.

(c) The function f−1 goes from y-values to x-values, so to evaluate f−1(0), we want the x-value corresponding to y = 0.

This is x = a, so f−1(0) = a.

(d) Solving f−1(?) = 0 means finding the y-value corresponding to x = 0. This is y = b, so f−1(b) = 0.

PROBLEMS

46. We solve the equation C = g(x) = 600 + 45x for x. Subtract 600 from both sides and divide both sides by 45 to get

x =
1

45
(C − 600).

So

g−1(C) =
1

45
(C − 600).

47. (a) f (60) = 30. A car traveling at 60 km/hr needs 30 meters to stop.

(b) f (70) should be between f (60) = 30 and f (80) = 50, so we estimate 40 meters.

(c) f−1(70) = 100 because f (100) = 70. A car that took 70 meters to stop was traveling at 100 km/hr.

48. (a) f (2) = 4.44 means that 2 pounds of apples cost $4.44.

(b) f (0.5) = 1.11 means that 1∕2 pound of apples cost $1.11.

(c) f−1(2.22) = 1 means that $2.22 buys 1 pound.

(d) f−1(11.10) = 5 means that $11.10 buys 5 pounds of apples.

49. (a) Since k(2) = 1, we have ℎ(k(2)) = ℎ(1) = 3.

(b) Since ℎ(2) = −1, we have k(ℎ(2)) = k(−1) = 2. Notice that ℎ(k(2)) ≠ k(ℎ(2)).

(c) Since k(0) = 5, we have ℎ(k(0)) = ℎ(5). We cannot find ℎ(k(0)) since Table 2.24 does not give the value of ℎ(5).

Notice that this does not mean ℎ(k(0)) does not exist, just that we do not have enough information to find it.

50. Since

n =
A

250
,

solving for A gives

A = 250n.

Thus, A = f−1(n) = 250n.

Functions Modeling Change A Preparation for Calculus 6th edition Connally Solutions Manual

https://testbank.online/books/9781119498315-solutions


2.5 SOLUTIONS 129

51. Since n = f (A), in f (100) we have A = 100 ft2. Evaluating f (100) tells us how much paint is needed for 100 ft2. Since

n = f (100) =
100

250
= 0.4,

it takes 0.4 gallon of paint to cover 100 ft2.

In f−1(100), the 100 is the number of gallons, so f−1(100) represents the area which can be painted by 100 gallons:

A = f−1(100) = 250 ⋅ 100 = 25,000 ft2.

52. Since f (A) = A∕250 and f−1(n) = 250n, we have

f−1(f (A)) = f−1
(

A

250

)
= 250

A

250
= A.

f (f−1(n)) = f (250n) =
250n

250
= n.

To interpret these results, we use the fact that f (A) gives the number of gallons of paint needed to cover an area A, and

f−1(n) gives the area covered by n gallons. Thus f−1(f (A)) gives the area which can be covered by f (A) gallons; that is,

A square feet. Similarly, f (f−1(n)) gives the number of gallons needed for an area of f−1(n); that is, n gallons.

53. (a) Since m is the number of daily miles driven, the domain of f (m) is all numbers greater than or equal to 0 and up to

500, the maximum number of miles we can drive in a day. This is also the range of of f−1(C). Thus:

Range of f−1(C): 0 ≤ all integer numbers ≤ 500.

The domain of f−1(C) is the range of f (m), or the cost of driving 0 or more daily miles after renting the car. The base

rental cost is 32 dollars regardless of miles driven. We also pay, at most, 32 + 0.19(500) = 127 dollars (the cost of

driving 500 miles). Thus, the domain of f−1(C) is:

Domain of f−1(C): 32 ≤ all real numbers ≤ 127.

(b) We solve the equation C = f (m) = 32+0.19m for d. Subtract 32 from both sides and divide both sides by 0.19 to get

m =
1

0.19
(C − 32).

So

f−1(C) =
100

19
(C − 32).

54. (a) To find values of f , read the table from top to bottom, so

(i) f (0) = 2 (ii) f (1) = 0.

To find values of f−1, read the table in the opposite direction (from bottom to top), so

(iii) f−1(0) = 1 (iv) f−1(2) = 0.

(b) Since the values (0, 2) are paired in the table, we know f (0) = 2 and f−1(2) = 0. Thus, knowing the answer to (i)

(namely, f (0) = 2) tells us the answer to (iv). Similarly, the answer to (ii), namely f (1) = 0, tells us that the values

(1, 0) are paired in the table, so f−1(0) = 1 too.

55. The inside function is g(t), so we begin by finding g(13) = 9. So on January 13, the mean temperature was T = 9◦F.

The outside function is f (T ), so we substitute 9 in for g(13), giving f (9). From the table, we see that f (9) = 35. This

means that the cost to heat the house on a 9-degree day is C = $35.

The expression f (g(13)) gives the cost of heating the house on January 13.

56. In order to determine the cost of heating the house, we need to know the mean temperature of the day, so we need f (T )

for the value of T on January 11. In order to find that value, we use our temperature function, T = g(t). On January 11,

T = g(11), and thus cost is C = f (g(11)). From the table, we see that g(11) = 39, so, using the cost table

C = f (g(11)) = f (39) = 8.

Thus, on January 11, it cost $8 to heat the house.
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57. We begin by observing that C = f (T ). When C = 25, we see in the table that T = 18◦F. Since T = g(t), we look for

an entry in the other table where T = 18, and we see that t = 12. So 25 = f (g(12)), and it cost $25 to heat the house on

January12.

58. From the second table, we see that the bearing strength is w = 3200 lbs at a thickness of n = 8 inches, and from the first

table, the thickness is n = 8 inches after t = 6 days. Therefore, it will take 6 days for the ice to have a bearing strength of

3200 lbs.

59. According to the tables, on day t = 6, the thickness is n = 8 inches so the ice can bear 3200 lbs, and on day t = 7, the

thickness is n = 9 inches, so the ice can bear 4000 lbs. Thus, the ice can bear 4000 − 3200 = 800 lbs more weight on day

7 than on day 6.

60. From the first table, we see f (3) = 5, and so from the second table, we have g(f (3)) = g(5) = 1200. This tells us that

after 3 days, when the ice is 5 inches thick, the bearing strength is 1200 lbs.

61. From the first table, we see f (7) = 9, and so from the second table, we have g(f (7)) = g(9) = 4000. This tells us after 7

days, when the ice is 9 inches thick, the bearing strength is 4000 lbs.

62. We have f (6000) = 7489 − 6000 = 1489. This tells us that if the weight of the hot air is W = 6000 lbs, the balloon’s lift

is L = 1489 lbs.

63. We have g(200) =
3969000

200+460
= 6013.6. This tells us that if the temperature of the hot air inside the balloon is 200◦ F, the

air’s weight is W = 6013.6 lbs.

64. We have g(225) =
3969000

225+460
= 5794.2, and so f (g(225)) = f (5794.2) = 7489 − 5794.2 = 1694.8. This tells us that if the

temperature of the hot air inside the balloon is H = 225◦ F, then the balloon’s lift is L = 1694.8 lbs.

65. At a temperature of H = 250◦ F, we have g(250) =
3969000

250+460
= 5590.1. This tells us that if the temperature of the hot air

inside the balloon is H = 250◦ F, the air’s weight is W = 5590.1 lbs. We can now use f (W ) to find the corresponding

lift. Specifically, when the weight is W = 5590.1 lbs, the balloon’s lift is f (5590.1) = 7489 − 5590.1 = 1898.9. Thus the

lift generated at the maximum operating temperature is L = 1898.9 lbs.

66. We have ℎ(1) = f (g(1)). From the table, we see g(1) = 0, so

ℎ(1) = f (g(1)) = f (0) = 1.

Similarly, we have

ℎ(2) = f (g(2)) = f (1) = 9.

The value for f (2) is still missing in the table. Since ℎ(x) = f (g(x)), to find a value for f (2), we first find a value of x

such that g(x) = 2. From the table, we see that g(0) = 2, so

ℎ(0) = f (g(0)) = f (2).

Since ℎ(0) = 5 we find that f (2) = 5.

x f (x) g(x) ℎ(x)

0 1 2 5

1 9 0 1

2 5 1 9

67. (a) j(ℎ(4)) = ℎ−1(ℎ(4)) = 4

(b) We don’t know j(4)

(c) ℎ(j(4)) = ℎ(ℎ−1(4)) = 4

(d) j(2) = 4

(e) We don’t know ℎ−1(−3)

(f) j−1(−3) = 5, since j(5) = −3

(g) We don’t know ℎ(5)

(h) (ℎ(−3))−1 =
(
j−1(−3)

)−1
= 5−1 = 1∕5

(i) We don’t know (ℎ(2))−1
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68. Since we can take the cube root of any number, the domain of t(a) is all real numbers. Since the range of t(a) is the domain

of its inverse function, we first compute the inverse of t(a). Let t(a) = y. Solving for a gives

y =
3
√
a + 1

y3 = a + 1

a = y3 − 1

t−1(y) = y3 − 1.

Since y3 − 1 is defined for any y, the domain of t−1(y) is all real numbers, hence the range of t(a) is all real numbers.

69. Since we can cube any number, the domain of n(r) is all real numbers. To find the range, we find the inverse function. Let

y = n(r). Solving for r, we get

y = r3 + 2

y − 2 = r3

r = (y − 2)1∕3

n−1(y) = (y − 2)1∕3.

Since the domain of n−1(y) is all real numbers, the range of n(r) is all real numbers.

70. To evaluate m(x), we must have x − 2 > 0. So the domain of m(x) is all real numbers > 2. To find the range of m(x), we

find the inverse function of m(x). Let y = m(x). Solving for x, we get

y =
1√
x − 2√

x − 2 =
1

y

x − 2 =
1

y2

x =
1

y2
+ 2

m−1(y) =
1

y2
+ 2.

The formula works for any y except y = 0. We know that y must be positive, since
√
x − 2 is positive, so the range of m(x)

is all real numbers > 0.

71. To evaluate p(x), we must have 3 − x > 0. So the domain of p(x) is all real numbers < 3. To find the range of p(x), we

find the inverse function of p(x). Let y = p(x). Solving for x, we get

y =
1√
3 − x√

3 − x =
1

y

3 − x =
1

y2

x = 3 −
1

y2

p−1(y) = 3 −
1

y2
.

The formula works for any y except y = 0. We know that y must be positive, since
√
3 − x is positive, so the range of p(x)

is all real numbers > 0.

72. (a) G(10) is the output corresponding to the input of t = 10. So G(10) represents the GDP ten years after 2005. This tells

us that, in 2015, the gross domestic product was $18.121 trillion.

(b) The input to the G−1 function is trillions of dollars, so its output is a time in years after 2005. Thus, G−1(16.155) = 7

tells us that the year in which the GDP was 16.155 trillion dollars was seven years after 2005. Thus, the GDP was

$16.155 trillion in 2012.
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73. (a) The cost of producing 5000 loaves is $653.

(b) C−1(80) is the number of loaves of bread that can be made for $80, namely 0.62 thousand or 620.

(c) The solution is q = 6.3 thousand. It costs $790 to make 6300 loaves.

(d) The solution is x = 150 dollars, so 1.2 thousand, or 1200, loaves can be made for $150.

74. (a) f (3) = 4 ⋅ 3 = 12 is the perimeter of a square of side 3.

(b) f−1(20) is the side of a square of perimeter 20. If 20 = 4s, then s = 5, so f−1(20) = 5.

(c) To find f−1(P ), solve for s:

P = 4s

s =
P

4

f−1(P ) =
P

4
.

75. (a) f (10) = 100 + 0.2 ⋅ 10 = 102 thousand dollars, the cost of producing 10 kg of the chemical.

(b) f−1(200) is the quantity of the chemical which can be produced for 200 thousand dollars. Since

200 = 100 + 0.2q

0.2q = 100

q =
100

0.2
= 500 kg,

we have f−1(200) = 500.

(c) To find f−1(C), solve for q:

C = 100 + 0.2q

0.2q = C − 100

q =
C

0.2
−

100

0.2
= 5C − 500

f−1(C) = 5C − 500.

76. We can find the inverse function by solving for t in our equation:

H =
5

9
(t − 32)

9

5
H = t − 32

9

5
H + 32 = t.

This function gives us the temperature in degrees Fahrenheit if we know the temperature in degrees Celsius.

77. (a) We substitute zero into the function, giving:

H = f (0) =
5

9
(0 − 32) = −

160

9
= −17.778.

This means that zero degrees Fahrenheit is about −18 degrees Celsius.

(b) In Exercise 76, we found the inverse function. Using it with H = 0, we have:

t = f−1(0) =
9

5
0 + 32 = 32.

This means that zero degrees Celsius is equivalent to 32 degrees Fahrenheit (the temperature at which water freezes).

(c) We substitute 100 into the function, giving:

H = f (100) =
5

9
(100 − 32) =

340

9
= 37.778.

This means that 100 degrees Fahrenheit is about 38 degrees Celsius.

(d) In Exercise 76, we found the inverse function. Using it with H = 100, we have:

t = f−1(100) =
9

5
100 + 32 = 212.

This means that 100 degrees Celsius is equivalent to 212 degrees Fahrenheit (the temperature at which water boils).
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78. We have

H = f (g(n)) = f (68 + 10 ⋅ 2−n) =
5

9
(68 + 10 ⋅ 2−n − 32) = 20 +

50

9
2−n,

and f (g(n)) gives the temperature, H , in degrees Celsius after n hours.

79. Since

T = 2�

√
l

g
,

solving for l gives

T 2 = 4�2 l

g

l =
gT 2

4�2
.

Thus,

f−1(T ) =
gT 2

4�2
.

The function f−1(T ) gives the length of a pendulum of period T .

80. (a) A = f (r) = �r2

(b) f (0) = 0

(c) f (r + 1) = �(r + 1)2. This is the area of a circle whose radius is 1 cm more than r.

(d) f (r) + 1 = �r2 + 1. This is the area of a circle of radius r, plus 1 square centimeter more.

(e) Centimeters.

81. Since V =
4

3
�r3 and r = 50 − 2.5t, substituting r into V gives

V = f (t) =
4

3
�(50 − 2.5t)3.

82. (a) Since the pizza is circular, f (d) = �(d∕2)2.

(b) Since a package costs $2.99 and covers 250 in2, we know

Cost of pepperoni for 1 in2 =
2.99

250
= 0.01196 dollars.

Thus

Cost of pepperoni for A in2 = 0.01196A dollars,

so

C = g(A) = 0.01196A.

(c) Substituting for A = f (d) = �(d∕2)2 into g gives

C = g(f (d)) = 0.01196�(d∕2)2 .

The function g(f (d)) gives the cost in dollars of adding pepperoni to a pizza of diameter d inches.

(d) The area of an 11-inch pizza is f (11) = �(11∕2)2 = 95.033 in2. The cost of adding a pepperoni topping to an 11-inch

pizza is g(11) = 0.01196 ⋅ 95.033 = 1.14 dollars.

83. Since the oil slick is circular, A = �r2, so substituting r = 2t − 0.1t2 into the formula for A gives

A = f (t) = �(2t − 0.1t2)2.

84. (a) Since t = 0 represents March 2010, we see that 0 ≤ t ≤ 7 is the domain. The corresponding outputs are the range,

391.01 ≤ C(t) ≤ 407.05.

(b) C(7) is the concentration of carbon dioxide in the earth’s atmosphere when t = 7, which is the March 2017. We know

that C(7) = 407.05, since in March 2017, the concentration of carbon dioxide in the earth’s atmosphere was 407.05

ppm.

(c) C−1(400) is the number of years after March 2010 when the concentration was 400 ppm. From the data given in the

problem, the actual number of years cannot be determined. (Note: For your information, the concentration first reached

400 ppm in the April 2015.)
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Solutions for Section 2.6

Skill Refresher

S1. Since 1 < 5, 5 < 7 and 7 < 9, these numbers are increasing.

S2. Observe that −1 > −2, so these numbers are not increasing.

S3. Since −7 < −3, −3 < −2 and −2 < −1, these numbers are increasing.

S4. Since −1 < −1∕2, −1∕2 < −1∕4 and −1∕4 < −1∕10, these numbers are increasing.

S5. The average rate of change is

f (3) − f (1)

3 − 1
=

(1 + 5 ⋅ 3) − (1 + 5 ⋅ 1)

2

=
16 − 6

2
= 5.

S6. The average rate of change is

f (3) − f (1)

3 − 1
=

(32 + 4) − (12 + 4)

2

=
13 − 5

2
= 4.

S7. The average rate of change is

f (3) − f (1)

3 − 1
=

(1∕3) − (1∕1)

2

=
−2∕3

2
= −

1

3
.

S8. The average rate of change is

f (3) − f (1)

3 − 1
=

√
3 + 1 −

√
1 + 1

2

=

√
4 −

√
2

2
=

2 −
√
2

2
.

S9. The average rate of change is

f (3) − f (1)

3 − 1
=

3(3 − 2)2 − 3(1 − 2)2

2

=
3(1) − 3(1)

2
= 0.

S10. The average rate of change is

f (3) − f (1)

3 − 1
=

16 − 8

2

=
8

2
= 4.
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S11. The average rate of change is

f (3) − f (1)

3 − 1
=

−0.5 − 0.3

2

=
−0.8

2
= −0.4.

S12. The average rate of change is

f (3) − f (1)

3 − 1
=

0 − 2

2

= −
2

2
= −1.

S13. The average rate of change is

f (3) − f (1)

3 − 1
=

3 − (−1)

2

=
4

2
= 2.

EXERCISES

1. To determine concavity, we calculate the rate of change:

Δf (x)

Δx
=

1.3 − 1.0

1 − 0
= 0.3

Δf (x)

Δx
=

1.7 − 1.3

3 − 1
= 0.2

Δf (x)

Δx
=

2.2 − 1.7

6 − 3
≈ 0.167.

The rates of change are decreasing, so we expect the graph of f (x) to be concave down.

2. To determine concavity we calculate the rate of change:

Δf (t)

Δt
=

10 − 20

1 − 0
= −10.

Δf (t)

Δt
=

6 − 10

2 − 1
= −4.

Δf (t)

Δt
=

3 − 6

3 − 2
= −3.

Δf (t)

Δt
=

1 − 3

4 − 3
= −2.

It appears that a graph of this function would be concave up, because the average rate of change becomes less negative as

t increases.

3. The graph appears to be concave up, as its slope becomes less negative as x increases.

4. The graph appears to be concave down, as its slope becomes less positive as x increases.

5. The slope of y = x2 is always increasing, so its graph is concave up. See Figure 2.43.

x

y

Figure 2.43
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6. The slope of y = −x2 is always decreasing, so its graph is concave down. See Figure 2.44.

x

y

Figure 2.44

7. The slope of y = x3 is always increasing on the interval x > 0, so its graph is concave up. See Figure 2.45.

x

y

Figure 2.45

8. The slope of y = x3 is always decreasing on the interval x < 0, so its graph is concave down. See Figure 2.46.

x

y

Figure 2.46

9. The rate of change between x = 12 and x = 15 is

ΔH(x)

Δx
=

21.53 − 21.40

15 − 12
≈ 0.043.

Similarly, we have
ΔH(x)

Δx
=

21.75 − 21.53

18 − 15
≈ 0.073

ΔH(x)

Δx
=

22.02 − 21.75

21 − 18
≈ 0.090.

The rate of change is increasing, so we expect the graph of H(x) to be concave up.

10. The rate of change between t = 1.5 and t = 2.4 is

ΔR(t)

Δt
=

−3.1 − (−5.7)

2.4 − 1.5
= 2.889.

Similarly, we have
ΔR(t)

Δt
=

−1.4 − (−3.1)

3.6 − 2.4
= 1.417

ΔR(t)

Δt
=

0 − (−1.4)

4.8 − 3.6
= 1.167.

The rate of change is decreasing, so we expect the graph to be concave down.
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11. A possible graph is in Figure 2.47.

−2 2

−1

1

x

y

Figure 2.47

12. A possible graph is in Figure 2.48.

−2 2

1

2

x

y

Figure 2.48

PROBLEMS

13. (a) On the interval 0 ≤ ℎ ≤ 0.5, we have

Δv

Δℎ
=

3.13 − 0

0.5 − 0
= 6.26 m/sec per meter.

Continuing in the same way gives the result in Table 2.8.

Table 2.8

Interval 0 ≤ ℎ ≤ 0.5 0.5 ≤ ℎ ≤ 1 1 ≤ ℎ ≤ 1.5

Rate of change Δv∕Δℎ 6.26 2.6 1.98

(b) As ℎ increases, the values of ℎ = f (v) increase, so f is an increasing function. However, as ℎ increases, the average

rates of change of f are decreasing. Therefore, f is concave down. This means that, as the height of the water in the

tank increases, the speed of the water flowing through the spout increases, but the rate of increase is slowing down.

14. (a) On the interval 0 ≤ ℎ ≤ 2, we have

ΔP

Δℎ
=

571 − 760

2 − 0
= −94.5 torr per km.

Continuing in the same way gives the result in Table 2.9.

Table 2.9

Interval 0 ≤ ℎ ≤ 2 2 ≤ ℎ ≤ 4 4 ≤ ℎ ≤ 6

Rate of change ΔP∕Δℎ −94.5 −71 −53

(b) As ℎ increases, the values of P = f (ℎ) decrease, so f is a decreasing function. However, as ℎ increases, the average

rates of change of f are increasing because they become less negative. Therefore, f is concave up. This means that, as

the elevation above the surface of the earth increases, atmospheric pressure drops, but the rate at which the pressure

drops slows down.
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15. (a) On the interval 8 ≤ I ≤ 8.5, we have

ΔP

ΔI
=

867 − 768

8.5 − 8
= 198 watts per ampere.

Continuing in the same way gives the result in Table 2.10.

Table 2.10

Interval 8 ≤ I ≤ 8.5 8.5 ≤ I ≤ 9 9 ≤ I ≤ 9.5

Rate of change ΔP∕ΔI 198 210 222

(b) As I increases, the values of P = f (I) increase, so f is an increasing function. As I increases, the average rates of

change of f are also increasing. Therefore, f is concave up. This means that, as the current flowing through the circuit

increases, the power transformed by the circuit also increases, and the rate at which the transformed power increases

also increases.

16. First, we observe that the average rate of change of f between t = 0 and t = 10.5 is

f (10.5) − f (0)

10.5 − 0
=

4.5 − 5

10.5
= −0.0476 millimoles/liter per sec.

Similarly, the average rate of change of f between t = 10.5 and t = 35.7 is

f (35.7) − f (10.5)

35.7 − 10.5
=

3.5 − 4.5

25.2
= −0.0397 millimoles/liter per sec,

and the average rate of change of f between t = 35.7 and t = 69.3 is

f (69.3) − f (35.7)

69.3 − 35.7
=

2.5 − 3.5

33.6
= −0.0298 millimoles/liter per sec.

Since the average rates of change are becoming less negative, they are increasing, so f is concave up. This means that the

rate at which the amount of phenolphthalein decreases is slowing down.

17. The graph is increasing for all x. It is concave down for x < o and concave up for x > 0. Thus we have

(a) Increasing and concave down x < 0

(b) Decreasing and concave down nowhere

(c) Increasing and concave up x > 0

(d) Decreasing and concave down nowhere

18. The graph increasing for −1 < x < 1 and decreasing for x < −1 and x > 1. The graph is concave up for x < 0 and concave

down for x > 0.

(a) Increasing and concave down 0 < x < 1

(b) Decreasing and concave down x > 1

(c) Increasing and concave up −1 < x < 0

(d) Decreasing and concave up x < −1

19. The graph is decreasing for all x > 0 and x < 0.. The graph is concave up for x > 0 and concave down for x < 0. Thus we

have

(a) Increasing and concave down nowhere

(b) Decreasing and concave down x < 0

(c) Increasing and concave up nowhere

(d) Decreasing and concave up x > 0

20. The graph is increasing for x < 0 and decreasing for x > 0. The graph is concave up for x < −1 and x > 1. It is concave

down for −1 < x < 1. Thus we have

(a) Increasing and concave down −1 < x < 0

(b) Decreasing and concave 0 < x < 1

(c) Increasing and concave up x < −1

(d) Decreasing and concave up x > 1
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21. Since the graph of f is bending upward on the interval 0 ≤ t < 3 and bending downward on the interval 3 < t ≤ 6, we

estimate that the graph of f is concave up when 0 ≤ t < 3 and concave down when 3 < t ≤ 6. This means that between

t = 0 and t = 3 years, the rate of growth of the fish population is speeding up, but between t = 3 and t = 6 years, the rate

of growth is slowing down.

22. The function f is decreasing, and it is concave down because the graph of f is bending downward. This means that if

the production of kayaks increases, the production of canoes decreases. Furthermore, the rate at which the production of

canoes decreases becomes greater.

23. The function f is decreasing, and it is concave down because the graph of f is bending downward. This means that, as

the speed of the bar increases, its length as measured by a laboratory observer decreases, and the rate at which its length

decreases speeds up.

24. (a) The graph of V = f (P ) is given in Figure 2.49.

10 20

20

40

60

f (P )

P (atmospheres)

V (liters)

Figure 2.49

(b) The function f is decreasing. This means that the volume of the gas sample decreases as the pressure on it increases.

(c) Since the graph of f is bending upward, the function f is concave up. This means that the rate of change of the volume

of the gas sample is increasing because it is getting less negative. In other words, the rate at which the volume of the

gas sample decreases slows down as the pressure on it increases.

25. (a) The graph of F = g(ℎ) is given in Figure 2.50.

3 6 9
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Figure 2.50

(b) The function g is increasing. This means that the total force on the dam increases as the height of the water it holds

back increases.

(c) Since the graph of g is bending upward, the function g is concave up. This means, as the height of the water held back

by the dam increases, the rate at which the force on the dam increases speeds up.

26. Since more and more of the drug is being injected into the body, this is an increasing function. However, since the rate of

increase of the drug is slowing down, the graph is concave down.

27. This function is decreasing. As the coffee cools off, the temperature decreases at a slower rate. Since the rate of change is

less negative, the graph is concave up.

28. The function is increasing throughout. At first, the graph is concave up. As more and more people hear the rumor, the

rumor spreads more slowly, which means that the graph is then concave down.
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29. This function is increasing throughout and the rate of increase is increasing, so the graph is concave up.

30. Since new people are always trying the product, it is an increasing function. At first, the graph is concave up. After many

people start to use the product, the rate of increase slows down and the graph becomes concave down.

31. Since more and more elastic potential energy is stored in the spring as it is stretched, this is an increasing function. Since

the rate of increase of stored elastic potential energy is also increasing, the graph is concave up.

32. Since the amount of charge in the capacitor is decreasing, this is a decreasing function. As the charge on the capacitor

decreases, the rate at which the charge decreases slows down. Since the rate of change becomes less negative, the graph is

concave up.

33. Many answers are possible. See Figure 2.51.

−10 10
−4

12

x

y

Figure 2.51

34. The graphical representation of the data is misleading because in the graph the number of violent crimes is put on the

horizontal axis, which gives the graph the appearance of leveling out. This can fool us into believing that crime is leveling

out. Note that it took from 1998 to 2000, about 2 years, for the number of violent crimes to go from 500 to 1,000, but it

took less than 1/2 a year for that number to go from 1,500 to 2,000, and even less time for it to go from 2,000 to 2,500.

In actuality, this graph shows that crime is growing at an increasing rate. If we were to graph the number of crimes as a

function of the year, the graph would be concave up.

35. (a) From O to A, the rate is zero, so no water is flowing into the reservoir, and the volume remains constant. From A to

B, the rate is increasing, so the volume is going up more and more quickly. From B to C , the rate is holding steady,

but water is still going into the reservoir—it’s just going in at a constant rate. So volume is increasing on the interval

from B to C . Similarly, it is increasing on the intervals from C to D and from D to E. Even on the interval from E

to F , water is flowing into the reservoir; it is just going in more and more slowly (the rate of flow is decreasing, but

the total amount of water is still increasing). So we can say that the volume of water increases throughout the interval

from A to F .

(b) The volume of water is constant when the rate is zero, that is from O to A.

(c) According to the graph, the rate at which the water is entering the reservoir reaches its highest value at t = D and

stays at that high value until t = E. So the volume of water is increasing most rapidly from D to E. (Be careful. The

rate itself is increasing most rapidly from C to D, but the volume of water is increasing fastest when the rate is at its

highest points.)

(d) When the rate is negative, water is leaving the reservoir, so its volume is decreasing. Since the rate is negative from

F to I , we know that the volume of water decreases on that interval.

36. (a) This is a case in which the rate of decrease is constant, i.e., the change in y divided by the change in x is always the

same. We see this in Table (F), where y decreases by 80 units for every decrease of 1 unit in x, and graphically in

Graph (IV).

(b) Here, the change in y gets smaller and smaller relative to corresponding changes in x. In Table (G), y decreases by

216 units for a change of 1 unit in x initially, but only decreases by 6 units when x changes by 1 unit from 4 to 5. This

is seen in Graph (I), where y is falling rapidly at first, but much more slowly for longer values of x.

(c) If y is the distance from the ground, we see in Table (E) that initially it is changing very slowly; by the end, however,

the distance from the ground is changing rapidly. This is shown in Graph (II), where the decrease in y is larger and

larger as x gets bigger.

(d) Here, y is decreasing quickly at first, then decreases only slightly for a while, then decreases rapidly again. This occurs

in Table (H), where y decreases from 147 units, then 39, and finally by another 147 units. This corresponds to Graph

(III).

37. (a) This describes a situation in which y is increasing rapidly at first, then very slowly at the end. In Table (E), y increases

dramatically at first (from 20 to 275) but is hardly growing at all by the end. In Graph (I), y is increasing at a constant
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rate, while in Graph (II), it is increasing faster at the end. Graph (III) increases rapidly at first, then slowly at the end.

Thus, scenario (a) matches with Table (E) and Graph (III).

(b) Here, y is growing at a constant rate. In Table (G), y increases by 75 units for every 5-unit increase in x. A constant

increase in y relative to x means a straight line, that is, a line with a constant slope. This is found in Graph (I).

(c) In this scenario, y is growing at a faster and faster rate as x gets larger. In Table (F), y starts out by growing by 16

units, then 30, then 54, and so on, so Table (F) refers to this case. In Graph (II), y is increasing faster and faster as x

gets larger.

38. (a) If l is the length of one salmon and its speed is u, then

u = 19.5
√
l.

Suppose the speed of the longer salmon is U and its length is 4l. Then

U = 19.5
√
4l = 2 ⋅ 19.5

√
l = 2u.

Thus, the larger one swims twice as fast as the smaller one.

(b) A typical graph is in Figure 2.52. Notice that the graphs are all of the shape of y =
√
x = x1∕2. All the graphs are

increasing and concave down.

l

U

Figure 2.52

(c) The function U =
√
l is an increasing function. Because

√
l is an increasing function the equation predicts that larger

salmon swim faster than smaller ones.

(d) The graph of U =
√
l is concave down. Because the graph is concave down equal changes in l give smaller changes

in U for the larger l. Thus, the difference in speed between the two smaller fish is greater than the difference in speed

between the two larger fish.

39. Since f is concave down, the average rate of change is decreasing as x increases. Therefore,

f (3) − f (1)

3 − 1
>

f (5) − f (3)

5 − 3
.

Solutions for Chapter 2 Review

EXERCISES

1. To evaluate when x = −7, we substitute −7 for x in the function, giving f (−7) = −
7

2
− 1 = −

9

2
.

2. To evaluate when x = −7, we substitute −7 for x in the function, giving f (−7) = (−7)2 − 3 = 49 − 3 = 46.
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3. We have

y = f (4) =
6

2 − 43
=

6

2 − 64
=

6

−62
= −

3

31
.

Solve for x:

6

2 − x3
= 6

6 = 6(2 − x3)

1 = 2 − x3

x3 = 1

x = 1.

4. We have

y = f (4) =
√
20 + 2 ⋅ 42 =

√
52.

Solve for x:
√
20 + 2x2 = 6

20 + 2x2 = 36

2x2 = 16

x2 = 8

x = ±
√
8.

5. We have

y = f (4) = 4 ⋅ 43∕2 = 4 ⋅ 23 = 4 ⋅ 8 = 32.

Solve for x:

4x3∕2 = 6

x3∕2 = 6∕4

x3 = 36∕16 = 9∕4

x = 3
√
9∕4.

6. We find:

y = f (4) = (4)−3∕4 − 2 =
1

(
4
√
4)3

− 2 =
1

(
√
2)3

− 2 =
1√

2
√
2
√
2
− 2 =

1

2
√
2
− 2.

Solve for x:

x−3∕4 − 2 = 6

x−3∕4 = 8

x = 8−4∕3 =
1

(
3
√
8)4

=
1

24

=
1

16
.

7. (a) Substituting x = 0 gives f (0) = 2(0) + 1 = 1.

(b) Setting f (x) = 0 and solving gives 2x + 1 = 0, so x = −1∕2.

8. Substituting −2 for x gives

f (−2) =
−2

1 − (−2)2
=

−2

1 − 4
=

2

3
.
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9. Substituting 4 for t gives

P (4) = 170 − 4 ⋅ 4 = 154.

Similarly, with t = 2,

P (2) = 170 − 4 ⋅ 2 = 162,

so

P (4) − P (2) = 154 − 162 = −8.

10. (a) Substituting, ℎ(x + 3) =
1

x + 3
.

(b) Substituting and adding, ℎ(x) + ℎ(3) =
1

x
+

1

3
.

11. (a) Reading from the table, we have f (1) = 2, f (−1) = 0, and −f (1) = −2.

(b) When x = −1, f (x) = 0.

12. (a) f (0) is the value of the function when x = 0, f (0) = 3.

(b) f (x) = 0 for x = −1 and x = 3.

(c) f (x) is positive for −1 < x < 3.

13. The expression x2−9, found inside the square root sign, must always be non-negative. This happens when x ≥ 3 or x ≤ −3,

so our domain is x ≥ 3 or x ≤ −3.

For the range, the smallest value
√
x2 − 9 can have is zero. There is no largest value, so the range is q(x) ≥ 0.

14. To evaluate m(r), we must have r2 − 1 > 0. This happens when r > 1 or r < −1. So the domain is all real numbers r,

such that r > 1 or r < −1. Since the square root of a number cannot be negative, the range is all positive real numbers,

m(r) > 0.

15. Since for any value of x that you might choose you can find a corresponding value of m(x), we can say that the domain of

m(x) = 9 − x is all real numbers.

For any value of m(x) there is a corresponding value of x. So the range is also all real numbers.

16. Since you can choose any value of x and find an associated value for n(x), we know that the domain of this function is all

real numbers.

However, there are some restrictions on the range. Since x4 is always positive for any value of x, 9 − x4 will have a largest

value of 9 when x = 0. So the range is n(x) ≤ 9.

17. Since m(t) is a linear function, the domain of m(t) is all real numbers. For any value of m(t) there is a corresponding value

of t. So the range is also all real numbers.

18. Since division by 0 is undefined, s(q) is not defined when 5 − 4q = 0. So the domain of s(q) is all real numbers except

q = 5∕4. To find the range we find the inverse function. We solve the equation y = s(q) = 2q+3

5−4q
for q.

y =
2q + 3

5 − 4q

y(5 − 4q) = 2q + 3

5y − 4qy = 2q + 3

5y − 3 = q(2 + 4y)

q =
5y − 3

2 + 4y

s−1(y) =
5y − 3

2 + 4y
.

The domain of the inverse function is all real numbers except −1∕2, so the range of s(q) is all real numbers except −1∕2.

19. (a) If x = a is not in the domain of f there is no point on the graph with x-coordinate a. For example, there are no points

on the graph of the function in Figure 2.53 with x-coordinates greater than 2. Therefore, x = a is not in the domain

of f for any a > 2.
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y = f (x)

x

y

Figure 2.53

(b) If x = a is not in the domain of f the formula is undefined for x = a. For example, if f (x) = 1∕(x − 3), f (3) is

undefined, so 3 is not in the domain of f .

20. (a) −3g(x) = −3(x2 + x).

(b) g(1) − x = (12 + 1) − x = 2 − x.

(c) g(x) + � = (x2 + x) + � = x2 + x + �.

(d)
√
g(x) =

√
x2 + x.

(e) g(1)∕(x + 1) = (12 + 1)∕(x + 1) = 2∕(x + 1).

(f) (g(x))2 = (x2 + x)2.

21. (a) 2f (x) = 2(1 − x).

(b) f (x) + 1 = (1 − x) + 1 = 2 − x.

(c) f (1 − x) = 1 − (1 − x) = x.

(d) (f (x))2 = (1 − x)2.

(e) f (1)∕x = (1 − 1)∕x = 0.

(f)
√
f (x) =

√
1 − x.

22. f (g(x)) = f (x3 + 1) = 3(x3 + 1) − 7 = 3x3 − 4.

23. g(f (x)) = g(3x − 7) = (3x − 7)3 + 1.

24. a(g(w)) is the acceleration in meters/sec2 when the wind speed is w meters/second.

25. P (f (t)) is the period, in seconds, of the pendulum at time t minutes.

26. f (g(0)) = f (2 ⋅ 0 + 3) = f (3) = 32 + 1 = 10.

27. f (g(1)) = f (2 ⋅ 1 + 3) = f (5) = 52 + 1 = 26.

28. g(f (0)) = g(02 + 1) = g(1) = 2 ⋅ 1 + 3 = 5.

29. g(f (1)) = g(12 + 1) = g(2) = 2 ⋅ 2 + 3 = 7.

30. f (g(x)) = f (2x + 3) = (2x + 3)2 + 1 = 4x2 + 12x + 10.

31. g(f (x)) = g(x2 + 1) + 3 = 2(x2 + 1) + 3 = 2x2 + 5.

32. f (f (x)) = f (x2 + 1) = (x2 + 1)2 + 1 = x4 + 2x2 + 2.

33. g(g(x)) = g(2x + 3) = 2(2x + 3) + 3 = 4x + 9.

34. The inverse function, f−1(V ), gives the time at which the speed is V . Units of f−1(V ) are seconds.

35. The inverse function, f−1(I), gives the interest rate that gives $I in interest. Units of f−1(I) is percent per year.

36. We can substitute any positive number for x, which makes the domain x > 0. We note that as x approaches infinity ℎ(x),

approaches zero, no matter the magnitude of a. If a is positive, then as x approaches zero, ℎ(x) approaches infinity. If a is

negative, then as x approaches zero, ℎ(x) approaches negative infinity. Thus, the range is all positive numbers if a > 0 and

all negative numbers if a < 0. Finally if a = 0, the range is just 0.

37. The function is defined for all values of x. Since |x − b| ≥ 0, the range is all numbers greater than or equal to 6.

38. Since y =
√
t + 1, solving for t gives

√
t + 1 = y√

t = y − 1

t = (y − 1)2
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g−1(y) = (y − 1)2.

39. Since P = 14q − 2, solving for q gives

14q − 2 = P

q =
P + 2

14

f−1(P ) =
P + 2

14
.

40. The composition, P = g(f (t)) gives the daily electricity consumption in megawatts at time t.

41. If P = f (t), then t = f−1(P ), so f−1(P ) gives the time in years at which the population is P million.

42. If E = g(P ), then P = g−1(E) so g−1(E) gives the population leading to a daily electricity consumption of E megawatts.

43. The rate of change between t = 0.2 and t = 0.4 is

Δp(t)

Δt
=

−2.32 − (−3.19)

0.4 − 0.2
= 4.35.

Similarly, we have
Δp(t)

Δt
=

−1.50 − (−2.32)

0.6 − 0.4
= 4.10

Δp(t)

Δt
=

−0.74 − (−1.50)

0.8 − 0.6
= 3.80.

The rate of change is decreasing, so we expect the graph to be concave down.

44. We have

p(8) =
12√
8
=

6√
2
.

If
√
2 = 12∕

√
x, then

√
2x = 12, so x = 72. Thus, p−1(

√
2) = 72.

45. We find f (16) = 12 −
√
16 = 8. If 3 = 12 −

√
x, then

√
x = 9, so x = 81. Thus, f−1(3) = 81

46. The graph of f (x) =

{
x2 for x ≤ 1

2 − x for x > 1
is shown in Figure 2.54.

f (x)

x

y

Figure 2.54

47. The graph of g(x) =

{
x + 5 for x < 0

x2 + 1 for 0 ≤ x ≤ 2

3 for x > 2

is shown in Figure 2.55.

Functions Modeling Change A Preparation for Calculus 6th edition Connally Solutions Manual

https://testbank.online/books/9781119498315-solutions


146 Chapter Two /SOLUTIONS

g(x)

x

y

Figure 2.55

PROBLEMS

48. Substituting r = 3 and ℎ = 2 gives

V =
1

3
�32 ⋅ 2 = 6� cubic inches.

49. (a) Substituting, q(5) = 3 − (5)2 = −22.

(b) Substituting, q(a) = 3 − a2.

(c) Substituting, q(a − 5) = 3 − (a − 5)2 = 3 − (a2 − 10a + 25) = −a2 + 10a − 22.

(d) Using the answer to part (b), q(a) − 5 = 3 − a2 − 5 = −a2 − 2.

(e) Using the answer to part (b) and (a), q(a) − q(5) = (3 − a2) − (−22) = −a2 + 25.

50. Substituting−1 gives p(−1) = (−1)2+(−1)+1 = 1. Substituting 1 and taking the negative gives,−p(1) = −((1)2+(1)+1) =

−3. Thus, p(−1) ≠ −p(1). They are not equal.

51. The graph of g is the graph of f shifted down by 1 unit and to the left by 2 units. Thus,

g(x) = f (x + 2) − 1.

52. (a) The table shows f (6) = 3.7, so t = 6. In a typical June, Chicago has 3.7 inches of rain.

(b) First evaluate f (2) = 1.8. Solving f (t) = 1.8 gives t = 1 or t = 2. Chicago has 1.8 inches of rain in January and in

February.

53. (a) Substituting x = 0 gives f (0) =
√
02 + 16 − 5 =

√
16 − 5 = 4 − 5 = −1.

(b) We want to find x such that f (x) =
√
x2 + 16 − 5 = 0. Thus, we have

√
x2 + 16 − 5 = 0√

x2 + 16 = 5

x2 + 16 = 25

x2 = 9

x = ±3.

Thus, f (x) = 0 for x = 3 or x = −3.

(c) In part (b), we saw that f (3) = 0. You can verify this by substituting x = 3 into the formula for f (x):

f (3) =
√
32 + 16 − 5 =

√
25 − 5 = 5 − 5 = 0.

(d) The vertical intercept is the value of the function when x = 0. We found this to be −1 in part (a). Thus the vertical

intercept is −1.

(e) The graph touches the x-axis when f (x) = 0. We saw in part (b) that this occurs at x = 3 and x = −3.
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54. (a) In order to find f (0), we need to find the value which corresponds to x = 0. The point (0, 24) seems to lie on the

graph, so f (0) = 24.

(b) Since (1, 10) seems to lie on this graph, we can say that f (1) = 10.

(c) The point that corresponds to x = b seems to be about (b,−7), so f (b) = −7.

(d) When x = c, we see that y = 0, so f (c) = 0.

(e) When your input is d, the output is about 20, so f (d) = 20.

55. (a) Looking from left to right, the graph appears to be rising between x = −2.9 and x = 0, and again between x = 1.4

and x = 3. Therefore, we estimate that f is increasing on −2.9 < x < 0 and on 1.4 < x < 3.

(b) The rate of change of f appears to be increasing between x = −4 and x = −1.8, and again between x = 0.8 and

x = 3. Therefore, we estimate that f is concave up on −4 < x < −1.8 and on 0.8 < x < 3.

56. (a) Since the vertical intercept of the graph of f is (0, 2), we have f (0) = 2.

(b) Since the horizontal intercept of the graph of f is (−3, 0), we have f (−3) = 0.

(c) The function f−1 goes from y-values to x-values, so to evaluate f−1(0), we want the x-value corresponding to y = 0.

This is x = −3, so f−1(0) = −3.

(d) Solving f−1(?) = 0 means finding the y-value corresponding to x = 0. This is y = 2, so f−1(2) = 0.

57. See Figure 2.56.

c d c + d

ℎ(c)

ℎ(d)

ℎ(c + d)

ℎ(c) + ℎ(d)

y = ℎ(x)

x

Figure 2.56

58. The input values in the table of values of g−1 are the output values for g. See Table 2.11.

Table 2.11

y 7 12 13 19 22

g−1(y) 1 2 3 4 5

59. We solve the equation V = f (r) =
4

3
�r3 for r. Divide both sides by

4

3
� and then take the cube root to get

r =
3

√
3V

4�
.

So

f−1(V ) =
3

√
3V

4�
.

60. (a) To write s as a function of A, we solve A = 6s2 for s

s2 =
A

6
so s = f (A) = +

√
A

6
because the length of a side of a cube is positive.

The function f gives the side of a cube in terms of its area A.

(b) Substituting s = f (A) =
√
A∕6 in the formula V = g(s) = s3 gives the volume, V , as a function of surface area, A,

V = g(f (A)) = s3 =

(√
A

6

)3

.
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61. (a) Since the deck is square, f (s) = s2.

(b) Since a can costs $29.50 and covers 200 ft2, we know

Cost of stain for 1 ft2 =
29.50

200
= 0.1475 dollars.

Thus

Cost of stain for A ft2 = 0.1475A dollars,

so

C = g(A) = 0.1475A.

(c) Substituting for A = f (s) = s2 into g gives

C = g(f (s)) = 0.1475s2.

The function g(f (s)) gives the cost in dollars of staining a square deck of side s feet.

(d) (i) f (8) = 82 = 64 square feet; the area of a deck of side 8 feet.

(ii) g(80) = 0.1475 ⋅ 80 = 11.80 dollars; the cost of staining a deck of area 80 ft2.

(iii) g(f (10)) = 0.1475 ⋅ 102 = 14.75 dollars; the cost of staining a deck of side 10 feet.

62. (a) This is the fare for a ride of 3.5 miles. C(3.5) ≈ $6.25.

(b) This is the number of miles you can travel for $3.50. Between 1 and 2 miles the increase in cost is $1.50. Setting up a

proportion, we have:
1 additional mile

$1.50 additional fare
=

x additional miles

$3.50 − $2.50 additional fare

and x = 0.67 miles. Therefore

C−1($3.5) ≈ 1.67.

63. (a) P = f (s) = 4s.

(b) f (s + 4) = 4(s + 4) = 4s + 16. This the perimeter of a square whose side is four meters larger than s.

(c) f (s) + 4 = 4s + 4. This is the perimeter of a square whose side is s, plus four meters.

(d) Meters.

64. (a) Using Pythagoras’ Theorem, we see that the diagonal d is given in terms of s by

d2 = 2s2

s =

√
d2

2
=

d√
2

s = f (d) =
d√
2
.

(b) A = g(s) = s2.

(c) Substituting s = d∕
√
2 in g gives

A = g(s) =

(
d√
2

)2

=
d2

2
.

(d) The function ℎ is the composition of f and g, with f as the inside function, that is ℎ(d) = g(f (d)).

65. (a) Since f (2) = 3, f−1(3) = 2.

(b) Unknown

(c) Since f−1(5) = 4, f (4) = 5.

66. (a) To find a point on the graph k(x) with an x-coordinate of −2, we substitute −2 for x in the formula for k(x). We obtain

k(−2) = 6 − (−2)2 = 6 − 4 = 2. Thus, we have the point (−2, k(−2)), or (−2, 2).

(b) To find these points, we want to find all the values of x for which k(x) = −2. We have

6 − x2 = −2

−x2 = −8

x2 = 8

x = ±2
√
2.

Thus, the points (2
√
2,−2) and (−2

√
2,−2) both have a y-coordinate of −2.
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(c) Figure 2.57 shows the desired graph. The point in part (a) is (−2, 2). We have called this point A on the graph in

Figure 2.57. There are two points in part (b): (−2
√
2,−2) and (2

√
2,−2). We have called these points B and C ,

respectively, on the graph in Figure 2.57.

−2

−2
√
2 2

√
2

2

−2

x

y

B C

A

Figure 2.57

(d) For p = 2, k(p) − k(p − 1) = k(2) − k(1). Now k(2) = 6 − 22 = 6 − 4 = 2, while k(1) = 6 − (1)2 = 6 − 1 = 5, thus,

k(2) − k(1) = 2 − 5 = −3.

67. (a) To find a point on the graph of ℎ(x) whose x-coordinate is 5, we substitute 5 for x in the formula for ℎ(x). ℎ(5) =√
5 + 4 =

√
9 = 3. Thus, the point (5, 3) is on the graph of ℎ(x).

(b) Here we want to find a value of x such that ℎ(x) = 5. We set ℎ(x) = 5 to obtain

√
x + 4 = 5

x + 4 = 25

x = 21.

Thus, ℎ(21) = 5, and the point (21, 5) is on the graph of ℎ(x).

(c) Figure 2.58 shows the desired graph. The point in part (a) is (5, ℎ(5)), or (5, 3). This point is labeled A in Figure 2.58.

The point in part (b) is (21, 5). This point is labeled B in Figure 2.58.

5 21

3

5
B

A

x

y

Figure 2.58

(d) If p = 2, then ℎ(p + 1) − ℎ(p) = ℎ(2 + 1) − ℎ(2) = ℎ(3) − ℎ(2). But ℎ(3) =
√
3 + 4, while ℎ(2) =

√
2 + 4, thus,

ℎ(p + 1) − ℎ(p) for p = 2 equals ℎ(3) − ℎ(2) =
√
7 −

√
6 ≈ 0.1963.

68. (a) t(400) = 272.

(b) (i) It takes 136 seconds to melt 1 gram of the compound at a temperature of 800◦C.

(ii) It takes 68 seconds to melt 1 gram of the compound at a temperature of 1600◦C.

(c) This means that t(2x) = t(x)∕2, because if x is a temperature and t(x) is a melting time, then 2x would be double this

temperature and t(x)∕2 would be half this melting time.
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69. (a)
n 1 2 3 4 5 6 7 8 9 10 11 12

f (n) 1 1 2 3 5 8 13 21 34 55 89 144

(b) We note that for every value of n, we can find a unique value for f (n) (by adding the two previous values of the

function). This satisfies the definition of function, so f (n) is a function.

(c) Using the pattern, we can figure out f (0) from the fact that we must have

f (2) = f (1) + f (0).

Since f (2) = f (1) = 1, we have

1 = 1 + f (0),

so

f (0) = 0.

Likewise, using the fact that f (1) = 1 and f (0) = 0, we have

f (1) = f (0) + f (−1)

1 = 0 + f (−1)

f (−1) = 1.

Similarly, using f (0) = 0 and f (−1) = 1 gives

f (0) = f (−1) + f (−2)

0 = 1 + f (−2)

f (−2) = −1.

However, there is no obvious way to extend the definition of f (n) to non-integers, such as n = 0.5. Thus we cannot

easily evaluate f (0.5), and we say that f (0.5) is undefined.

70. (a) Note that each value of a(t) is 0.5 greater than the value of g(t) for the same t. For example, a(0) = g(0) + 0.5, and in

general

a(t) = g(t) + 0.5.

(b) Observe that the values for g(t) have been shifted to the left. For example, b(−1) = g(0) and b(0) = g(1). Thus,

b(t) = g(t + 1).

(c) In this case, it is easier first to compare c(t) and b(t). For each t, the value of c(t) is 0.3 less than the value of b(t), so

a possible formula is c(t) = b(t) − 0.3. Since b(t) = g(t + 1), we can say that

c(t) = g(t + 1) − 0.3.

(d) The function d(t) has the same values as g(t) except they are shifted to the right by 0.5. For example, d(0) = g(−0.5) =

g(0 − 0.5) and d(1) = g(0.5) = g(1 − 0.5). In each case

d(t) = g(t − 0.5).

(e) Compare values of e(t) and d(t). For any value of t, e(t) is 1.2 more than d(t). Thus, e(t) = d(t) + 1.2. But, d(t) =

g(t − 0.5), so

e(t) = g(t − 0.5) + 1.2.

71. (a) This tells us that a person who loses 30 minutes of sleep takes 5 minutes longer to complete the task than a person

who loses no sleep.

(b) This tells us that a person who loses t1 minutes of sleep takes twice as long to complete the task as a person who loses

no sleep.

(c) This tells us that a person who loses 2t1 minutes of sleep takes 50% longer to complete the task as a person who loses

t1 minutes of sleep.

(d) This tells us that a person who loses t2 + 60 minutes of sleep takes 10 minutes longer to complete the task than a

person who loses only t2 + 30 minutes of sleep.
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72. One way to do this is to combine two operations, one of which forces x to be non-negative, the other of which forces x not

to equal 3. One possibility is

y =
1

x − 3
+
√
x.

The fraction’s denominator must not equal 0, so x must not equal 3. Further, the input of the square root function must not

be negative, so x must be greater than or equal to zero. Other possibilities include

y =

√
x

x − 3
.

73. • A function such as y =
√
x − 4 is undefined for x < 4, because the input of the square root operation is negative for

these x-values.

• A function such as y = 1∕(x − 8) is undefined for x = 8.

• Combining two functions such as these, for example by adding or multiplying them, yields a function with the required

domain. Thus, possible formulas include

y =
1

x − 8
+
√
x − 4 or y =

√
x − 4

x − 8
.

74. (a) Each signature printed costs $0.14, and in a book of p pages, there are at least p∕16 signatures. In a book of 128 pages,

there are
128

16
= 8 signatures,

Cost for 128 pages = 0.14(8) = $1.12.

A book of 129 pages requires 9 signatures, although the ninth signature is used to print only 1 page. Therefore,

Cost for 129 pages = $0.14(9) = $1.26.

To find the cost of p pages, we first find the number of signatures. If p is divisible by 16, then the number of signatures

is p∕16 and the cost is

C(p) = 0.14
( p

16

)
.

If p is not divisible by 16, the number of signatures is p∕16 rounded up to the next highest integer and the cost is 0.14

times that number. In this case, it is hard to write a formula for C(p) without a symbol for “rounding up.”

(b) The number of pages, p, is greater than zero. Although it is possible to have a page which is only half filled, we do not

say that a book has 124
1

2
pages, so p must be an integer. Therefore, the domain of C(p) is p > 0, p an integer. Because

the cost of a book increases by multiples of $0.14 (the cost of one signature), the range of C(p) is C > 0, C an integer

multiple of $0.14.

(c) For 1 to 16 pages, the cost is $0.14, because only 1 signature is required. For 17 to 32 pages, the cost is $0.28, because

2 signatures are required. These data are continued in Table 2.12 for 0 ≤ p ≤ 128, and they are plotted in Figure 2.59.

A closed circle represents a point included on the graph, and an open circle indicates a point excluded from the graph.

The unbroken lines in Figure 2.59 suggest, erroneously, that fractions of pages can be printed. It would be more

accurate to draw each step as 16 separate dots instead of as an unbroken line.

Table 2.12 The cost C for printing a book of p pages

p, pages C, dollars

1-16 0.14

17-32 0.28

33-48 0.42

49-64 0.56

65-80 0.70

81-96 0.84

97-112 0.98

113-128 1.12

32 64 96 128

0.28

0.56

0.84

1.12

p, pages

C , cost

Figure 2.59: Graph of the cost C for printing a book of p pages
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75. (a) Increasing until year 60 and then decreasing.

(b) The average rate of change of the population is given in Table 2.13.

Table 2.13 The population of Ireland from 1780 to 1910

Year Population ΔP∕Δt

(years) (millions) (millions/year)

0 to 20 4.0 to 5.2 0.060

20 to 40 5.2 to 6.7 0.075

40 to 60 6.7 to 8.3 0.080

60 to 70 8.3 to 6.9 −0.140

70 to 90 6.9 to 5.4 −0.075

90 to 110 5.4 to 4.7 −0.035

110 to 130 4.7 to 4.4 −0.015

(c) The average rate of change is increasing until between years 40 and 60. At year 60, the sign abruptly changes, but after

60, the rate of change is still increasing. Thus, the graph is concave up, although something strange is happening near

year 60.

(d) The rate of change of the population was greatest between 40 and 60, that is 1820–1840. The rate of change of the

population was least (most negative) between 60 and 70, that is 1840–1850. At this time the population was shrinking

fastest.

Since the greatest rate of increase was directly followed by the greatest rate of decrease, something catastrophic must

have happened to cause the population not only to stop growing, but to start shrinking.

(e) Figures 2.60 and 2.61 show the population of Ireland from 1780 to 1910 as a function of the time with two different

curves dashed in—either of which could be correct. From the graphs we can see that the curve is increasing until

about year 60, and then decreases. Also, it is concave up most of the time except, possibly, for a short time interval

near year 60.

20 40 6070 90 110 130

1

3

5

7

9

Year

Population

Figure 2.60: The population of Ireland from 1780 to 1910

20 40 60 80 100 120

1

3

5

7

9

Year

Population

Figure 2.61: The population of Ireland from 1780 to 1910

(f) Something catastrophic happened in Ireland about year 60—that is, 1840. This is when the Irish potato famine took

place.

STRENGTHEN YOUR UNDERSTANDING

1. False. f (2) = 3 ⋅ 22 − 4 = 8.

2. True. Functions are evaluated by substituting a known value or variable, here b, for the independent variable, here x.

3. False. f (x + ℎ) = (x + ℎ)2 = x2 + 2xℎ + ℎ2.
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4. True. If q = 1∕
√
z2 + 5 = 1∕3, then

1

z2 + 5
=

1

9

z2 + 5 = 9

z2 = 4

z = ±2.

5. False. W = (8 + 4)∕(8 − 4) = 3.

6. True. f (0) = 02 + 64 = 64.

7. False. For example, if f (x) = x − 3, then f (x) = 0 for x = 3 but not for x = 0.

8. False. For example, f (1) = 10 but f (−1) = 6.

9. True. A fraction can only be zero if the numerator is zero.

10. False. ℎ(3) + ℎ(4) = (−6 ⋅ 3 + 9) + (−6 ⋅ 4 + 9) = −9 + (−15) = −24 but ℎ(7) = −6 ⋅ 7 + 9 = −33.

11. True. This is the definition of the domain.

12. True. This is the common practice.

13. False. The domain consists of all real numbers x, x ≠ 3

14. False. The domain consists of all real numbers x ≤ 2.

15. False. The range does not include zero, since 1∕x does not equal zero for any x.

16. False. If x < 0, then y > 4.

17. True. Since f is an increasing function, the domain endpoints determine the range endpoints. We have f (15) = 12 and

f (20) = 14.

18. True. The x2 + 1 inside the square root is positive for all x so f (x) is defined for all x.

19. True. It has a slope of −1 to the left of the origin, goes through the origin, and continues as an increasing function with

slope 1 to the right of the origin.

20. True. It is defined for all x.

21. True. |x| = | − x| for all x.

22. False. For example, if x = 1 then f (1) = 1 and g(1) = −1.

23. False. For example, if x = −1 then y = −1.

24. False. Since 0 ≤ 3 < 4, the middle formula must be used. So f (3) = 32 = 9.

25. True. If x < 0, then f (x) = x < 0, so f (x) ≠ 4. If x > 4, then f (x) = −x < 0, so f (x) ≠ 4. If 0 ≤ x ≤ 4, then

f (x) = x2 = 4 only for x = 2. The only solution for the equation f (x) = 4 is x = 2.

26. True. The graph of g(x) is a copy of the graph of f shifted vertically up by three units.

27. False. The horizontal shift is two units to the right.

28. False. In the figure in the problem, it appears that g(x) = f (x − 2) + 1 because the graph is two units to the right and one

unit up from the graph of f .

29. True. This looks like the absolute value function shifted right 1 unit and down 2 units.

30. False. If f is invertible, we know f−1(5) = 3, but nothing else.

31. True. This is the definition of the inverse function.

32. False. Check to see if f (0) = 8, which it does not.

33. True. To find f−1(R), we solve R =
2

3
S + 8 for S by subtracting 8 from both sides and then multiplying both sides by

(3∕2).

34. False. For example, if f (x) = x + 1 then f−1(x) = x − 1 but (f (x))−1 =
1

x + 1
.

35. True. Since t−1 = 1∕t this is a direct substitution for the independent variable x.

36. False. The output units of a function are the same as the input units of its inverse.
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37. False. Since

f (g(x)) = 2
(
1

2
x − 1

)
+ 1 = x − 1 ≠ x,

the functions do not undo each other.

38. True. The quantity of rice required is f (x) tons. The cost of this quantity is g(f (x)) dollars. Thus, the cost to feed x million

people for a year is g(f (x)) dollars.

39. True.

40. False. The composite function g(f (t)) gives the volume of the ball in meter3 after t seconds. Thus, the units of g(f (t)) are

meter3.

41. True. Since the function is concave up, the average rate of change increases as we move right.

42. True. The rates of change are increasing:
f (0) − f (−2)

0 − (−2)
=

6 − 5

2
=

1

2
.

f (2) − f (0)

2 − 0
=

8 − 6

2
= 1.

f (4) − f (2)

4 − 2
=

12 − 8

2
= 2.

43. True. The rates of change are decreasing:

g(1) − g(−1)

1 − (−1)
=

8 − 9

2
= −

1

2
.

g(3) − g(1)

3 − 1
=

6 − 8

2
= −1.

g(5) − g(3)

5 − 3
=

3 − 6

2
= −

3

2
.

44. False. A straight line is neither concave up nor concave down.

45. True. For x > 0, the function f (x) = −x2 is both decreasing and concave down.

46. False. For x < 0, the function f (x) = x2 is both concave up and decreasing.
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