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2 [ LIMITS

2.1 Limits of Sequences

1. (a) A sequence is an ordered list of numbers. It can also be defined as a function whose domain is the set of positive integers.

(b) The terms a,, approach 8 as n becomes large. In fact, we can make a,, as close to 8 as we like by taking n sufficiently
large.

(c) The terms a,, become large as n becomes large. In fact, we can make a,, as large as we like by taking n sufficiently large.

2. (a) From Definition 1, a convergent sequence is a sequence for which lim a,, exists. Examples: {1/n}, {1/2"}

n— oo

(b) A divergent sequence is a sequence for which lim a,, does not exist. Examples: {n}, {sinn}

n—oo

3. The graph shows a decline in the world record for the men’s 100-meter sprint as ¢ increases. It is tempting to say that this
sequence will approach zero, however, it is important to remember that the sequence represents data from a physical
competition. Thus, the sequence likely has a nonzero limit as ¢ — oo since human physiology will ultimately limit how fast a
human can sprint 100-meters. This means that there is a certain world record time which athletes can never surpass.

4. (a) If the sequence does not have a limit as ¢ — oo, then the world record distances for the women’s hammer throw may

increase indefinitely as ¢ — oo. That is, the sequence is divergent.

(b) It seems unlikely that the world record hammer throw distance will increase indefinitely. Human physiology will
ultimately limit the maximum distance a woman can throw. Therefore, barring evolutionary changes to human physiology,
it seems likely that the sequence will converge.

5 0.35
n QAn n an
1] 02000 || 6 | 03000 s
2 1 02500 || 7 | 0.3043 i Lot
3102727 || 8 | 03077 L.
4102857 || 9 | 03103 .
5102941 || 10 | 03125
0 L 1 L 1 1 L L 1 1 1 11

The sequence appears to converge to a number between 0.30 and 0.35. Calculating the limit gives

2
n

n2 — lim 1 1 1
lim a, = lim I aE = lim N = "2H°° =0 3~ 3 This agrees with the value predicted
n2 n—oo N n—oo
from the data.
6. 5.5 The sequence appears to converge to a number
n Gn, n Gn . L
| between 3.9 and 4.0. Calculating the limit gives
1 | 5.0000 | 6 | 3.7500 .
. . 2 3
2 | 37500 | 7 | 3.7755 lim a, = lim (4 -t F) =
3| 36667 | 8 | 3.7969 te e 4 — 0+ 0 = 4. So we expect the sequence to
4| 36875 | 9 | 3.8148 converge to 4 as we plot more terms.
5 | 3.7200 | 10 | 3.8300 0ttt
2.5
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7. 4 The sequence appears to converge to approximately 3. Calculating
n Gn
L 23333 the limit gives lim a, = lim_ (3+(—2)") =3+ 0=3. This
2 | 3.4444 * . agrees with the value predicted from the data.
3 27037 | T Lot
4 | 31975 )
5 | 2.8683 )

0 [ TR Y T Y N B | 11

6 | 3.0878 | 2
7 | 2.9415
8 | 3.0390
9 [ 2.9740
10 | 3.0173

8. 3 The sequence does not appear to converge since the values of a,, do
711 0;800 . not approach a fixed number. We can verify this by trying to

. * calculate the limit:
2 | 0.8284 i . n
¢ n 1
S i R Jim an = lim —= = lim — = lim ———
4 ] 1.3333 . —+ =
. n \/ﬁ n

5 1.5451 P The denominator approaches 0 while the numerator remains constant
6 | 17394 so the limit does not exist, as expected.
7 | 1.9200
8 | 2.0896
9 | 2.2500
10 | 2.4025

9. lim a, = lim — = 1 im = 0. Converges

' n—oo n n— oo 3n4 o 3 n—oo n4 ’ &

1 \"
10. a, = S is a geometric sequence with r = 3 So lim a, = lim S =5 lim (§> =5-0=0 Converges

3n n—oo n—oo 3N n—oo

2n® +n—1 1 1 1
11. an:%—2+———so lim a, = lim 24 lim — — lim — =2+0—-0=2 Converges
n n n—oo n—oo n—oo N n—oo n
n3 —1 2 1 . . 2 . 1 . 2 . 2 . .
12. a, = =n“——s0 lim a, = lim n° — lim — = lim n® When n is large, n” is large so lim a, = oo and
n n n— 00 n—oo n—oo N n— oo n— 00

the sequence diverges.

34 5n i 245 tim 24 dm s 045 5
13. lim a, = lim T lim 2+7 = lim g = ”Hoog’ noe =07+ Converges
n n—oo N n—oo
3
— 1
nd—1 n31 17% lim 1— lim — 1-0
14 lim a, = lim — 1= lim —* = lim ”1 =1z n—ooon =10~ 1 Converges
n—oo n—oo N° + n—oo n, +1 n—oo 1+ — hrn 1+ lim — +
7’L3 n n—oo 1
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SECTION 2.1 LIMITS OF SEQUENCES U
an =1-(0.2)",s0 lim a, =1—-0=1 [by (3) withr =0.2]. Converges

. L l n l n ) L l n ) l n_ B
an=2""4+6 —<2> +<6> sonlin;oan—nlin;o(2> +n1520<6> =04+0=0

[by (3) with 7 = 3 and 7 = g] Converges

2 2
n n’A\/n3 NG . .

an = = = ,80 ap — oo asn — oo since lim /n = oco and

YVndtAn B+ anpnd 1+ 4/n? " ”ﬂx’\/_

. 5 .
nan;o v/14+4/n?=1. Diverges
an =sin(nm/2) = a1 =sin(n/2) =1, a2 =sin(n) =0, a3z =sin(37/2) = —1, a4 =sin(27) =0,
as = sin(b7w/2) = 1. Observe that a,, cycles between the values 1,0, and -1 as n increases. Hence the sequence does not
converge.
an =cos(nm/2) = a1 =cos(m/2) =0, a2 =cos(w)=—1, az=cos(3n/2) =0, as=cos(2m)=1,

as = cos(57/2) = 0. Observe that a,, cycles between the values 1, 0, and —1 as n increases. Hence the sequence does not

converge.

an = T _ (g)n so lim a, = lim (g)n = 00 since g ~ 1.05>1 Diverges

n—00 n—o0

10™ .
10" o 1 ot

. T T 10m
Jm an = lm g—men = lim =55 = lim — Y o (Y s (2
10™ 10m 10 n—oo \ 10 n—oo \ 10

denominator approaches 0 while the numerator remains constant. Diverges

1/3
3 1/3 n— lim —/ 0
. . n . i 1/2 e /6
lim an = lim —=Y" _ = lim — =] n _ _ —o
e T D it W nee /2 £ nl/A | nlioe 12 1 pi/a i 1t lim 114 110
nl/2 n— 00 n—oo nl/

Converges

2 2
an =In(2n*> +1) —In(n®>+1) =In (2n + 1) =In (M> — In2asn — oco. Converges

n?+1 1+1/n?
I A it P . v 3w B g
In = 40— =0 = 9(2)", so lim @, =9 lim (2)"=9-0=0by(3) withr = 2. Converges
n —-n —n —2n
an = e te & = IL —0asn — ocobecause 1 + e 2" — lande” —e ™ — oo. Converges
62n -1 e—"n en —e—n

n+1

an zln(n—l—l)—lnn:ln( ) :ln(l—l—%) —1In(1) =0asn — oco. Converges

The sequence appears to converge to 2. Assume the limit exists so that

n Qan n an

1 1.0000 5 1.9375 lim An++1 = lim a, = a, then an+1 = %an +1 =

2| 15000 | 6 | 1.9688 lim any1 = lim (Fan+1) = a=3za+1 = a=2
3| 17500 || 7 | 1.9844 e e

4 1.8750 8 1.9922 Therefore, lim Ap = 2.
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28. The sequence appears to converge to 0.75. Assume the limit exists so that
n Qan n an
1 2.0000 5 0.7654 lim An+4+1 = lim an = a, then An+1 = 1-— %CLW, =
21 0.3333 6 | 0.7449 lim any1 = lim (1 — %an) = a=1-— %a = a=3/4
308889 | 707517 e e
41 07037 || 8 | 0.7494 Therefore, lim a, = 3.
29.
n an n an . .
1 1 2.0000 5 17.0000 The sequence is divergent.
2 | 3.0000 [ 6 [ 33.0000
3] 5.0000 || 7 | 65.0000
4 | 9.0000 || 8 | 129.0000
30.
n an
1 | 1.0000 The sequence appears to converge to 5. Assume the limit exists so that
2 | 2.2361 lim apt1 = lim a, = a, then ap+1 = vbHan, = lim ant1 = lim v/5a, =
3| 33437 a=+vba = a*=5a = a(a—5 =0 = a=0ora=5
4 | 4.0888 . s . .
Therefore, if the limit exists it will be either 0 or 5. Since the first 8 terms of the sequence appear
5 | 45215
to approach 5, we surmise that lim a, = 5.
6 | 4.7547 n—oo
7 | 4.8758
8 | 4.9375
31
n an
1 | 1.0000 The sequence appears to converge to 2. Assume the limit exists so that
2| 30000 | i s = lim o = thenanen = o i oo = fim
3 | 1.5000 6
4 | 2.4000 =1 = d*+a-6=0 = (¢—-2)(a+3)=0 = a=-3ora=2
5| 17647 Therefore, if the limit exists it will be either —3 or 2, but since all terms of the sequence are
6| 21702 positive, we see that lim a, = 2.
7 | 1.8926 noee
8 | 2.0742
32,
n Gn s
1 1 3.0000 The sequence cycles between 3 and 5, hence it is divergent.
2 | 5.0000
3 | 3.0000
4 | 5.0000
5 | 3.0000
6 | 5.0000
7 | 3.0000
8 | 5.0000
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33.
n Gn
1 | 1.0000 The sequence appears to converge to 2. Assume the limit exists so that
2 1 17321 lim apy1 = lim a, =a,thenap+1 =+v2+a, = lim any1 = lim 24+a, =
3| 19319 a=v2+a = ad*-a-2=0 = (a—-2)(a+1)=0 = a=-lora=2
4 | 1.982 . T . .
9829 Therefore, if the limit exists it will be either —1 or 2, but since all terms of the sequence are
5 | 1.9957
positive, we see that lim a, = 2.
6 | 1.9989 n—oo
7 | 1.9997
8 | 1.9999
34. The sequence appears to converge to 5. Assume the limit exists so that
n Gn
1| 100.0000 Jm anis = lim an = a, then
2| 50.1250 1 25 y lim L 25
an+1 = = | an + — = im ap+1 = lim = (an, + — = a=
3| 253119 T2 < an> oo M T 002 < an)
4 | 13.1498 1 2 2
_(a_|__5) = 2a:a—|——5 = =25 = a=-5ora=5H
5 7.5255 2 a a
6 5.4238 Therefore, if the limit exists it will be either —5 or 5, but since all terms of the sequence are
7 5.0166 positive, we see that lim a,, = 5.
8 | 5.0000 ne

35. (a) The quantity of the drug in the body after the first tablet is 100 mg. After the second tablet, there is 100 mg plus 20%
of the first 100- mg tablet, that is, [100 + 100(0.20)] = 120 mg. After the third tablet, the quantity is
[100 4 120(0.20)] = 124 mg.

(b) After the n'® + 1 tablet, there is 100 mg plus 20% of the n'" tablet, so that Q,, 1 = 100 + (0.20) Qn

(c) From Formula (6), the solution to Q41 = 100 + (0.20) Qn, Qo = 0 mg is

1-0.20" 100 oy N
m) — (1—0.20") = 125 (1 — 0.20")

Qn = (0.20)™ (0) 4 100 ( = 580

(d) In the long run, we have lim @, = lim 125(1 —0.20") =125 ( lim 1— lim 0.20") =125(1—-0) =125 mg

n—o00 n— oo

36. (a) The concentration of the drug in the body after the first injection is 1.5 mg/mL. After the second injection, there is
1.5 mg/mL plus 10% (90% reduction) of the concentration from the first injection, that is,

[1.5+ 1.5(0.10)] = 1.65 mg/mL. After the third injection, the concentration is [1.5 4+ 1.65(0.10)] = 1.665 mg/mL.

(b) The drug concentration is 0.1C}, (90% reduction) just before the nth 41 injection, after which the concentration increases

by 1.5 mg/mL. Hence C\,+1 = 0.1C,, + 1.5.

(c) From Formula (6), the solution to Cr,41 = 0.1C), 4+ 1.5, Co = 0 mg/mL is

1-01"\ 15 B N
1_701)_—(1—0.1 )=3(1-01")

Cpn = (0.1)" (0)+ 15 ( 0

(d) The limiting value of the concentration is

lim C, = lim g(l —0.1%) = g ( lim 1— lim 0.1") - 2(1 —0) = 2 ~ 1.667 mg/mL.

n— oo n— o0 n— 00 n— oo 3
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37. (a) The quantity of the drug in the body after the first tablet is 150 mg. After the second tablet, there is 150 mg plus 5%
of the first 150- mg tablet, that is, [150 + 150(0.05)] mg. After the third tablet, the quantity is
[150 4 150(0.05) 4 150(0.05)2] = 157.875 mg. After n tablets, the quantity (in mg) is
150(1 — 0.05™) 3000
1-0.05 19

(b) The number of milligrams remaining in the body in the long runis lim [298%(1 — 0.05™)] = 3%5%(1 — 0) ~ 157.895,

150 4 150(0.05) + - - - + 150(0.05)™~*. We can use Formula 5 to write this as

(1—0.05™).

only 0.02 mg more than the amount after 3 tablets.

38. (a) The residual concentration just before the second injection is De™%7'; before the third, De™%T 4+ De™%?7'; before the
De—aT (1 _ e—anT)

(n+1)st, De™°T 4 De*2T 1 ... 4+ De~%""', This sum is equal to s [Formula 3].
— e a
De—aT 1— efanT —aT _ aT
(b) The limiting pre-injection concentration is nan;O T E s ) = Del — e(EQT 0) . ZaT = eaTD_ T
aT s e 3 _ aT
(©) T >C = D>C(e"" —1), sothe minimal dosage is D = C'(e*” —1).
39. (a) Many people would guess that z < 1, but note that  consists of an infinite number of 9s.
(b) £ =0.99999... = i—l—i—l—i + 9 + o= i 9 which is a geometric series with a; = 0.9 and
- 710 0 100 1000 10,000 =TI g ‘ e
.09 0.9 .
=0.1.It = — =1, thatis,z = 1.
r ssumis oo = o atis, ©

(c) The number 1 has two decimal representations, 1.00000. .. and 0.99999. ...
(d) Except for 0, all rational numbers that have a terminating decimal representation can be written in more than one way. For
example, 0.5 can be written as 0.49999 . . . as well as 0.50000. . ..
40. a, = (5—n)an-1,a1 =1 = a2=(5-2)(1)=3,a3=(5—-3)(3) =6,as =(5—4)(6) =6,a5 = (5—5)(6) =0,
as = (5 — 6)(0) = 0, .and so on. Observe that the fifth term and higher will all be zero. So the sum of all the terms in the
sequence is found by adding the first four terms: a1 + a2 + a3 +as =1+3+ 6+ 6 = 16.

#.08 = % + 1102 + .-+ is a geometric series with a = % andr = 1—10 It converges to 1 i - = 15/711?10 = g
42, 0.46 = % + % + .- is a geometric series with a = % andr = 1—(1)0 It converges to 1 i o= 14%3/1:;(1(())0 = %
43. 2.516 = 2 + %2 + ?—(1)5 + - --. Now ?—(1)5 + ?—(1)(2 + .-+ is a geometric series with a = 51)—(1)5 andr = %03 It converges to
T = T = i~ g ™ 2502 G = T = gy
44. 10.135 = 10.1 + 13—(;53 + 13—055 + . Now 13—053 + 13—055 + .-+ is a geometric series with a = 13—053 andr = 1—(1)2 It converges
0 T = T = T = g ™ 10495 = 0.+ g = S < S T
45, 1.5342 = 1.53—&—%4—% —&—---.Nowf—;4 +%+~- is a geometric series with a = 14—024 and r = 0
a 42/10*  42/10* 42

It t = - - ’
converges to T— r 1—1/102  99/102 ~ 9900

_ 42 153 42 15147 42 15189 _ 5063
Thus, 1.5342 = 1.53 + 5560 = 100 * 9900 ~ 9900 ' 9900 ~ 9900 * 3300°
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12,345 | 12,345 + Now 12345 | 12,345 + is a geometric series with a = 12,345 andr = L
105 1010 ' 105 1010 & TS T
a  12,345/10°  12,345/10° 12,345

1—r 1—1/105  99,999/105  99,999°

12,345 699,993 = 12,345 712,338 or 237,446
99,999 ~ 99,999 © 99,999 99,999 33,333 °

46. 7.12345 =7+

It converges to

Thus, 7.12345 = 7 +

47. 1 Computer software was used to plot the first 10 points of the recursion equation

Ze+1 = 2x4(1 — x¢), o = 0.1. The sequence appears to converge to a value of

0.5. Assume the limit exists so that tlim Tiyr1 = tlim T = x, then
— 00 — 00
e o o o o o 41 =2x(l —2¢) = lim x4y = lim 22¢(1 — ) =
t—oo t—o0

. r=2zx(l—z) = 2(1—2zx)=0 = a=0orz=1/2. Therefore, if the

limit exists it will be either O or % Since the graph of the sequence appears to

1 : 1
approach 5, WE see that tlig)lo T = 3.

48. 0.9 Computer software was used to plot the first 10 points of the recursion equation

ZTi41 = 2.6z(1 — x¢), zo = 0.8. The sequence appears to converge to a value of

0.6. Assume the limit exists so that tlim Tip1 = tlim r: = x, then
— OO — 00
. I Tir1 = 2.6x4(1 —x¢) =  lim @441 = lim 2.62,(1 — ) =
t—o0 t—oo

r=26z(1—2) = x(1.6—262)=0 = z=0o0rz=-2~0.615.

Therefore, if the limit exists it will be either 0 or %. Since the graph of the

1%, we see that lim z; = <.

sequence appears to approach Jm 13

8 Computer software was used to plot the first 10 points of the recursion equation
+ Ze+1 = 3.2x4(1 — x¢), o = 0.2. The sequence does not appear to converge to a

L e . . . . fixed value. Instead, the terms oscillate between values near 0.5 and 0.8.

50.

Computer software was used to plot the first 20 points of the recursion equation
241 = 3.524(1 — x¢), zo = 0.4. The sequence does not appear to converge to a

L fixed value. Instead, the terms oscillate between values near 0.45 and 0.85.

oS
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51. 1
. S . * . toe R : Computer software was used to plot the first 30 points of the recursion equation
. ®e Zi41 = 3.8z¢(1 — x¢), zo = 0.1. The sequence does not appear to converge to a
. . ¢ fixed value. The terms fluctuate substantially in value exhibiting chaotic behavior.
~ L] * d L] * L]
1
0 1 1 1 1 1 30
52. 1
°®, L . . .
° Cett e Computer software was used to plot the first 50 points of the recursion equation
. .. <~ % Ze41 = 3.924(1 — x¢), zo = 0.6. The sequence does not appear to converge to a
‘e . fixed value. The terms fluctuate substantially in value exhibiting chaotic behavior.
° . o °
0 . . : . 50

53. Computer software was used to plot the first 20 points of the recursion equation x;11 = %xt (1 — x¢), with zo = 0.2 and

xo = 0.2001. The plots indicate that the solutions are nearly identical, converging to zero as ¢ increases.

0.4 0.4
x,=0.2 x,=0.2001
0 ‘ JZI 0 ‘ 21
—0.1 —0.1

54. Computer software was used to plot the first 20 points of the recursion equation ¢41 = 4x¢(1 — ), with zo = 0.2 and
xo = 0.2001. The recursion with ¢ = 0.2 behaves chaotically whereas the recursion with o = 0.2001 converges to zero.

The plots indicate that a small change in initial conditions can significantly impact the behaviour of a recursive sequence.

. % =02 X =0.2001
0 . -t 21 *a ‘
0 21
-0.2 0.2
55. 1 Computer software was used to plot the first 10 points of the recursion equation
e N
Ter1 = 2wre” "t 29 = 0.2. The sequence appears to converge to a value near 0.7.
e o o o o Assume the limit exists so that lim ¢+ = lim x; = z, then
. 3 t—oo t—o0o
. Try1 = 2xie” "t = lm x4y = lim 2zie™ "t = x =2z " =
t—o0 t— o0

z(1-2¢")=0 = z=0o0rz=In2~ 0.693. Therefore, if the limit

1 10 exists it will be either 0 or In 2. Since the graph of the sequence appears to
01 - approach In 2, we see that tlim z: =In2.
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56. 1.4 Computer software was used to plot the first 10 points of the recursion equation

Tip1 = 3xee” “t) xo = 0.4. The sequence appears to converge to a value of 1.1.

e o 6 6 0 s o o Assume the limit exists so that lim x;+1 = lim z; = z, then
t— oo t—oo
Tip1 = 3xe” ¥t = lim x441 = lim 3ze”™ ™ = =3z " =
t—oo t—o0

x (1 — 36_“”) =0 = x=0o0rz=1n3~=1.099. Therefore, if the limit

exists it will be either 0 or In 3. Since the graph of the sequence appears to

approach In 3, we surmise that lim z; = In 3.
t—oo

71 1 1 1 1 1 1 1 1 1 10
0.2
57. 5
Computer software was used to plot the first 10 points of the recursion equation
L i1 = 10x:e™ "%, xo = 0.8. The sequence does not appear to converge to a fixed
value of ;. Instead, the terms oscillate between values near 0.9 and 3.7.
_l 1 1 1 1 1 1 1 1 1 11
0
58. 10
Computer software was used to plot the first 10 points of the recursion equation
* * Tir1 = 20xe” ", xo = 0.9. The sequence does not appear to converge to a fixed
value of z;. The terms fluctuate substantially in value exhibiting chaotic behaviour.
—1 I e 1 1 ® 1 1 e 11
0

59. Let A,, represent the removed area of the Sierpinski carpet after the nth step of construction. In the first step, one square of

1. 1 1/1 1
area 9 is removed so A; = 3 In the second step, 8 squares each of area — ( 5) =9 are removed, so

9

8 1
A=A — ==
2 1+92 9+

9—82 = % (1 + %) . In the third step, 8 squares are removed for each of the 8 squares removed in the

previous step. So there are a total of 8 - 8 = 82 squares removed each having an area of % ( 9—12) = 9i3 This gives
82 1 8y, 8 1 8, (8)’

¥ =9 9 2 -39 . Observing the pattern in the first few terms of the sequence,
we deduce the general formula for the nth term to be A,, =

2 n—1
1—&—%—&-(%) ++(g) ].Thetermsin

parentheses represent the sum of a geometric sequence with a = 1 and r = 8/9. Using Equation (5), we can write

A, = é [%] =1- (g) . As n increases, nlin;o A, = nlin;o {1 — (g) } = 1. Hence the area of the

1
9

removed squares is 1 implying that the Sierpinski carpet has zero area.
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60. |CD| = bsinf, |DE| = |CD|sind = bsin? 0, |EF| = |DE|sinf = bsin® 0, . ... Therefore,

sin 6

|CD‘+\DE|+|EF|+|FG\"'"':bnz::lsm ezb(l—sinﬁ

> since this is a geometric series with 7 = sin 6

and |sinf| <1 [because 0 < 6 < Z].

PROJECT Modeling the Dynamics of Viral Infections

1. Viral replication is an example of exponential growth. The exponential growth recursion formula is N (¢ + 1) = RN (t) where
R is the growth rate and N (¢) is the number of viral particles at time ¢. In Section 1.6, we saw the general solution of this
recursion is Ny = Np - R*. With R = 3 and Ny = 1, the recursion equation is N;+1 = 3N; and the general solution is

Nt = 3t.

2. Let ¢; be the amount of time spent in phase 1 of the infection. Solving for 1 in the equation N;, = Np - R using logarithms:

In(Nt, /No)

m(R) The immune response initiates when N;, = 2 - 10°. Therefore the time it
n

In (Rtl) =1In(N¢, /No) = t1 =

In(2 - 10%) — In(No)
In(3)

takes for the immune response to kick inis t; = ~ 13.2 — 0.91In(Np). Hence, the larger the initial

viral size the sooner the immune system responds.

3. Let ¢2 be the amount of time since the immune response initiated, Rimmune be the replication rate during the immune response,
and dimmune be the number of viruses killed by the immune system at each timestep. The second phase of the infection is
modeled by a two-step recursion. First, the virus replicates producing N* = Rimmune N, viruses. Then, the immune system
kills viruses leaving Niy+1 = N* — dimmune leftover. Combining the two steps gives the recursion formula

Nt2+1 = Rimmuneth - dimmune-
4. The viral population will decrease over time if AN < 0 at each timestep. Solving this inequality for NV¢,:

d.
Niy41— Nty <0 = (Rimmune — 1) Nty — dimmume <0 = Ny, < % where we assumed Rimmune > 1.
immune ~

Substituting the constants Rimmune = % -3 = 1.5 and dimmune = 500, 000 gives N¢, < 1,000, 000. Therefore, the immune
response will cause the infection to subside over time if the viral count is less than one million. This is not possible since the

immune response initiates only once the virus reaches two million copies.

5. The recursion for the third phase can be obtained from the second phase recursion formula by replacing the replication and
death rates with the new values. This gives N¢; 41 = RaugNt; — dag Where ¢3 is the amount of time since the start of drug

treatment.

ddrug
(Rarg — 1)

Substituting the constants Rgng = 1.25 and dane = 25, 000, 000 gives Ny, < 100,000, 000. Therefore, the drug and immune

6. Similar to Problem 4, we solve for [V, in the inequality AN = Ni; 41 — Ni, < 0 and find that Ny, <

system will cause the infection to subside over time if the viral count is less than 100 million. This is possible provided drug

treatment begins before the viral count reaches 100 million.
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7. From Formula (6), the general solution to the recursion equation Niy,+1 = Rimmune Nty — @immune 1S given

1—-RP2 . . o
by Niy = R2. . No — dimmune (?i::i::) . Solving for 2 in this expression gives
dimm n dimmun Nt + dimmune(l - Rimmune)71

N;, = R? N S - * = RpR =22 =

2 fmmune < ot 1-— Rimmune 1-— Rimmune fmmune NO + dimmune(l - }%immune)71

Nt + dimmune(l - Rimmune)71 :| / . . .
to = In 2 In Rimmune. Note that the number of viral particles at the start of phase two is
2 |: NO + dimmune(l - }%immune)7l e P P

No=2- 109, Substituting Rimmune = 1.5, dimmune = 500, 000 and the critical viral load N¢, = 100 - 10° into the equation

gives to = = 11.33 h. This is the amount of time spent in phase two after which the infection cannot be controlled.

In(2 - 10%) — In(1)

~ 13.21 h. Thus, the total time is t = t1 + t2 ~ 24.54 h.
In(3)

From Problem 2, phase two begins after ¢; =

Hence, drug treatment must be started within approximately one day (24 hours) of the initial infection in order to control the

viral count.

8. A general expression for the time it takes to reach the critical viral load is obtained by combining the expressions for ¢; and ¢2

In th + dimmune(l - Rimmune)71
111(2 . 106) _ IH(NO) 2-106 + dimmune(l - ‘Rimmune)71
IH(R) IH(R) In Rimmune ’

from Problems 2 and 7. This gives t = t1 + t2 =

Substituting Rimmue = 0.5R, dimmune = 5 - 10°, No = ng and Ny, = 100 - 10° gives

100 - 105 + (5 - 10°)(1 — 0.5R) ~*
In(2-10%)  In(no) . | 2-10°+ (5-10°)(1 — 0.5R) " }
~ In(R)  In(R) In (0.5R)

. Note: We have inherently assumed that ng < 2 - 105,
so that some time is spent in phase 1.

9. After 24 hours, the infection has been in the immune response phase for t2 = 24 — 13.21 = 10.79 h.

Using the general expression for Ny, from Problem 7 the number of viruses after 24 hours is

1—1.5%107

Nio.79 = (1.5'%7)(2 - 10%) — (5 - 10°) ( —

) ~ 80, 555, 008. Since this is less than the critical viral load (100

million), drug intervention will be effective in controlling the virus. Rewriting the equation for ¢2 for the drug phase gives

ta = 1 th + ddrug(1 - Rdrug)_1
3=In —
NO + ddrug(l - Rdrug)

values Ny, = 0, No = 80, 555,008, Rgng = 1.25 and dgrng = 25,000, 000 yields t3 = 7.34 h. Therefore, it takes

] / In Rgng Where t3 is the amount of time since the drug treatment started. Substituting

approximately 7 hours after starting the drug treatment to completely eliminate the virus.

2.2 Limits of Functions at Infinity

1. (a) As = becomes large, the values of f(x) approach 5.

(b) As x becomes large negative, the values of f(z) approach 3.
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2. (a) The graph of a function can intersect a horizontal asymptote. It can even intersect its horizontal asymptote an infinite
number of times.

i N A~
0 \./ x

(b) The graph of a function can have 0, 1, or 2 horizontal asymptotes. Representative examples are shown.

5

No horizontal asymptote One horizontal asymptote Two horizontal asymptotes

3. If f(x) = 2%/2%, then a calculator gives f(0) = 0, f(1) = 0.5, f(2) = 1, f(3) = 1.125, f(4) = 1, f(5) = 0.78125,
£(6) = 0.5625, £(7) = 0.3828125, f(8) = 0.25, f(9) = 0.158203125, £(10) = 0.09765625, £(20) ~ 0.00038147,
f(50) ~ 2.2204 x 107*2, £(100) = 7.8886 x 10727,

It appears that lim (2°/2%) = 0.

4. (a) From a graph of f(z) = (1 — 2/z)” in a window of [0, 10,000] by [0, 0.2], we estimate that lim f(z) = 0.14

T —00

(to two decimal places.)

(b) From the table, we estimate that lim f(z) = 0.1353 (to four decimal places.)
z f(z) e
10,000 | 0.135308

100,000 | 0.135333
1,000,000 | 0.135335

lim (1/x) lim (1/x)
5. lim ——— — lim — /% e z—o0 0 __90_4

w00 22 + 3 wmoo (20 +3)/z  lim (2+3/x)  lim 2+3 lim (1/z) 2+ 3(0) 2

lim 3+5 lim l

6. lim 220 _ gy BrES)/z o 3H+5/8  ane oL _ 3+5(0) _ 4
z—o00 x—4  a—oo (x—4)/x o0 l—4/z lim 1—4 Lim ~ 1—4(0)
Tr— 00 r—oo I
 3z-2 . (Be-2/r . 3-2/c Jm3-2lml/z 5 54 3
7. lim = lim ——— = lim = == a = ==
z—0 20 +1 2o 2z4+1)/z 250 241/z lim 2+ lim 1/x 240 2
2 _ 2 3 3 _
8 lim — =% gy ATy Yo e

z—0 g3 —x+1 awsoo (23 —xz+1)/23 200l —1/2241/23

Jim 1/2° — lim 1/ 0-0_ _,

~ hm 1— lim 1/22+ lim 1/ 1-0+0
xr—00 xr—00

&Tr— 00
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: 2
9. 1lim l—z—2° lim (1_m_$2)/m2_x£r_rloo(1/x —1/z-1)
"esleo 22 -7 e—-oo (222 —T7)/22 lim (2 —7/2?)
. 2 . .
A O - i O/ - Bt 01 1
lim 2—7 lim (1/22) S 2-17(0) 2
. 4x® 4627 -2 . (42® + 622 —2)/2? . 4+6/z—2/2* 4+0-0
10. lim ——— = lim = lim = =2
z—oo 228 —4x 4+ 5 a>-oco (228 —4x+5)/23  25-002—4/22+5/23 2-040
3\' 5\ "
1. lim O.6t:tli£n (5) = lim (§> = oo since 5/3 > 1and —t — oo ast — —o0
. 5 . -
12. lim 1—m:0s1nce10 — 00asr — oo
3 g YETE o (AR PP 041
Ttooo 2t —12  t—oo (2t —t2)/12 toee 2/t—1 0—1
. t— v/t . (t—tvt) /132 . 162 —1 0-1 1
14. lim = lim = lim = =——
t—oo 2t3/2 4+ 3t — 5 t—oo (283/2 43t — 5) /t3/2  t—o0 24 3/t1/2 —5/t3/2  240-0 2
2 2 2 2/, 4 2 212
5. tim 2T FDT gy, Cr D (22~ +1)/a]
e—oo (= 1)2(a% +2)  a—oo [(—1)2(2% + )]/t e—oo [(22 — 22+ 1)/22][(22 + z)/2?]
~ lim 2+1/a) . @e+0®
Tz (1—2/z+1/22)(1+1/z)  (1-0+0)(1+0)
z? z?/x? 1
16. lim —— = lim ——— = lim —— since 22 = vzt forz > 0
x—o00 /14 +1 x—00 /4 + 1/1‘2 T—00 (.I‘4 + 1)/934 [ ]
= lim ! = ! =1
v—oe \/141/zt V140
V922 ¥ 7 — 32) (\/Or? 3 V922 ¥ z)° - (3z)°
17. lim (V922 T 7 — 3z) = lim (V922 + z — 3z) (V922 + = + 32) i (V922 + )" — (3x)
z—00 z—00 V922 4+ = + 3z z—oo  4/9x2 + x4 3z
. (92 +2) — 927 . T 1/z
= lim ~—%—— = lim ————— - ——
gm0 912 ¥ x4+ 3z o912+ 1+ 3z 1l/z
. x/x . 1 1 1 1
= lim = lim = = ==
v—oo (/922 /22 + x /2 + 3z /r  *—e \/9+1/x+3 V943 3+3 6
2 V= Tb 2 715
18, lim (va? +az—+a® +bz) = lim (V22 +ax — Va? + bz ) (Va2 + ax + Va? + bx )
ot s—oo V2 +azr + V22 + bz
. (2% 4 ax) — (2* + bx) . [(a —b)z]/x
= lim = lim
z—oo /22 4+ ax + V2 + br T (\/x2+ax+\/x2+bx)/vx2
~ lim a—2b _ a—b _a-—b
e \/T+afe+/T+b/z VI+0+VI+0 2
6 6 6 6
19. L = = == =2
S e T3  fm e 340 3
20. Forx > 0,vx2+1 > vx2 = z. Soas v — oo, we have vVz2 + 1 — oo, that is, lim 22 + 1 = co.
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21. lim 934 - 3$2 +x — 1 ($4 - 3552 + x)/xg divide by the highest power — lim T — 3/1’ + 1/1’2 -
Trooo 23— 42 e (23 —z+2)/x8 of z in the denominator T a5oe 1 — 1/x2 + 2/23 -

since the numerator increases without bound and the denominator approaches 1 as x — co.

22. lim (e™* 4 2cos 3x) does not exist. lim e™*

T—00 xr— 00

=0, but lim (2 cos 3z) does not exist because the values of 2 cos 3z

oscillate between the values of —2 and 2 infinitely often, so the given limit does not exist.

23. lim (2* +2°) = lim 2®(L +1) [factor out the largest power of 2] = —oco because 2> — —coand 1/z + 1 — 1

T— — 00

as r — —OoQ.

Or: lim (284 + I5) = lim 2*(1+4+2)=—oo.
1+ L 1+ $6)/I4 divide by the highest power — Iim 1/:134 + 22 —

24, xBI_HOO 24 +1 25 (x4 + 1)/%4 of  in the denominator z——00 1+ 1/1.4

since the numerator increases without bound and the denominator approaches 1 as x — —oo.

25. As t increases, 1/t approaches zero, so lim e — om0 — 1

t—oo

3z —3z —6x
.. . . et —e . 1l—e 1-0
26. Divide numerator and denominator by €3*: lim ————— = lim =

x;,ooeSm_;'_efSac 14,001_’_6761:1_1_0_1

. 1—¢" . (1=e")/e” . 1/e"—1 0-1 1
27. 1 =1 - = =
eibo T+ 267 amoo (L+2e%) /e  abeoljer+2 042 2

2. lm_[In(@®) ~In(z®+1)] = lim_ {m (x;’i 1)} ~ lm_ {111 (Ti/ﬁ)} —In (1_410) —In(1) = 0

29. R(N)=S5N/(c+ N) = R(c)=Sc/(c+c)=5/2. Hence, cis the nutrient concentration at which the growth rate is

half of the maximum possible value. This is often referred to as the half-saturation constant.

30. (a) lim v = lim 0-14[5] — lim 0.14 divide numerator and _ 0.14
) [S]—o0 (Sl—oo 0.015 + [S]  sl—c0 0.015/[S] + 1 0+1

horizontal asymptote. Therefore, as the concentration increases, the enzymatic reaction rate will approach 0.14. Note, we

=0.14. Sothelinev = 0.14is a

denominator by [S]

did not need to consider the limit as [S]— —oo because concentrations must be positive in value.

(b) 0.2
vk
0 | | | | 0.5
(S
. T 8v T (87)) /'U2 divide by the highest power
31. UILHOIO N(U) - UILH(}O 1+20+0v2 vlingo (1 + 20+ 1}2) /1)2 of v in the denominator
8/v 0

- 1 - -
e r2jorl 0041 0

Therefore, as the mortality rate increases, the number of new infections approaches zero.
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32 (a) lim L(t) = lim [Loo — (Loo — Lo)e "] = Loo — (Loo — L0)(0) = Loso. Therefore, as the fish ages the mean length

approaches Lo .

(b) 60
( The constant £ affects the rate at which the function

approaches the horizontal asymptote L. . Increasing k

- lzzg causes the Bertalanffy growth function to approach the
-7 - - =-k=0..38 horizontal asymptote at a faster rate.
k=0.3
0 L 3
3. B(t) = 8X—£O7 = lim B(t) = lim 8 x 107 _8x 107 = 8 x 10”. This means that in the long run the
1 + 3¢-0-71¢ ol t—co 1 + 3e-0-71¢ 1+0

biomass of the Pacific halibut will tend to 8 x 107 kg.

34. (a) After ¢ minutes, 25t liters of brine with 30 g of salt per liter has been pumped into the tank, so it contains
(5000 + 25t) liters of water and 25¢ - 30 = 750t grams of salt. Therefore, the salt concentration at time ¢ will be
750t 30t g

t) = = =.
o) 5000+ 25t 200+t L

. .30 30t/ 30
b) 1 t) = lim ——— = =
() lim Ct) = lim 55o=— = lim 200/t +t/t  0+1

being pumped into the tank.

= 30. So the salt concentration approaches that of the brine

35. ¢ © <0.0000 = In (e*””) < In(0.0001) = —z<In(0.0001) = =z > —In(0.0001) ~ 9.21, so = must be
bigger than 9.21.

x
By . L IR BN S
R - TR il T da -y sl e
x
f(z) >0.99 = %>0.99 = >099x+1) = 00lz>099 = z>099/001 = z>99

37. (a) tlirn v(t) = tlim v* (1 - efgt/”*) =v"(1-0)=0"
(b) Substituting the values v* = 7.5 and v(t) = 0.99 * 7.5 into the velocity function gives 0.99 % 7.5 = (7.5)(1 — e~ 9*/"")

7.5)1n(0.01)

= 0.99(7.5) = (7.5) (1—e*t<9~8)/<7-5>) S tORTD) _ g0 = ¢ S = 3525

2.3 Limits of Functions at Finite Numbers

1. As x approaches 2, f(x) approaches 5. [Or, the values of f(x) can be made as close to 5 as we like by taking x sufficiently
close to 2 (but z # 2).] Yes, the graph could have a hole at (2, 5) and be defined such that f(2) = 3.

2. As x approaches 1 from the left, f(x) approaches 3; and as = approaches 1 from the right, f(z) approaches 7. No, the limit
does not exist because the left- and right-hand limits are different.

3. () 1irn3 f(x) = oo means that the values of f(z) can be made arbitrarily large (as large as we please) by taking x

sufficiently close to —3 (but not equal to —3).

(b) lim+ f(x) = —oo means that the values of f(x) can be made arbitrarily large negative by taking z sufficiently close to 4
r—4

through values larger than 4.
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4. (a) As x approaches 2 from the left, the values of f(z) approach 3,so lim f(z)=3.
T—2"

(b) As z approaches 2 from the right, the values of f(x) approach 1, so lim+ flz)=1.

r—2

(©) lirn2 f () does not exist since the left-hand limit does not equal the right-hand limit.

(d) Whenz =2,y = 3,0 f(2) = 3.
(e) As x approaches 4, the values of f(x) approach 4, so lirr}1 flx)=4.

(f) There is no value of f(x) when z = 4, so f(4) does not exist.

5. (a) As x approaches 1, the values of f(z) approach 2, so liml flz)y=2.
(b) As z approaches 3 from the left, the values of f(z) approach 1,s0 lim f(x)=1.
x—37

(c) As x approaches 3 from the right, the values of f(z) approach 4, so lim f(z)=4.

r—3

(d) lim3 f () does not exist since the left-hand limit does not equal the right-hand limit.

(e) Whenz =3,y = 3,s0 f(3) =3.

6. (a) h(x) approaches 4 as x approaches —3 from the left, so lim h(x) = 4.

r——3"

(b) h(z) approaches 4 as x approaches —3 from the right, so lim h(z) = 4.

r——3

(©) lim3 h(z) = 4 because the limits in part (a) and part (b) are equal.

(d) h(—3) is not defined, so it doesn’t exist.

(e) h(z) approaches 1 as x approaches 0 from the left, so lim h(z) = 1.

z—0—

(f) h(z) approaches —1 as x approaches 0 from the right, so lim h(z) = —1.

r—0

(2) lin}) h(x) does not exist because the limits in part (e) and part (f) are not equal.
(h) h(0) = 1 since the point (0, 1) is on the graph of h.
(i) Since lim h(z) =2 and lim+ h(z) = 2, we have lir% h(z) = 2.
r—27 r—2 T—
(j) h(2) is not defined, so it doesn’t exist.

7. (a) P(t) approaches 260 as x approaches 2 from the left, so lim P(¢) = 260.

t—2—

(b) P(t) approaches 254 as x approaches 2 from the right, so lim+ P(t) = 254.
t—2

(©) }m% P(t) does not exist because lim P(t) # lim P(¢).

t—2— t—2+

(d) P(t) approaches 254 as x approaches 4 from the left, so lim P(¢) = 254.
t—4—

(e) P(t) approaches 258 as x approaches 4 from the right, so lim P(t) = 258.

t—4

(f) lim P(t) does not exist because lim P(t) # lim P(¢).
t—4 t—d4— t—4t

(g) lin}) P(t) = 258 because lim P(t) =258 = lim P(¢)

r—5" z—51

(h) On June 3 (¢ = 2), the population decreased by 6. This could have been a result of deaths, emigration, or a combination of
the two. On June 5 (¢ = 4), the population increased by 4. This could have been a result of births, immigration, or a

combination of the two.
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8. (a) ignz R(z) = —o0 (b) ;lliré R(z) = o0 (© xll{ngi R(z) = —oc0 () x_l}g+ R(z) = o0
(e) The equations of the vertical asymptotes are x = —3, x = 2, and x = 5.
9. (a) ili% g(z) = —oc0 (b) llilgl_ g(z) = —oc0 (c) lllrg_ g(z) =00
(d) lim g(z) =2 (e lim g(z)=-1 (f) Vertical: x = 0,z = 2;
00 T oo horizontal: y = —1,y =2

10. lim f(¢) = 150 mg and lirn+ f(t) = 300 mg. These limits show that there is an abrupt change in the amount of drug in
t—12— t—12

the patient’s bloodstream at ¢ = 12 h. The left-hand limit represents the amount of the drug just before the fourth injection.
The right-hand limit represents the amount of the drug just after the fourth injection.

M. lim f(z)=4, lim f(z)=2, lim f(z)=2, 12, lim f(z) =2, lim f(z) =0, lim f(z)=23,
z—3+ z—3~ T——2 z—0~ z—0+ z—4=
@ =3 f(-2)=1 lim 7(2) =0,7(0) =2, f(4) =1
) ]
3,,
/2’
1+ .
0 4 X
13. lir% f(z) = —o0, 14. lirré f(z) = oo, lim+ flz) = oo, 15. lim2 f(z) = —o0, lim f(z) = oo,
T—> T— r——2 xTr— T— 00
lim f(x)=>5, lim f(z)=—-o00, lim f(x)=0, lim f(x)=0, liron+ f(z) = oo,
r— —00 r——2— T — — 00 r— —00 r—s
lim f(z) =-5 lim f(z) =0, f(0)=0 lim f(z) = -0
r—00 r—00 v T—0—
=5 Y x=-2 i )
y\ M oix=2
0 X ) 0
y=-5
x=2
16. lim f(z) =3, 17. f(0) =3, lim f(z) =4, 18. lir% f(z) = —o0, lim f(z) =2,
r—00 z—0— z— r—00
lim f(z) = o0, lim f(z) =2, f(0)=0, fiseven
T—27 x—0
IH?Jr f(ac) = —09Q, f is odd lim f(l') = —00, lim f(m) = —00, x=-3 Y x=3
r— r— —o00 r—4—
y=2
fo 2t sy @ =ee i @) =3 A\ [
y k 0 x

0 x /ﬁ\ T3 : ;

/ R a0

x==2 x=2 x=4
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% — 2 2% — 2
x f(x) x f(z) x f(x) x f(x)
2.5 0.714286 1.9 0.655172 0 0 -2 2
2.1 0.677419 1.95 0.661017 —0.5 -1 —-1.5 3
2.05 0.672131 1.99 [ 0.665552 -0.9 -9 —-1.1 11
2.01 0.667774 1.995 | 0.666110 —0.95 -19 —1.01 101
2.005 | 0.667221 1.999 [ 0.666556 —0.99 -99 —1.001 | 1001
2.001 | 0.666778 —0.999 | —999
It that li ﬂ_og_z z% — 2z
appears that ‘i, 22 —x—2 3 It appears that lim1 P — does not exist since
z——1722 — —
f(x) - ocoasx — —17 and f(x) — —ccasx — —17.
5t _ 5 _
21. For f(t) = = " 1: 22, Forf(h):w:
t ft) t ft) h f(h) h f(h)
0.5 22.364988 -0.5 1.835830 0.5 131.312500 —0.5 48.812500
0.1 6.487213 —0.1 3.934693 0.1 88.410100 —-0.1 72.390100
0.01 5.127110 —0.01 4.877058 0.01 80.804010 —0.01 79.203990
0.001 5.012521 —0.001 4.987521 0.001 80.080040 —0.001 79.920040
0.0001 5.001250 —0.0001 | 4.998750 0.0001 80.008000 —0.0001 | 79.992000
5t 5 _
It appears that lim £ ! =5. It appears that lim w = 80.
t—0 h—0 h
23. For f(z) = L472: 24, For f(z) = fan 396:
T tan bz
x /() x () x f(x)
1 0.236068 -1 0.267949 402 0.439279
0.5 0.242641 —-0.5 0.258343 401 0.566236
0.1 0.248457 -0.1 0.251582 1005 0.591893
0.05 | 0.249224 —0.05 | 0.250786
+0.01 0.599680
0.01 | 0.249844 —0.01 | 0.250156 +0.001 | 0.599997
. Ve +4-2
It appears that ilﬂ% - 0.25 = i- It appears that ili% EZE 2i =0.6 = %
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xﬁ —1 9% _ 5%
25. For f(z) = TR 26. For f(z) = —
v | f@) v | J@ : | j@ x /(@)
0.5 0.985337 1.5 0.183369 0.5 1.527864 -0.5 0.227761
0.9 0.719397 1.1 0.484119 0.1 0.711120 —0.1 0.485984
0.95 0.660186 1.05 0.540783 0.05 0.646496 —0.05 0.534447
0.99 0.612018 1.01 0.588022 0.01 0.599082 —0.01 0.576706
0.999 | 0.601200 1.001 | 0.598800 0.001 | 0.588906 —0.001 | 0.586669
li 2’ —1 — — 3 It appears that lim -5 = 0.59. Later we will be able
It appears that Iim —5— = 0.6 =z. S -0

to show that the exact value is In(9/5).

cos2x — cosx

27. (a) From the graphs, it seems that lim ——— =-15. (b)
x—0 €T
x f(=z)
1 1 +0.1 —1.493759
+0.01 —1.499938
-6 2N
+0.001 —1.499999
40.0001 | —1.500000
-2
. . sinz
28. (a) From the graphs, it seems that lim — ~ 0.32. (b)
z—0 SIN 7T T f ( l’)
2 0.5 +0.1 0.323068
+0.01 0.318357
+0.001 0.318310
+0.0001 | 0.318310
Later we will be able to show that
-1 1 -02 0.2
0 0 .1
the exact value is —.
T
29. im 3 = —oo since the numerator is negative and the denominator approaches 0 from the positive side as z — —37.
rz——3T T
30. lim i i 3= oo since the numerator is negative and the denominator approaches 0 from the negative side as t — —37.
T——3"
2 _
31. lim ———— = oo since the numerator is positive and the denominator approaches 0 through positive values as z — 1.

. e . . . . L _
32, lim —— = —oo since the numerator is positive and the denominator approaches 0 from the negative side as z — 5.

33. Lett =2 — 9. Thenasz — 37, ¢ — 0T, and lim,_ In(z? —9) = lim Int = —oo by (8).
r—3 t—0

. . CcoST . . . . .-
34. lim cotzx = lim — = —oo since the numerator is negative and the denominator approaches 0 through positive values
T—T rz—m— SINXT

asr —m .

@© 2016 Cengage Learning. All Rights Reserved. May nof be scanned, copied, or duplicated, or posted to,a publicly accessible'website, in whole or in part.

Biocalculus Calculus Probability and Statistics for the Life Sciences 1st edition Stewart Solutions Manual


https://testbank.online/books/9781305114036-solutions

90 [ CHAPTER2 LIMITS

35. lim xzcscx = lim

- = —oo since the numerator is positive and the denominator approaches 0 through negative
T—27 z—2r— SINT

values as x — 27 .

2

. T° =2z . oz(x—2 . T . . . .

36. lim —— = g = lim = —oo since the numerator is positive and the denominator
so2- 2?2 —dx+4 o2 (—2)2 so2-x—2

approaches 0 through negative values as ¢ — 27.

2 _ — —
37. lim v -8 = li w = oo since the numerator is negative and the denominator approaches 0 through
zo2t 22 =5z +6 so2+ (z—3)(z—2)
negative values as  — 2.

2 2
38. (a) The denominator of y = r+1 -7 +1 is equal to zero when (b) 5

3z — 222 (3 —2z) U

r=0andz = g (and the numerator is not), so z = 0 and z = 1.5 are

-2 4
vertical asymptotes of the function.
-5
1
39. (a) f(z) = ST
x f(x) x f(x)
0.5 —1.14 1.5 0.42
From these calculations, it seems that 0.9 —3.69 1.1 3.02
lim f(g;) = —oo and lim+ f(a:) = 0. 0.99 —-33.7 1.01 33.0
r—1" rz—1
0.999 —333.7 1.001 333.0
0.9999 —3333.7 1.0001 3333.0
0.99999 | —33,333.7 1.00001 | 33,333.3

(b) If x is slightly smaller than 1, then 2> — 1 willbe a negative number close to 0, and the reciprocal of 2% — 1, that is, fx),
will be a negative number with large absolute value. So lim f(z) = —oc.
x—1—

If z is slightly larger than 1, then 2® — 1 will be a small positive number, and its reciprocal, f(z), will be a large positive
number. So lirn+ f(z) = oo.
r—1

(c) It appears from the graph of f that (
lim f(z) =—ocoand lim f(z) = oco.
z—1- z—1+ 0 2

-10

40. (a) 100 100

0 : : : : 5 0 : : : : 5
No, because the calculator-produced graph of f(z) = e® + In |x — 4] looks like an exponential function, but the graph of f
has an infinite discontinuity at x = 4. A second graph, obtained by increasing the numpoints option in Maple, begins to
reveal the discontinuity at z = 4.
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(b) There isn’t a single graph that shows all the features of f. Several graphs are needed since f looks like In |z — 4] for large

negative values of x and like e” for z > 5, but yet has the infinite discontiuity at z = 4.

6 60
| N ) M )
100 o N

y

A hand-drawn graph, though distorted, might be better at revealing the main

features of this function.

\
0 ‘ l X
x=4
4. (a) Let h(z) = (14 z)/*. (b) 6
x h(z) \
—0.001 2.71964
~0.0001 2.71842 -4 4
—0.00001 | 2.71830 L J
—0.000001 | 2.71828 -
0.000001 | 2.71828
0.00001 | 2.71827
0.0001 2.71815
0.001 2.71692
It appears that lir% (14 z)** ~ 2.71828 which is approximately e.
In Section 3.7 we will see that the value of the limit is exactly e.
42. For f(z) = 2* — (2%/1000):
(a) (b)
T f(x) x f(x)
1 0.998000 0.04 0.000572
0.8 | 0.638259 0.02 | —0.000614
0.6 | 0.358484 0.01 | —0.000907
0.4 | 0.158680 0.005 | —0.000978
0.2 | 0.038851 0.003 | —0.000993
1 .00892
0.1 1 0.008928 0.001 | —0.001000
0.05 | 0.001465

Tt appears that linb f(z) = 0. It appears that ;13% f(z) = —0.001.
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43. No matter how many times we zoom in toward the origin, the graphs of f(x) = sin(w/x) appear to consist of almost-vertical

lines. This indicates more and more frequent oscillations as z — 0.

m”vm T

LA/ L

1.2 1.2

—0.01 0.01 —0.0001 0.0001

4. lim m = lim L.Asv%c‘,w/lfﬁ/&HO*’,andeoo.

v—c v—ec~ /1 — 1}2/02

2.4 Limits: Algebraic Methods

1. @ lim [f(2) + 5g(2)] = lim f(z) + lim [59(x)] [LimitLaw 1] () lim [g(x)]° = [hm g(x)r [Limit Law 6]

r—2

= lim2 flz)+5 lim2 g(x)  [Limit Law 3] =(-2°®=-8

=4+5(-2)=—6

lim [3f(z)]
(©) lim /F() = | Ty 7] [Limit Law 11] (d) lim 3f((;§) = 222 [Limit Law 5]

@=2 g lim g()
=Vi=2 3 lim f(z)
=222 [Limit Law 3]
th g(x)
_34) _
== = 6
g(z)h(z) 1ml9(2)h(2)]
(e) Because the limit of the denominator is 0, we can’t (f) lim = - [Limit Law 5]
. e O TV
. . o gl
Limit Law 5. Th limit, lim ==, d . .
use Limit Law e given limit, lim h@) oes }gng(x);lgg, h(z) L
= - imit Law
not exist because the denominator approaches 0 i:r% f(x)
while the numerator approaches a nonzero number. 9.0
= — = 0
4

2. (@) lim [f(x) + g(x)] = lim f(z) + lim g(x) =2+ 0 =2

(b) lirn1 g(x) does not exist since its left- and right-hand limits are not equal, so the given limit does not exist.
(©) lim [f(z)g(x)] = lim f(z) - lim g(z) =0-1.3=0
x—0 z—0 z—0
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(d) Since linrj1 g(z) = 0and g is in the denominator, but linj1 f(z) = =1 # 0, the given limit does not exist.

(©) lim 2° f () = [lim x3] [lim f(;r)] =2%.2=16

z—2 T—2

() lim \/3+ (@) = /3 + lim f(2) = vB+T1=2

3. 111312(31:4 +222 —2+1) = 1115123334 + lim_ 227 — lim x4+ lim 1 [Limit Laws 1 and 2]
=3 lim z*+2 lim 2® — lim =+ lim 1 [3]
r——2 r——2 r——2 r——2
=3(-2)*+2(-2)2 - (-2)+ (1) [9, 8, and 7]

=48+8+2+1=59

4, tli@l(ﬁ +1)3(t+3)° = tlir{ll(tZ +1)3. Jim (¢ + 3)5 [Limit Law 4]
3 5
_ . 2 . .
- {tliril1(t + 1)} LEIEH(t + 3)} (6]
3 5
= {lim t* + lim 1] . {lim t+ lim 3} [1]
t——1 t——1 t——1 t——1
= [(—1)2+1]3-[—1+3]5:8-32:256 [9, 7, and 8]
. 2a;2+1_\/. 20" +1 -
5. J11312\/ e _2 iLr% P [Limit Law 11]
lim (222 + 1)
_ r—2 [5]
lirré(?)m -2)
2 lim z? 4+ lim 1
T\l 3lima— lim2 [1,2, and 3]
r—2 r—2
_J227+1  [9 3
= 32) -2 —\/;—2 [9, 8, and 7]
4 lim cos® z
6. lim —— % — 20 5]
x—0 5 + 223 hr%(S + 2z3)
4
(111% cos x)
_ =y 7 1
fm52imes o 1anddl
z—0 x—0
= 1—4 = l [7, 9, and Equation 5]
“5+2008 5 > andEd
7. lim 0Osinf = ( lim 9)( lim sint9> [4]
-/ 0—m/2 0—m/2
T . T . .
=5 sing [8 and Direct Substitution Property]
_r
2
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8. (a) The left-hand side of the equation is not defined for z = 2, but the right-hand side is.

(b) Since the equation holds for all = # 2, it follows that both sides of the equation approach the same limit as z — 2, just as

in Example 3. Remember that in finding lim f(z), we never consider z = a.

2_ — —
o lim =020y, =@y o514
z—5 xr—>5 z—5 r—>5 z—5
x? — 4 z(z —4) x 4 4
10. i =1 =1 __= _ =z
P17 — 3z — 4 z@l(m—él)(x—l—l) iz 41 4+1 5
2_
1. lin})LJ;H;doesnotexistsincexfB —0,butz? —5z+6 — 6asz — 5.
r— xr —
. 227 4+ 3x+1 . Cr+D(z+1) .o 2241 2(-1)+1 -1 1
o1 2 22 -3 eo1 (z—3)(z+1) eo1z-3  —1-3 -4 4
13, lim t?—9 oy E+3E=3) . t-3  —3-3 _—6_6
Tt-3 224+ Tt+ 3 -3 (2t 4+ 1)(t+3) ¢—-32t+1 2(-3)+1 -5 5
27
14. lim ———— does not exist since 2> — 3z —4 — Obut x® — 4o — 5asz — —1.
z——-1732 —3r —4
2 2y 2
15 lim GFP" 16 (6F8h ) 216 SRR RBER) i s4n) =8t0=8
h—0 h h—0 h h—0 h h—0 h h—0
. (2+h)?—-8 . (8+12h+6R*+h*)—8  12h+6h>+h®
16. lim = lim = lim —m8™
h—0 h h—0 h h—0 h

= lim (124 6h 4+ h?) =12+ 0+0 = 12
h—0

17. By the formula for the sum of cubes, we have

lim _a:—l—? = lim T2 = lim 1 = 1 —i
e——223+8 az--2(z+2)(22—2x+4) o->-222-2x+4 4+4+4 12
. VI+h-1 . VJIFh—1 VIFh+1 . (1+h)—1 . h
18. hrn —_— = hm . = 111’1’1 — = hm —
h—0 h h—0 h Vi+h+1 hﬂoh(\/1+h+1) hHOh(\/1+h+1)
. 1 1 1
= lim = ==
h=0T+h+1 1+1 2
1,1 z+4
19. 1 =1 = lim —" %~ Jim —=— = _—
S T T T ) T T T Id) 16
.oz 2r+1 . (x+1)° . (x4 1)°
2 tm ey T e o) A @ D )E =)
— lim rtl 0
Tasm1 (@24 D) (z—1)  2(-2)
2. tim AVE gy AoVDIAVE) 16—z
e—16 16z — 22 2-16 (16x — 22)(4+ vz ) 2—16 2(16 —z)(4 + /2)
1 1 1 1

A @t vE)  16(4+vi6)  16(8) 128
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. 1 1 . 1 1 t+1 . 1 1
2 lim(-——|=ln|-—-—F—F— |=lnh————=lm—=——=1
t—=0\t 1241 t—o\t t(t+1) t—0 t(t+1) t—ot+1 041

23 1im( ! —1)*1im1_7 M*lim( VIFE)(+VIFT) = lim —t
Ctho N\ttt t=0 ¢\/T+t  t=0 t\/t+ (1+vVI+t) 0T L (1+VI+¢)
i -1 B -1 1
=0 /T+¢(1+vI+t) VI+0(1+v1+0) 2
. 2+9-5 . (Va2+9-5)(Va®+9+45) (22 +9) — 25
24, lim — = lim = lim
e—-4  x+4 e—=4  (z+4)(Va2+9+5) e——4 (z+4) (V22 +9+5)
~ fim xz? — 16 - lim (z+4)(xz —4)
e=-4 (z+4)(Va2+9+5) -4 (z+4)(VaZ+9+5)
T —4-4 -8 4
Te=4z2 1945 J1619+5 545 5
2. (a) L3 (b)
x f(z)
—0.001 0.6661663
] —0.0001 0.6666167 0
1 1 —0.00001 0.6666617 The limit appears to be 3
L J —0.000001 | 0.6666662
-05 0.000001 | 0.6666672
o x 2 0.00001 | 0.6666717
a—0/T+3x—-1 3 0.0001 0.6667167
0.001 0.6671663
x VIF3z+1 . z(VI+3z+1)  x(V/T+3z+1)
(c) lim . = lim = lim
a=0\T+3z—1 I+3z+1 =0 (143z)—1 20 3z
= % im (v1+3z+1) [Limit Law 3]
1
5 { hrn 1+3z)+ hrn 1] [1and 11]
1
§< 11rn1+3hn%]r+l) [1, 3, and 7]
%(«/1 +3-0+1) [7 and 8]
1 2
—(1+1
3( +1) =
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2. (a) 05 (b) i
X a

—0.001 0.2886992

—0.0001 | 0.2886775

—0.00001 | 0.2886754

1 ~0.000001 | 0.2886752

0 ! 0.000001 | 0.2886751

0.00001 | 0.2886749

lim Y3FZ=VB o 0.0001 | 0.2886727

o0 z 0.001 0.2886511

The limit appears to be approximately 0.2887.

. V3+z—V3 V3+az+3\ . 3+2)—3
(©) i%( - ~\/3+_x+\/§)fhm

1
lim
v=0z (V3rz+v3) 0\Btz+3

lin%)l
= S Limit Laws 5 and 1
lvirr%)\/3+x+/lin%)\/§ [ ]
= ! [7 and 11]
[lim (3 +2) +V3
-1 [1,7,and 8]
VBF0+V3 o
1
2v3
27. Let f(x) = —2, g(z) = 2® cos 207z and h(z) = *. Then )
—1<cos20mx <1 = —z?<zcos20mz<z? = f(z) <g(x) < hix). h g
So since linb fz) = linb h(z) = 0, by the Squeeze Theorem we have -1 1
,lin%) g(z) = 0. !

—

28. Let f(z) = —va3 + 22, g(z) = Va3 + 22 sin(w/z), and h(xz) = Va3 + 22. Then
—1<sin(r/z) <1 = —Va3+22 < Va3 +a2sin(n/z) < Va3 +22 = 9

f(z) < g(z) < h(x). So since ili% f(z) = ili% h(z) = 0, by the Squeeze Theorem

we have lin%) g(z) = 0.

-1

20. We have lim (4z —9) = 4(4) —9 = 7 and lim (2 =4z +7) =4> —4(4) +7="7.Since 4z — 9 < f(z) < a® — 4w 47
forx > 0, lvin}l f(x) = 7 by the Squeeze Theorem.

30. We have lim (22) = 2(1) = 2 and liml(x4 — 22 +2)=1* - 12 + 2 = 2. Since 2z < g(x) < 2* — 2® + 2 for all z,

lim1 g(z) = 2 by the Squeeze Theorem.
T—

31. —1 <cos(2/z) <1 = —z2* <az*cos(2/z) < z*. Since lim (—=2*) = 0 and lim z* = 0, we have

r—

lim [#* cos(2/z)] = 0 by the Squeeze Theorem.
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s . I 17 1 1 _
32. (a) }%m(t) = }g% [3e “(sint —cost) + 3] =3(1)(0—1)+ 3 =0
This indicates that the concentration of mRNA at ¢ = 0 is zero.
(b) lim m(t) = lim te(sint —cost) + 5 =1 (tlim e 'sint — Jlim et cos t) + 1 The Product Law for limits
cannot be used since lim¢_, o sin ¢ and lim;_,, cos ¢ does not exist. We can use the Squeeze theorem instead.
—1<sint<1 = —et<etsint<e . Since tlim (£e™") =0, we have tlirn e "sint = 0 by the Squeeze

Theorem. Replacing sin ¢ with cos ¢ in the above argument, we similarly find that 1tlirn e~ " cost = 0. Therefore,

tlim m(t) = % (0 —0) + 5+ = 1. This indicates that the concentration of mRNA in the long-term is 0.5.

% | 3| r—3 if t—3>0 r—3 ifx>3
.z =3 = =
—(x—-3) ifz—3<0 3—z ifz<3

Thus, lim (2z+|z—3|) = lim 2z 4+ 2 —3) = lim (3z —3) =3(3) —3 = 6 and
z—3+ z—3+ z—3+

lim 2z +|z—3|) = lim (22 +3 —z) = lim (x4 3) = 34 3 = 6. Since the left and right limits are equal,
r—37 r—3" r—

lim (20 + |« — 3]) = 6.

T+ 6 if t4+6>0 T+ 6 if x> —6
3. |z + 6| = =

—(@+6) ifz+6<0 | —(z+6) ifz<—6
‘We’ll look at the one-sided limits.
204+12 . 2(xz +6) 2x + 12 . 2(;r+6)__

= —t =2 d li = =-2
i 28 |z + 6] oot T+ 6 s |z + 6] i —(x +6)
20 + 12

The left and right limits are different, so lim does not exist.

z——6 ‘l‘ + 6|

. . 1 1 . 1 1 . 2 . .
35. Since |z| = —z for z < 0, we have lim (— — —) = lim (— — —) = lim —, which does not exist since the
a—0— \Z || r - z—0—

denominator approaches 0 and the numerator does not.

2 2 (—
36. Since || = —x for z < 0, we have lim 2] = lim 2-(=2) = lim 2+z _ lim 1=1.
z—>—-2 24+ z——-2 24 z—>—224+x r——2
2
o .ozt —6_ . (z+3)(z—2)
¥ @ O lim gle)= lim —7—a— = lm —r—or—
= lim w [since x — 2 > 0if x — 27]
z—27+ r—2
= lim (x+3)=5
r—2

(ii) The solution is similar to the solution in part (i), but now |z — 2| =2 —z sincex — 2 < 0ifz — 27.

Thus, lim g(z) = lim —(z 4+ 3) = —5.
r—2" r—2"

(b) Since the right-hand and left-hand limits of g at x = 2 (©) 7 /

are not equal, lirn2 g(x) does not exist. \ 2.5
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3. (a) f(x) 2?2 +1 if <1
. (a) f(x) =
(x—2)% ifzx>1
lim f(z)= lim (2> 4+1)=1*>+1=2, lim f(z)= hr{lJr(x— 22 =(-1)>=1
r—1— r—1— r—1 i
(b) Since the right-hand and left-hand limits of f atz =1
are not equal, 1im1 f(z) does not exist.
. sin3z . 3sin3z . .
39. lim = lim [multiply numerator and denominator by 3]
z—0 I z—0 3x
— 3 1im S03% i p 0,32 — 0]
3z—0 3x
—31im 329 et = 341
o 0—0 9 -
=3(1) [Equation 6]
=3
sin 4z sin 4x x 4 sin4x 6x sindx 1 6x 1 2
40. li =1l . =i -1 = .z =4(1)-=(1) = =
o sin 6z 250 ( T sin 6$> oy 4x 250 6 sin 6 z—0 4z 6 o) sin 6z ™) 6( ) 3
M. lim tan6f lim sin 6t ) 1 ) — Jim 6 sin 6t Nim 1 im 2t
" 150 sin2t  t—0 t cos6t sin2t) t-0 6t  t—0cos6t t—0 2sin2t
. sin6t 1 2t 1 1
_6}% 6t tgrtl)cos6t.§t5%sin2t_6<1).I.§(1)_3
.2 . . . .
. lim 50 3t _ lim (sm 3t sin Bt) T 3t i S0 3t
t—0 t—0 t t t—0 t t—0 ¢

. 2 . 2
_ <lim sin 3t> _ <3 lim sm3t) —(3-1)2=
t—0 ¢ t—0 3t

43. Divide numerator and denominator by 6.  (sin 6 also works.)

sin I sin 6
im ﬂ = lim 6 = 95% 0 = 1 — l
0—0 0 +tanf 0—0 sinf 1 . sin@ . 1 ~14+1-1 2
1+ C— 1+ lim lim ——
0  cosf 6—0 6O 650 cosf
T COST cos T lim cos z
r— 1
44, lim zcotz = lim x - — I?Osleim Z = lim —1— — U - =1
z—0 z—0 sinx =—0 sinzx z—0 Sinx z—0 Sinx L ST 1
T T -0 T

45. (a) Since p(z) is a polynomial, p(z) = ao + a1x + azx® + - - - + a,x™. Thus, by the Limit Laws,

lim p(z) = lim (ao+a1x+a2x2+---+anx”) =ap+ a1 lim x + a2 lim 22 + - - - + a, lim z"

=ao +ara+a2a®+ -+ + ana” = pla)

Thus, for any polynomial p, lim p(z) = p(a).

(b) Letr(z) = % where p(z) and g(z) are any polynomials, and suppose that g(a) # 0. Then
lim p(x)
p(x) _ a-a . p(a)
lim r(x) = lim —+% = ——— [LimitLaw 5] = —=% [bypart(a)] = r(a).
amrle) = I, q(z)  lim g (z) gla) P (@
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SECTION 2.4  LIMITS: ALGEBRAIC METHODS 0 99

v—cT

2
46. lim (Lm /1 — Z_Z > = Lo+v/1 — 1 = 0. As the velocity approaches the speed of light, the length approaches 0.

A left-hand limit is necessary since L is not defined for v > c.
47. lim sin(a 4+ h) = lim (sinacosh + cosasin h) = lim (sinacos h) + lim (cosasinh)
h—0 h—0 h—0 h—0

= (lim sin a) (lim cos h) + (lim cos a) (lim sin h) = (sina)(1) + (cosa)(0) = sina
h—0 h—0 h—0 h—0

48. As in the previous exercise, we must show that }Lirr%) cos(a + h) = cos a to prove that the cosine function has the Direct
Substitution Property.

}lLin%) cos(a+ h) = }lin}) (cosacosh —sinasinh) = }llir% (cosacosh) — lim (sinasin h)

h—

= (lirn cos a) (lim cos h) - (lirn sin a) (rlblino sin h) = (cosa)(1) — (sina)(0) = cosa

—0 h—0 h—0

49. lim [f(z) — 8 = lim {M%xfl)} —im I =8 w1 =10.0=0.

z—1 z—1 r—1 z—1 x—1 z—1

Thus, lim1 fz)= lim1 {[f(z) — 8] +8} = hml[f(m) — 8]+ limlS =0+8=38.

Note: The value of lim1 % does not affect the answer since it’s multiplied by 0. What’s important is that
lim f@) -8 exists.

x—1 €T — 1

80. (a) lim f(z) = lim [%ﬁ] :lim@-lim$2=5-020

—0 z—0 2 z—0

xz z—0 X z—0 T x—0

(b)iiL%Lx):lim [Lf)x] :lim@~limx=5~0=0

51. Since the denominator approaches 0 as z — —2, the limit will exist only if the numerator also approaches

0 as x — —2. In order for this to happen, we need lim2 (3m2 +axr+a+ 3) =0 &

3(-2)+a(-2)+a+3=0 & 12—-2a+a+3=0 < a =15 Witha = 15, the limit becomes
32° + 150 4+ 18 3z+2)(x+3) . 3x+3) 3(-2+3) 3

lim 2 Fort 18 g, et td) 3 _
e T 2tz =2 a2 (-1 (a+2) eote o1 —2-1 -3

—1.

52. Solution I: First, we find the coordinates of P and () as functions of 7. Then we can find the equation of the line determined
by these two points, and thus find the z-intercept (the point R), and take the limit as r — 0. The coordinates of P are (0, ).
The point @ is the point of intersection of the two circles z° + y? = r? and (x — 1)? + y? = 1. Eliminating g from these

equations, we get 7> —z* =1—(z —1)> < r’=1+42z—1 < = 1r’ Substituting back into the equation of the
shrinking circle to find the y-coordinate, we get (%1"2>2 +yP=r & = r2(1 — %72) &S y=ry/1— %1"2

(the positive y-value). So the coordinates of () are (%rz, ry/1— %rQ ) The equation of the line joining P and @ is thus

ry/l1—31r2—r
y—r= W (z — 0). We set y = 0 in order to find the z-intercept, and get
1,2 —1,2 (,/171r2+1)
©=—r 2" =2 . :2(,/1—ir2+1)

1
T(/l—iﬂ—l) 1—3m? -1
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100 O CHAPTER2 LIMITS

Now we take the fimitas r — 0*: lim & = lim 2(\/1 - 4r2+1)= lim 2(vVI+1) =4
r—0

r—0t r—0

So the limiting position of R is the point (4, 0).

Solution 2: We add a few lines to the diagram, as shown. Note that Y P

/PQS = 90° (subtended by diameter PS). So ZSQR = 90° = Z0QT ¢

(subtended by diameter OT'). It follows that ZOQS = ZTQR. Also o

/PSQ =90° — ZSPQ = ZORP. Since AQOS is isosceles, so is T R x
AQTR, implying that Q7" = T'R. As the circle C> shrinks, the point @

plainly approaches the origin, so the point R must approach a point twice :

as far from the origin as 7', that is, the point (4, 0), as above.

2.5 Continuity

1. From Definition 1, lin}1 f(z) = f(4).

2. The graph of f has no hole, jump, or vertical asymptote.

3. (a) f is discontinuous at —4 since f(—4) is not defined and at —2, 2, and 4 since the limit does not exist (the left and right

limits are not the same).

(b) f is continuous from the left at —2 since lim f(z) = f(—2). f is continuous from the right at 2 and 4 since

T——2"

lim+ f(z) = f(2) and lim+ (z) = f(4). It is continuous from neither side at —4 since f(—4) is undefined.
r—2 z—4

4. g is continuous on [—4, —2), (—2,2), (2,4), (4,6), and (6, 8).

5. The graph of y = f(x) must have a discontinuity at 6. The graph of y = f(x) must have discontinuities
x = 2 and must show that z]irél“’ f(z) = f(2). at z = —1 and = 4. It must show that
, lim_ f(z) = f(=1)and lim_f(z) = f(4).
g ’
N
X s
\ 2o b x
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SECTION25 CONTINUITY O 101

7. The graph of y = f(x) must have a removable 8. The graph of y = f(x) must have a discontinuity
discontinuity (a hole) at z = 3 and a jump discontinuity atz = —2with lim f(z) # f(—2) and
r——2"
atz = 5.

lim+ f(z) # f(—2). It must also show that
r——2

P Tim f() = f(2)and lim f(@) £ £(2).

y

9. (a) C has discontinuities at 12, 24, and 36 hours since the limit does not exist at these points.

(b) C has jump discontinuities at the values of ¢ listed in part (a) because the function jumps from one value to another at these

points.

10. There are jump discontinuities at 1, 1.7, 3, and 3.5. They occur because the left and right side limits are different at each of
these points, so the limit does not exist. For example, lim, _,,— P(¢) = 26 and lim,_,,+ P(t) = 24, so lim;_,; P(t) does not

exist and P(t) is discontinuous at ¢t = 1.

11. (a) Cost (b) There are discontinuities at times ¢t = 1, 2, 3, and 4. A person
(in dollars) T
r e parking in the lot would want to keep in mind that the charge will
T jump at the beginning of each hour.
I
of1 Time
(in hours)

12. (a) Continuous; at the location in question, the temperature changes smoothly as time passes, without any instantaneous jumps

from one temperature to another.
(b) Discontinuous; the population size increases or decreases in whole number increments.

(c) Continuous; the temperature at a specific time changes smoothly as the distance due west from New York City increases,

without any instantaneous jumps.

(d) Discontinuous; as the distance due west from New York City increases, the altitude above sea level may jump from one

height to another without going through all of the intermediate values —at a cliff, for example.

(e) Discontinuous; as the distance traveled increases, the cost of the ride jumps in small increments.
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13. Since f and g are continuous functions,
lirn3 2f(z) —g(z)] =2 lirn3 flz) — lirn3 g(x) [by Limit Laws 2 and 3]

=2f(3)—¢g(3) [by continuity of f and g at z = 3]

=2.5-g(3) =10 - g(3)

Since it is given that lin}g [2f(z) — g(z)] = 4, we have 10 — g(3) = 4, s0 g(3) = 6.

1. lim f(z) = lim (32" —Bx+ Va2 +4) =3 lim z* —5 lim & + g/lim (22 + 4)

=3(2) —5(2) + V2T T4 =48 - 10 +2 =40 = f(2)

By the definition of continuity, f is continuous at @ = 2.

4
15. lim f(z) = lim (o + 22%)" = ( lim @ +2 lim ;c3> = [-1+2(-1)%]" = (-3)* = 81 = f(-1).
By the definition of continuity, f is continuous at a = —1.

16. For a > 2, we have

lim (22 + 3)

2 . .
zh—I}}z flz)= ;IE}Z ;j;’ = T ) [Limit Law 5]
T Tmz—lim2 [1,2, and 3]
2
-2 [7 and 8]
a—2
= f(a)

Thus, f is continuous at z = a for every a in (2, 00); that is, f is continuous on (2, c0).

e’ ifz<0
7. J(@) = 22 ifzx>0

The left-hand limit of f ata = 0is lim f(z) = lim e” = 1. The

z—0~ z—0—

right-hand limit of f ata = 0is lim f(z) = lim 2 = 0. Since these
z—0+ z—0t

limits are not equal, liH(l) f(z) does not exist and f is discontinuous at 0.
r—

2
T —

if 1
18, f(z)={ 2° — e
1 if x=1
2

. Loxt -z z(zx—1) . 1 0 x
1 =1 =1 =1 =_,
lim f(o) =l S = I e Mo T 2
but f(1) = 1, so f is discontinous at 1. x=-1
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20.

21.

22

23.

24.

25.

26.

27.

SECTION2.5 CONTINUITY O 103
cosx if x <0
flx)=40 if =0 Y
1—2* if x>0
lir% f(z) = 1,but f(0) =0 # 1, so f is discontinuous at 0.
22” —5r -3 v 43
fwy=] =-3 "
6 if 2=3 sl
. o2 —b5r—-3 . (2z+1)(xz—-3) _
lim f@) = lim =———2— = lim —— =5 — = lIm @z +1) =7,
but f(3) = 6, so f is discontinuous at 3. ;
/ 0 3 x

By Theorem 5, the polynomials 2% and 22 — 1 are continuous on (—oc, c0). By Theorem 7, the root function 1/z is

continuous on [0, co). By Theorem 9, the composite function /2 — 1 is continuous on its domain, [1

E’OO)'

By part 1 of Theorem 4, the sum R(x) = 2 + y/2x — 1 is continuous on [%, oo)

By Theorem 7, the root function & and the polynomial function 1 + 2> are continuous on R. By part 4 of Theorem 4, the

product G(z) = ¥z (1 + 2®) is continuous on its domain, R.

By Theorem 7, the exponential function ¢ ~>* and the trigonometric function cos 27t are continuous on (—oo, c0).
By part 4 of Theorem 4, L(t) = ¢~ 5* cos 2t is continuous on (—o0, c0).

By Theorem 7, the trigonometric function sin z and the polynomial function x + 1 are continuous on R.

By part 5 of Theorem 4, h(x) = ;119:1

is continuous on its domain, {z | z # —1}.

By Theorem 5, the polynomial ¢* — 1 is continuous on (—o0, 00). By Theorem 7, In z is continuous on its domain, (0, cc).

By Theorem 9, In(¢* — 1) is continuous on its domain, which is
{t|tt—1>0} ={t|t*>1} ={t|[t| > 1} = (—o0,—1) U (1,00)

The sine and cosine functions are continuous everywhere by Theorem 7, so F' (z) = sin(cos(sin x)), which is the composite

of sine, cosine, and (once again) sine, is continuous everywhere by Theorem 9.

. 1 . . 3
The function y = Tras is discontinuous at z = 0 because the - N
left- and right-hand limits at z = 0 are different.
—/-
—4 4
\ J
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28, The function y = tan® z is discontinuous at x = 5 + mk, where k is

any integer. The function y = In (tan2 ) is also discontinuous

where tan® z is 0, that is, at # = k. So y = In(tan® z) is

discontinuous at x = Zn, n any integer.

-6

29, Because we are dealing with root functions, 5 + 1/ is continuous on [0, o), v/z + 5 is continuous on [—5, 00), so the

_ 5+

quotient f(z) = is continuous on [0, co). Since f is continuous at x = 4, lini flz)=f4)=4<.

Vb4

30. Because  is continuous on R, sin « is continuous on R, and « 4+ sin x is continuous on R, the composite function

f(z) = sin(z + sinz) is continuous on R, so lim f(z) = f(7) = sin(r + sin7) =sin7 = 0.

2 z?

31. Because z“ — z is continuous on RR, the composite function f(x) = € ~7 is continuous on R, so

limlf(m) =f)=e'"t=e"=1
_ =2

32. Because p® — 2p and p® — 2 are polynomials, they are both continuous on R. Hence, the quotient f(p) = o is
p2 —

continuous on R except when p> —2 =0 = p = ++/2. Since f is continuous at p = 1/2,

, _ _ G -20) 3
O A

3. f(2) x? if <1
. f(x) =
vz ifz>1

By Theorem 3, since f(x) equals the polynomial 2 on (—co, 1), f is continuous on (—oo, 1). By Theorem 7, since f(z)

equals the root function 1/z on (1, 00), f is continuous on (1,00). Atz = 1, lim f(z) = lim z? = 1and
rz—1~ rz—1"

1im+ (z) = lim+ vz = 1. Thus, lim1 f(z) exists and equals 1. Also, f(1) = v/ = 1. Thus, f is continuous at z = 1.
z—1 rz—1 r—

We conclude that f is continuous on (—o0, 00).

{Sinx if z<m/4
M. f(z)=

cosz if z>mw/4

By Theorem 7, the trigonometric functions are continuous. Since f(x) = sinz on (—oco, 7/4) and f(z) = cosx on

(m/4,00), f is continuous on (—oo, 7/4) U (1/4,00). lim f(z)= lim sinz =sinZ = 1/v/2 since the sine
z—(m/4)~ z—(m/4)~
function is continuous at /4. Similarly,  lim . fz)=lim L cosz = 1/+/2 by continuity of the cosine function
z—(m/4) z— (7 /4)

at 7w/4. Thus, h(m/ - f(z) exists and equals 1/+/2, which agrees with the value f(m/4). Therefore, f is continuous at /4,

so f is continuous on (—oo, 00).
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42 <0 '
(Le)
B, flz)={e  if0<z<l1 (0,2)/
_ i (1,1
2—z ifx>1 0.1 \
f is continuous on (—oco, 0) and (1, co) since on each of these intervals 0 x
it is a polynomial; it is continuous on (0, 1) since it is an exponential.

Now lim f(z) = lim (z+2)=2and lim f(z)= lim e” = 1,so f is discontinuous at 0. Since f(0) =1, fis

z—0— z—0— z—0t z—0t

continuous from the right at 0. Also lim f(z) = lim e® =eand lim f(z)= lim (2 —x) = 1, so f is discontinuous
rz—1— z—1—

z—1t z—1

at 1. Since f(1) = e, f is continuous from the left at 1.

36. By Theorem 5, each piece of F' is continuous on its domain. We need to check for continuity at r = R.

i Fle) = iy St = G and i ) = i, S5 = S0l () = G Sine F(R) = G

F' is continuous at R. Therefore, F' is a continuous function of r.

cx?+2¢ ifx<?2
3. fle _{a?3—cx if x> 2
f is continuous on (—oo, 2) and (2, c0). Now zlir;li flz) = zll%’f (ca® +2z) = 4c+ 4 and
xllrglJr flz) = xllr;r (2® — ca:) =8—2c.So fiscontinuous < 4c+4=8-2c & 6c=4 & c= % Thus, for f
to be continuous on (—o0, 00), ¢ = 2.

38. y y

o] 025 1 x o 025 = 1 x

f does not satisfy the conclusion of the f does satisfy the conclusion of the
Intermediate Value Theorem. Intermediate Value Theorem.

39. f(z) = 2 + 10sin z is continuous on the interval [31, 32], f(31) ~ 957, and f(32) =~ 1030. Since 957 < 1000 < 1030,
there is a number c in (31, 32) such that f(c) = 1000 by the Intermediate Value Theorem. Note: There is also a number c in

(=32, —31) such that f(c) = 1000.

40. Suppose that f(3) < 6. By the Intermediate Value Theorem applied to the continuous function f on the closed interval [2, 3],
the fact that f(2) = 8 > 6 and f(3) < 6 implies that there is a number c in (2, 3) such that f(c) = 6. This contradicts the fact
that the only solutions of the equation f(z) = 6 are x = 1 and x = 4. Hence, our supposition that f(3) < 6 was incorrect. It

follows that f(3) > 6. But f(3) # 6 because the only solutions of f(z) = 6 are © = 1 and « = 4. Therefore, f(3) > 6.
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#1. f(x) = 2* + x — 3 is continuous on the interval [1,2], f(1) = —1, and f(2) = 15. Since —1 < 0 < 15, there is a number c
in (1, 2) such that f(c) = 0 by the Intermediate Value Theorem. Thus, there is a root of the equation 2* +  — 3 = 0 in the
interval (1,2).

42. f(x) = ¥z + z — 1 is continuous on the interval [0, 1], £(0) = —1, and f(1) = 1. Since —1 < 0 < 1, there is a number ¢ in
(0,1) such that f(c) = 0 by the Intermediate Value Theorem. Thus, there is a root of the equation vz +z — 1 = 0, or
V& =1 — z, in the interval (0, 1).

43. The equation e® = 3 — 2z is equivalent to the equation e” + 2z — 3 = 0. f(x) = € + 2z — 3 is continuous on the interval
[0,1], f(0) = —2,and f(1) = e — 1 ~ 1.72. Since —2 < 0 < e — 1, there is a number c in (0, 1) such that f(c) = 0 by the
Intermediate Value Theorem. Thus, there is a root of the equation € + 2z — 3 = 0, or e* = 3 — 2z, in the interval (0, 1).

2 — xis equivalent to the equation sinz — 2® + x = 0. f(x) = sinz — 2 4 x is continuous on the

44. The equation sinz =
interval [1,2], f(1) =sin1 = 0.84, and f(2) =sin2 — 2 ~ —1.09. Since sin1 > 0 > sin2 — 2, there is a number ¢ in
(1,2) such that f(c) = 0 by the Intermediate Value Theorem. Thus, there is a root of the equation sin z — 2> + = = 0, or
sinz = 2% — z, in the interval (1, 2).

45. (a) f(z) = cosx — x* is continuous on the interval [0, 1], £(0) =1 > 0, and f(1) = cos1 — 1 =~ —0.46 < 0. Since

1> 0> —0.46, there is a number c in (0, 1) such that f(c) = 0 by the Intermediate Value Theorem. Thus, there is a root
of the equation cos x — 2® = 0, or cos z = z*, in the interval (0, 1).

(b) f(0.86) ~ 0.016 > 0 and f(0.87) ~ —0.014 < 0, so there is a root between 0.86 and 0.87, that is, in the interval
(0.86,0.87).

46. (a) f(z) = Inxz — 3 + 2z is continuous on the interval [1,2], f(1) = —1 < 0,and f(2) =In2+ 1~ 1.7 > 0. Since
—1 < 0 < 1.7, there is a number cin (1, 2) such that f(c) = 0 by the Intermediate Value Theorem. Thus, there is a root of
the equation Inx — 3 + 2z = 0, or Inz = 3 — 2z, in the interval (1, 2).
(b) f(1.34) = —0.03 < 0 and f(1.35) = 0.0001 > 0, so there is a root between 1.34 and 1.35, that is, in the
interval (1.34,1.35).

47. (a) Let f(z) = 100e~*/*%° — 0.01z2. Then f(0) = 100 > 0 and

£(100) = 100e™! — 100 ~ —63.2 < 0. So by the Intermediate 2
Value Theorem, there is a number ¢ in (0, 100) such that f(c) = 0. \
This implies that 100e~/1%° = 0.01¢?.
(b) Using the intersect feature of the graphing device, we find that the oo ) ! . 0

root of the equation is x = 70.347, correct to three decimal places.

48. (a) Let f(z) = vz — 5 — %—&—3 Then f(5) = —4 < Oand f(6) = § > 0, and f is continuous on [5,50). So by the

1
Intermediate Value Theorem, there is a number c in (5, 6) such that f(c¢) = 0. This implies that T3 Ve—5.

c
(b) Using the intersect feature of the graphing device, we find 0.2
that the root of the equation is z = 5.016, correct to three y=vx=5
decimal places. _ 1
P Y= 13
5 5.1

0

(© 2016 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated; or posted to a publicly accessible website, in whole or in part.

Biocalculus Calculus Probability and Statistics for the Life Sciences 1st edition Stewart Solutions Manual


https://testbank.online/books/9781305114036-solutions

CHAPTER2 REVIEW O 107

49. If there is such a number, it satisfies the equation 2® +1 =2 < 2® — 24 1 = 0. Let the left-hand side of this equation be
called f(z). Now f(—2) = =5 < 0, and f(—1) = 1 > 0. Note also that f(z) is a polynomial, and thus continuous. So by the

Intermediate Value Theorem, there is a number ¢ between —2 and —1 such that f(c) = 0, so that ¢ = ¢® + 1.

50. f(x) = x*sin(1/x) is continuous on (—oo, 0) U (0, co) since it is the product of a polynomial and a composite of a
trigonometric function and a rational function. Now since —1 < sin(1/z) < 1, we have —z* < 2?sin(1/z) < z*. Because

lim (—z*) = 0 and lin%) x* = 0, the Squeeze Theorem gives us lir%(ac4 sin(1/z)) = 0, which equals f(0). Thus, f is

z—0

continuous at 0 and, hence, on (—o0, 00).

51. Define u(t) to be the monk’s distance from the monastery, as a function of time ¢ (in hours), on the first day, and define d(t)
to be his distance from the monastery, as a function of time, on the second day. Let D be the distance from the monastery to
the top of the mountain. From the given information we know that u(0) = 0, ©(12) = D, d(0) = D and d(12) = 0. Now
consider the function u — d, which is clearly continuous. We calculate that (v — d)(0) = —D and (u — d)(12) = D.

So by the Intermediate Value Theorem, there must be some time ¢o between 0 and 12 such that (u — d)(t0) =0 <

u(to) = d(to). So at time tq after 7:00 AM, the monk will be at the same place on both days.

2 Review
TRUE-FALSE QuIZ
1. True. If lim a, = L,thenasn — oo, 2n + 1 — 00, S0 a2n+1 — L.
2, True.  0.99999...=0.9+0.9(0.1)" +0.9(0.1)> +-0.9(0.1)* +--- = > (0.9)(0.1)""! = : 0‘?) 7 = 1 by the formula
n=1 - Y.
for the sum of a geometric series [S = a/(1 — )] with ratio r satisfying |r| < 1.
3. False.  Limit Law 2 applies only if the individual limits exist (these don’t).
4, False.  Limit Law 5 cannot be applied if the limit of the denominator is O (it is).
5. True. Limit Law 5 applies.
6. True. The limit doesn’t exist since f(z)/g(x) doesn’t approach any real number as x approaches 5.

(The denominator approaches 0 and the numerator doesn’t.)

7. False.  Consider lim Gk or lim sin(z — 5)
z—=5 T — z—5 x—5

. The first limit exists and is equal to 5. By Equation 6 in Section 2.4,

we know that the latter limit exists (and it is equal to 1).

r—6

8. False.  Consider lirr%5 [f(z)g(z)] = lim {(az —6) ;6} . It exists (its value is 1) but f(6) = 0 and g(6) does not exist,
xTr— "D —

so f(6)g(6) # 1.

9. True. A polynomial is continuous everywhere, so lin% p(z) exists and is equal to p(b).

10. False.  Consider lir% [f(z) —g(z)] = lirr%) (% - %) This limit is —oo (not 0), but each of the individual functions

approaches co.
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422 +1

11. True.  For example, the function f (z) = has two different horizontal asymptotes since lim f (z) = 2 and

lim f (z) = —2. The horizontal asymptotes are y = 2 and y = —2.

Tr— —00

12. False.  Consider f(z) = sinz forz > 0. lim f(x) # £oo and f has no horizontal asymptote.

1/(x—1) if x#1
13. False. Consider f(z) = /( ) 7
2 if x=1

14. False.  The function f must be continuous in order to use the Intermediate Value Theorem. For example, let

1 if0<z<3
flz) = L 5 There is no number ¢ € [0, 3] with f(c) = 0.
-1 if x=

15. True. Use Theorem 2.5.7 with @ = 2, b = 5, and g(z) = 42® — 11. Note that f(4) = 3 is not needed.

16. True. Use the Intermediate Value Theorem witha = —1,b=1,and N = 7, since 3 < 7 < 4.

EXERCISES
1 2+n° converges since lim 2+n° = lim M _1
‘\1+2n? e e e T2 o 1/md 12 2
9n+1 " "
2.an =5 =9 (%)" 50 lim a, =9 lim (F)" =9-0=0by(11.1.9).
3
3. nan;o an = nll—»n;o T = nlin;o m = 00, so the sequence diverges.

4. a, = (—2)" = (—1)" - 2". As n increases 2" increases and (—1)" alternates between positive and negative values. Hence
lim (—2)™ does not exist, so the sequence is divergent.

n—oo

5. An+4+1 = %an + 3, a1 = 1, az ~ 33333, as ~ 41111, a4 ~ 43704, as ~ 44568, ag ~ 448567 a7 = 44952, ag ~ 4.4984

The sequence appears to converge to 4.5. Assume the limit exists so that

n QAn n an

1 1.0000 5 4.4568 lim An+1 = lim an = a, then An+1 = %an + 3 =

233333 || 6| 44856 lim ani1 = lim (Ya,+3) = a=2a+3 = a=2 =45 Thisagrees
3| 41111 || 7 | 44952 e e

4 | 43704 8 | 4.4984 with the value estimated from the data table.

6. (a) The concentration of the drug in the body after the first injection is 0.25 mg/mL. After the second injection, there is 0.25
mg,/mL plus 20% of the concentration from the first injection, that is, [0.25 4+ 0.25(0.20)] = 0.3 mg/mL. After the third
injection, the concentration is [0.25 4 0.3(0.20)] = 0.31 mg/mL, and after the fourth injection it is
[0.25 + 0.31(0.20)] = 0.312 mg/mL.

(b) The drug concentration is 0.2C,, just before the n*® + 1 injection, after which the concentration increases by 0.25 mg/mL.
Hence C),+1 = 0.2C,, + 0.25.

(c) From Formula (6) in §2.1, the solution to Cp41 = 0.2C,, + 0.25, Co = 0 mg/mL is
1-0.2" 0.25 5

_— :—1— 2”2_1_ ~2"
=S ) - SR a0 = a0z

C = (0.2) (0) + 0.25 ( = =

(d) The limiting value of the concentration is
lim C, = lim & (1—-0.2") =2 ( lim 1— lim 0.2") =2 (1-0) = 2 = 0.3125 mg/mL.

n—oo n— 00
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__ 12 345/10,000 12 345 4111
7. 1.2345345345 ... = 1.2 034p=—=4+—=— 4 — = ——
345345345 +0.0345 10 + 1-1/1000 10 + 9990 3330
8. (a) 0.8 Computer software was used to plot the first 10 points of the recursion equation
B
Zi41 = 2.524(1 — x¢), zo = 0.5. The sequence appears to converge to a value of
0.6. Assume the limit exists so that tlim Tnt1 = tlim r: = x, then
) Tt+1 = 25%15(1 — th) = thm Tt+1 = thm 25.’Et(1 - J}t) =
1 r=25z(1—z) = x(l5—-25zx)=0 = z=0orz=15/2.5=0.6.
This agrees with the value estimated from the plot.
-1 10
0.4
(b) 1

-1

9. () () lim f(z)=3
z—2t

20

Computer software was used to plot the first 20 points of the recursion equation
Ze+1 = 3.3x4(1 — x¢), zo = 0.4. The sequence does not appear to converge to a

fixed value of ;. Instead, the terms oscillate between values near 0.48 and 0.82.

(i) lim f(x)=0

(iii) lim3 f () does not exist since the left and right limits are not equal. (The left limit is —2.)

W) lim f(z) =2
(v) lim f(z) = o0

(vii) lim f(x) =14

(vi) lirgi f(z) =—o0

(viii) lim f(z) = -1

(b) The equations of the horizontal asymptotes are y = —1 and y = 4.

(c) The equations of the vertical asymptotes are x = 0 and z = 2.

10. lim f(z)= -2,

r— —00

lim f(z) = —oo,

r—3"

f is continuous from the right at 3

lim f(z) =0,

lim f(z) =2,

(d) f is discontinuous at x = —3, 0, 2, and 4. The discontinuities are jump, infinite, infinite, and removable, respectively.
lim f(x) = oo, Y
r——3
Lo \
/ 0 X
y=-2 \
x=-3 x=3

0—-1 1

11, lim

t—o0 t—oo

im0 2T+ 5 oo 0+5 5

1 .
12, lim 372 = lim 3 = 0 since 2t — oo as t — oo.

. . . . . 3_ _
13. Since the exponential function is continuous, lim e ~% = el =¢e0 =1.
x—1

14. Since rational functions are continuous, lim

2 2
2 =9 -9 _ 0 _,

322 4203 324203) -3 12
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65 lim —5 9 gy E¥E@-3) L z-3 —3-3 -6 _3

o322 +25 —3 ao—-3x+3)(z—1) s—-3z—-1 -3-1 -4 2

2 2
16. Ilg{a#ﬂis:—oosincex2+2m—3—>0+asm—>1+and#$9_3<Ofor1<x<3.
—-1)3 h®—3h*+3h—1) +1 3 _3p2
17, lim =Y +1:11m( ) :nmw:hm(h%?)m:a)::a
h—0 h h—0 h h—0 h h—0

Another solution: Factor the numerator as a sum of two cubes and then simplify.

o (h=1%4+1 . (h—=1%+1> (A=D1 +1][(h—1)—1(h—1)+1?]
lim = lim = lim

h—0 h h—0 h h—0 h

lim [(h—1)> —h+2]=1-04+2=3

h—0

18 limt2—47hm t+2@-2 _ . t+2 _ 2+2 4 1
"i-213 -8 12 (t—2)(2+2t4+4) t—2t242t4+4 4+4+4 12 3
19, 1%#:oosince(r—9)4—>0+asr—>9and(T\_/Fg)4>0f0r7"759.

20. lim u lim 4;0 = lim L——1

v—at [d—v|  e—mat —(4—v)  e—at —1

4_ 2 2 _ 2 _ 2
21 lim ut—1 — lim W+ -1) lim W 4+Du+Du—-1) lim W +Du+1) 22 _4
u—1ud +5u? —6u  uw—1 u(u?+5u—6) w—1  u(u+6)(u—1) u—1  u(u+6) 17 7

\/x—|—6—:1c_1, Ve+6—2 Jr+6+2 1 (W +6)?—2?

22, li = . =
#0573 — 322 8 22(x—-3) JVr+6+=z a3 z2(z —3)(Vr + 6+ )
. r+6—2? —(2® —x —6) —(z—3)(z+2)
= lim = lim = lim
2=322(x —3) (Ve +6+z) +-322(x—3)(Ve+6+z) =-322(x—3)(Vz+6+a)
—(z+2) _ 5 5

s 2(Vot6+a)  93+3) 54

23. Lett = sinz. Thenasx — 7, sinz — 0", s0¢ — 0. Thus, lim In(sinz) = lim Int = —oc.
T—T T t—0
o2 4 o2 4y 4 4 o2 . _
o1 lim 1—-22" — 2" lim (1—22%—2a%)/x — lim 1/2* —2/x 1_0-0-1_-1_11

z—=00 b+x—3z* a—- (b+x—3zt) /2t s—-cob/zxt+4+1/23-3 0+0-3 -3 3
25. Since x is positive, vVz? = |z| = x. Thus,

V2 V2T =9/ VI=9/22 JT—-0 1

li lim = - — =
e 20— 6 2:)376 T (22 -6)/x (2x7 6z 26z 2-0 2
26. Lett:at—m2:x(1—m). Then as ¢ — 0o, t — —o00, and lim e :tlim et =0.
. . Ve +dr+1—x Va2t 4r+1 ) 2442 41) — 22
27. lim (\/x2+4x+1—x): lim a7 A T o vrtirtlia = lim (@ +dotl) -2
w—00 z—00 1 Va2 +dr+1+x o0 /2 +4r+ 142
= lim Uet /e [dividebyar::\/at2 form>0]
z—oo (a2 +4z+1+2x)/x
44 1/x 440 4

\/1+4/x+1/m2—|—1 T VIFO0+0+1 2
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2. lim (—— + —— = lim |—— + ! = lim o2 L
"1 \z—1 22-3z+2) o1lz—1 (-D@-2)] —1((z-1)(-2) (@x-1)-2)

:lim{L]:lim 12:L:71

29, lim v = lim 0.50(S] : 0.50 0.50

S S 30 % 107 7 5] = [S]gnoo 30 x 10 4/[ST 1 1 “0ri 0.50. As the concentration grows larger the

enzymatic reaction rate will approach 0.50.
30. Let f(z) = —a?, g(x) = 2” cos(1/2?) and h(x) = «°. Then since |cos(1/x2)| < 1for z # 0, we have

f(z) < g(z) < h(x) for z # 0, and so ili% f(z) = ili% h(z)=0 = il{% g(x) = 0 by the Squeeze Theorem.

31. (a) f(z) =v/—zifx <0, f(x) =3 —zif0< z <3, f(z) = (x —3)%ifz > 3.

(i) lim f(z)= lim 3—=z)=3 (i) lim f(z)= lim /—2=0
z—0t z—0t z—0— z—0—
(iii) Because of (i) and (ii), lin}) f(z) does not exist. (iv) lim f(z)= lim (3—=x)=0
z— 3~ ©—3—
) lirn+ flz) = lim+ (z — 3)2 =0 (vi) Because of (iv) and (v), lirn3 f(z)=0.
r—3 r—3 r—
(b) f is discontinuous at 0 since liI% f(x) does not exist. (©) y

f is discontinuous at 3 since f(3) does not exist.

OI 3 X

32. (a) % — 9 is continuous on R since it is a polynomial and /z is continuous on [0, co) by Theorem 6 in Section 2.5, so the
composition v/z2 — 9 is continuous on {x | > — 9 > 0} = (—oco, —3] U [3, 00) by Theorem 8. Note that z* — 2 7 0 on

Vaz—9
2

3 is continuous on its domain, (—oo, —3] U [3, c0) by Theorem 4.
22 —

this set and so the quotient function g(z) =

sin

(b) sinx and e” are continuous on R by Theorem 6 in Section 2.5. Since e” is continuous on R, e is continuous on R by

sin =

Theorem 8 in Section 2.5. Lastly, x is continuous on R since it’s a polynomial and the product ze is continuous on its

domain R by Theorem 4 in Section 2.5.

33. f(x) = 2% + 2 + 2 is a polynomial, so it is continuous on [—2, —1] and f(—2) = —10 < 0 < 1 = f(—1). So by the
Intermediate Value Theorem there is a number c in (—2, —1) such that f(c) = 0, that is, the equation 22 + 22 + 2 = O has a

root in (—2, —1).

34, f(x) = e~ —  is continuous on R so it is continuous on [0,1]. f(0) =1>0>1/e—1= f(1). So by the Intermediate

Value Theorem, there is a number ¢ in (0, 1) such that f(c) = 0. Thus, e — = 0, or e~ = z, has a root in (0,1).
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CASE STUDY 2a Hosts, Parasites, and Time-Travel

1. The functions ¢(¢) and p(t) describing the genotype frequencies of the host and parasite are both transformations of the
function cos(t). Thus, they are oscillatory functions that exhibit periodic or repeating behavior. Biologically, we expect the
parasite genotype will evolve to infect the host genotype that is most prevalent in the population. As this happens, the host
genotypes will evolve to avoid infection. In turn, the parasite genotype frequency will evolve (for survival) towards the new
prevalent host genotype frequency. This cat-and-mouse game causes a cycling of the host and parasite genotype frequencies
that is described by the periodic functions ¢(¢) and p(¢). E.g. if the frequency of type A is high, the parasite will evolve toward
a high frequency of type B. The host population will then evolve leading to a lower frequency of genotype A (to avoid

infection), and in turn, the parasite population will evolve toward a lower frequency of genotype B (for survival).

2. M, and M, represent vertical stretch factors to the parent function cos(t). They are the amplitudes of oscillation for the
frequencies of genotype A and B respectively. Therefore, an increase in M results in a higher maximum frequency and a lower

minimum frequency over time for the respective genotype.
3. The constant ¢ represents a horizontal compression factor to the parent function cos(t). This gives a period of oscillation of

2
% for both ¢(t) and p(t). Therefore, increasing c results in a smaller period of oscillation for both the host and parasite

frequencies.

Biological explanation: Suppose uninfected hosts have a large reproductive advantage over infected hosts so that c is large.
The uninfected host population will grow rapidly in size compared to the infected host population. Consequently, the parasite
with the genotype capable of infecting the growing uninfected host population will also increase rapidly, since more hosts will
be available to the parasite for infection. As this occurs, the uninfected hosts become infected and now the formerly infected
hosts will have the reproductive advantage. Thus, the frequencies of the host and parasite genotypes will cycle rapidly back

and forth. That is, the period of oscillation will be small.

4. The constants ¢, and ¢, affect the horizontal translation of the parent function cos(t). They are the phase shifts that determine

the time at which the genotype frequencies reach a maximum.

5. The constants ¢, and ¢, affect the horizontal position of the periodic functions p(t) and q(t), so the difference ¢* = ¢, — ¢,

measures the time lag between the cycles of ¢(t) and p(t). Hence, this quantity is a measure of the length of time it takes for

the frequency of the parasite genotype to "respond" to the frequency of the host genotype.

2sin (%CW)

i . Evaluating fave(7)

6. Consider the general form of equations 2a and 2b given by fave(7) = 2 + M cos (cT — )
in the limit W — 0 gives

2sin (% CW)
cW

sin (x)

.1
m (2 _ _1 _ ) tim S2GW) e
‘}/1210 (2 + M cos (¢t — ¢) > =35 + Mcos(ct — @) vlvlglo Ty ? + M cos (e — ¢) iLHIO

where z = %CW. The last limit was investigated in Example 2.3.4 where it was shown that lim,_,o sin (z) /z = 1. So we

have ‘}/imo Save(T) = % + M cos (CT — gzbq). This is the same form as equations (1a) and (1b). Thus, when extracting and

mixing a very small layer of sediment (/W — 0), the average frequency of the host and parasite genotypes are the same as the

instantaneous frequencies g(7) and p(7).
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. L . sin (%CW) . 1 . .
To determine the limit of fave(7) as W — oo, first observe that lim ——2—~ < lim —— = Osince sinz < 1. Also
W oo cW W—oo cW
. sin (%CW) . -1 . . . sin (%CW)
lim —*——+ > lim —— = Osincesinx > —1. Thus, by the Squeeze Theorem we have lim ——=—= =050
W —oo cW W—oo cW W—oo cW

that lim _fave(T) = 1

In terms of the biology, extracting and mixing an extremely small width of sediment will capture parasites and hosts from a
very short period of time (nearly an instant). In contrast, extracting and mixing a very large layer of sediment will homogenize
the host and parasite frequencies across a large period of time. Hence, the frequencies at different points in time can no longer
be differentiated so we expect a constant average frequency of host and parasite genotypes.

4 sin® (% CW)

2 is obtained by applying the following transformations
c

7. The graph of F(D) = 1 + M, M, cos { (D — ¢—>}
c

to the graph of cos(D):

o Horizontal compression by a factor of c. Thus, the period is 27 /c.
45sin? ( % cW)
—
o Horizontal translation ¢* /c units to the right if positive, or left if negative

4 sin? (% cW)

e Vertical stretch by a factor M, M, e
c

. Thus, the amplitude is A = M, M,

e Vertical translation % units up

These properties are illustrated in the sketches of F'(D) below for ¢* = 0, ¢* small positive, and ¢* small negative. We
have assumed that c is sufficiently large, so that if ¢* is close to zero, then ¢ /c is also close to zero.

¢* >0 (small)

0.5—-A
‘ ‘ ‘ ‘ . ‘ ‘ ‘ ‘ . (¢* —‘27)/6‘ 0 df’“/c ‘ .
(p* — m)Jc (¢* + m)Jc D 2wl —mjc 0 /e 2mlc D (¢* — m)/c (¢* + m)Jc D

8. The experimental data in Figure 3 shows an increase in the fraction of hosts infected as the sample points move from the past

to the future. The graphs from Problem 7 illustrate the variety of situations that can arise given different phase lags ¢*. In the

T ¢F

figure corresponding to ¢* > 0, observe that F'(D) is an increasing function in the interval {gb_—’ —} . That is, the
c c

fraction of hosts infected increases as the sample points move from the past to the future for relatively small values of ¢D. This
is the same pattern observed in Figure 3. Thus, we require that the phase lag ¢* be small and positive in order to observe the
experimental trend in Figure 3.

Biological interpretation: When ¢* > 0 there is a phase or time lag between the oscillations in frequency of the host and
parasite populations. In the experiment, parasites from the past had not yet evolved to infect the present hosts, so fewer hosts
were infected by parasites from the past. Parasites from the future had evolved to infect hosts from the present, so a greater

number of hosts were infected by parasites from the future.
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9. The experimental results depicted in Figure 4 show a decrease in the fraction of infected hosts when challenged with parasites

from both the past and future. Examining the figures from Problem 6, we observe that this experimental result is achievable
when ¢* = 0. In this case, F'(D) is increasing on the interval [—E, 0] and decreasing on the interval [O, E} . So if we start at
c c

D = 0 and decrease D by a small amount (move into the past), the fraction of infected hosts will decrease. Similarly, if we
start at D = 0 and increase D by a small amount (move into the future), the fraction of infected hosts will also decrease. This
is the same pattern observed in Figure 4. Thus, we require that the phase lag ¢* be zero in order to observe the experimental
trend in Figure 4.

Biological interpretation: When ¢* = 0 there is no phase lag between the frequency of the host and parasite genotypes. That
is, the frequency of the parasite genotype oscillates in a synchronous manner with the frequency of the host genotype. In a
sense, the parasites’ genotype evolves with the host in real-time to maximize the number of infected hosts. Thus, parasites
from the past will infect fewer hosts than contemporary parasites since the contemporary parasites have already evolved to
infect contemporary hosts. Similarly, parasites from the future will infect fewer hosts than contemporary parasites since the

future parasites have evolved to infect future hosts.
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