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❈❤❛♣t❡r ✷

❙♦❧✉t✐♦♥ t♦ ❡①❡r❝✐s❡ ✶✶✿

• ❋♦r t❤❡ ❇❡r♥♦✉❧❧✐ ❞✐str✐❜✉t✐♦♥ p(x) = px(1− p)1−x✱ ✇✐t❤ p ∈ [0, 1] ❛♥❞ x ∈ {0, 1}✱ ✇❡ ❤❛✈❡

ϕ(s) = E(sX) = p s+ (1− p) s0 = ps+ (1− p).

• ❋♦r t❤❡ ❇✐♥♦♠✐❛❧ ❞✐str✐❜✉t✐♦♥ p(x) =

(
n
x

)
px(1 − p)n−x✱ ✇✐t❤ p ∈ [0, 1] ❛♥❞ x ∈

{0, . . . , n} ❢♦r s♦♠❡ n ∈ N✱ ✇❡ ❤❛✈❡

ϕ(s) =
∑

0≤x≤n

(
n
x

)
sx px(1− p)n−x

=
∑

0≤x≤n

(
n
x

)
(sp)x(1− p)n−x = ((1− p) + ps)

n
.

• ❋♦r t❤❡ P♦✐ss♦♥ ❞✐str✐❜✉t✐♦♥ p(x) = e−λλx/x!✱ ✇✐t❤ λ > 0 ❛♥❞ x ∈ N✱ ✇❡ ❤❛✈❡

ϕ(s) = e−λ
∑

x≥0

sx λx/x!

= e−λ
∑

x≥0

(sλ)x/x! = e−λ+sλ = e−λ(1−s).

• ❋♦r t❤❡ ●❡♦♠❡tr✐❝ ❞✐str✐❜✉t✐♦♥ p(x) = (1− p)x−1p✱ ✇✐t❤ λ > 0 ❛♥❞ x ∈ N− {0}✱ ✇❡ ❤❛✈❡

ϕ(s) = p
∑

x≥1

sx (1− p)x−1

= ps
∑

x≥1

sx−1 (1− p)x−1 = ps
∑

x≥0

(s(1− p))x = ps/ (1− s(1− p)) .

❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡①❡r❝✐s❡✳

❙♦❧✉t✐♦♥ t♦ ❡①❡r❝✐s❡ ✶✷✿
❇② ❝♦♥str✉❝t✐♦♥✱ ✇❡ ❤❛✈❡

E(Nn+1) = E


E


 ∑

1≤i≤Nn

Xi
n | Nn






= E


 ∑

1≤i≤Nn

E
(
Xi

n | Nn

)

 = E(Nn) m.

✽✹✺
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✽✹✻ ❈❤❛♣t❡r ✷

❱❛r(Nn+1) = E(N2
n+1)− (E(Nn+1))

2

= E


E





 ∑

1≤i≤Nn

Xi
n




2

| Nn





− (E(Nn+1))

2
.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❤❛✈❡

E





 ∑

1≤i≤Nn

Xi
n




2

| Nn


 = NnE(X

2) +Nn(Nn − 1) (E(X))
2

= Nn ❱❛r(X) +N2
nm

2.

❚❤✐s ✐♠♣❧✐❡s t❤❛t

❱❛r(Nn+1) = E(Nn) ❱❛r(X) + E(N2
n)m

2 − (E(Nn+1))
2

= E(Nn) ❱❛r(X) +❱❛r(Nn)m
2 +

[
(E(Nn) m)

2
− (E(Nn+1))

2
]

= m2 ❱❛r(Nn) + E(Nn) ❱❛r(X).

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t

❱❛r(Nn+1) = m2
[
m2 ❱❛r(Nn−1) + E(Nn−1) ❱❛r(X)

]
+ E(Nn) ❱❛r(X)

= m4 ❱❛r(Nn−1) +
[
m2

E(Nn−1) + E(Nn)
]
❱❛r(X)

= m6 ❱❛r(Nn−2) +
[
m4

E(Nn−2) +m2
E(Nn−1) + E(Nn)

]
❱❛r(X)

= . . .

= m2(n+1) ❱❛r(N0) +❱❛r(X)
∑

0≤k≤n

m2k
E(Nn−k),

s♦ t❤❛t

❱❛r(Nn+1) = m2(n+1) ❱❛r(N0) +❱❛r(X) mn (E(N0))
n

∑

0≤k≤n

(m/E(N0))
k.

❲❤❡♥ N0 = 1 ✇❡ ❤❛✈❡ ❱❛r(N0) = 0 ❛♥❞ E(N0) = 1✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡

❱❛r(Nn) = ❱❛r(X) mn−1
∑

0≤k<n

mk =

{
n ❱❛r(X) ✇❤❡♥ m = 1

❱❛r(X) mn−1 mn−1
m−1 ✇❤❡♥ m 6= 1.

❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡①❡r❝✐s❡✳

❙♦❧✉t✐♦♥ t♦ ❡①❡r❝✐s❡ ✶✸✿
❲❡ ❤❛✈❡

ϕn(s) := E
(
E
(
sNn | Nn−1

))
= E


 ∏

1≤i≤Nn−1

E

(
sX

i
n | Nn−1

)



= E

(
E
(
sX
)Nn−1

)
= E

(
ϕ1(s)

Nn−1
)
= ϕn−1 (ϕ1(s)) .
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❈❤❛♣t❡r ✷ ✽✹✼

❘❡❝❛❧❧✐♥❣ t❤❛t 00 = 1✱ t❤✐s ✐♠♣❧✐❡s t❤❛t

ϕn(0) = E(0Nn) = 1× P(Nn = 0) = P(Nn = 0).

❋♦r t❤❡ ❇❡r♥♦✉❧❧✐ ♦✛s♣r✐♥❣ ❞✐str✐❜✉t✐♦♥ p(x) = pxq1−x✱ ✇✐t❤ q := (1 − p), p ∈ [0, 1] ❛♥❞
x ∈ {0, 1}✱ ✇❡ ❤❛✈❡

ϕ1(s) = q + ps

ϕ2(s) = ϕ1 (q + ps) = q + p(q + ps) = q(1 + p) + p2s

ϕ3(s) = ϕ2 (q + ps) = q(1 + p) + p2(q + ps) = q(1 + p+ p2) + p3s

. . . = . . .

ϕn(s) = q(1 + p+ p2 + . . .+ pn−1) + pns =
q

1− p
(1− pn) + pns = (1− pn) + pns.

❚❤❡ ❧❛st ❛ss❡rt✐♦♥ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ϕn(s) = (1−pn)+pns ✐s t❤❡ ♠♦♠❡♥t ❣❡♥❡r❛t✐♥❣
❢✉♥❝t✐♦♥ ♦❢ ❛ ❇❡r♥♦✉❧❧✐ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Nn ✇✐t❤ ♣❛r❛♠❡t❡r pn❀ t❤❛t ✐s✱ ✇❡ ❤❛✈❡ t❤❛t

P(Nn = 1) = pn ❛♥❞ P(Nn = 0) = 1− pn.

❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡①❡r❝✐s❡✳

❙♦❧✉t✐♦♥ t♦ ❡①❡r❝✐s❡ ✶✹✿
❲❡ s❡t gi0 =

(
gi0 (j)

)
j∈S

✳ ■♥ t❤✐s ♥♦t❛t✐♦♥✱ ✇❡ ❤❛✈❡

E


 ∑

1≤i≤N1

f(ξ̂i0)
∣∣ gi0, ξ0


 =

∑

1≤i≤N0

gi0
(
ξi0
)
f(ξi0).

❚❤✐s ✐♠♣❧✐❡s t❤❛t

E


 ∑

1≤i≤N1

f(ξ̂i0) | ξ0


 =

∑

1≤i≤N0

G
(
ξi0
)
f(ξi0)

❛♥❞ t❤❡r❡❢♦r❡

E


 ∑

1≤i≤N1

f(ξ̂i0)


 =

∑

1≤i≤N0

η0(Gf) = N0η0(Gf). ✭✸✵✳✶✽✮

■♥ t❤❡ s❛♠❡ ✈❡✐♥✱ ✇❡ ❤❛✈❡

E


 ∑

1≤i≤N1

f(ξi1) | N1, ξ̂0


 =

∑

1≤i≤N1

E

(
f(ξi1) | ξ̂

i
0

)
=

∑

1≤i≤N1

M(f)(ξ̂i0).

❯s✐♥❣ ✭✸✵✳✶✽✮✱ ✇❡ r❡❛❞✐❧② ❞❡❞✉❝❡ t❤❛t

E


 ∑

1≤i≤N1

f(ξi1)


 = E


 ∑

1≤i≤N1

M(f)(ξ̂i0)


 = N0 η0(GM(f)). ✭✸✵✳✶✾✮

■♥ ♠✉❝❤ t❤❡ s❛♠❡ ✇❛②✱ ✐❢ ✇❡ s❡t gi1 =
(
gi1 (j)

)
j∈S

t❤❡♥ ✇❡ ❤❛✈❡

E


 ∑

1≤i≤N2

f(ξ̂i1)
∣∣ gi1, ξ1


 =

∑

1≤i≤N1

gi1
(
ξi1
)
f(ξi1).
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✽✹✽ ❈❤❛♣t❡r ✷

❚❤✐s ✐♠♣❧✐❡s t❤❛t

E


 ∑

1≤i≤N2

f(ξ̂i1) | ξ1


 =

∑

1≤i≤N1

G
(
ξi1
)
f(ξi1).

❯s✐♥❣ ✭✸✵✳✶✽✮✱ ✇❡ r❡❛❞✐❧② ❞❡❞✉❝❡ t❤❛t

E


 ∑

1≤i≤N2

f(ξ̂i1)


 = E


 ∑

1≤i≤N1

G
(
ξi1
)
f(ξi1)


 = N0 η0(Q(Gf)). ✭✸✵✳✷✵✮

❆r❣✉✐♥❣ ❛s ❛❜♦✈❡ ✇❡ ❤❛✈❡

E


 ∑

1≤i≤N2

f(ξi2) | N2, ξ̂1


 =

∑

1≤i≤N2

E

(
f(ξi2) | ξ̂

i
1

)
=

∑

1≤i≤N2

M(f)(ξ̂i1).

❯s✐♥❣ ✭✸✵✳✷✵✮ ✇❡ ❞❡❞✉❝❡ t❤❛t

E


 ∑

1≤i≤N2

f(ξi2)


 = E


 ∑

1≤i≤N2

M(f)(ξ̂i1)


 = N0 η0(Q(GM(f))) = N0 η0(Q

2(f)).

✭✸✵✳✷✶✮
❚❤❡ ❧❛st ❛ss❡rt✐♦♥ ✐s ♣r♦✈❡❞ ✉s✐♥❣ ✐♥❞✉❝t✐♦♥✳ ❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡①❡r❝✐s❡✳

❙♦❧✉t✐♦♥ t♦ ❡①❡r❝✐s❡ ✶✺✿
❇② ❝♦♥str✉❝t✐♦♥✱ ✇❡ ❤❛✈❡

P (Xn+1 = i | X1, . . . , Xn) =
n

n+ α

1

n

∑

1≤p≤n

1Xp
(i) +

α

n+ α
µ(i). ✭✸✵✳✷✷✮

❚❤❡ ♥✉♠❜❡r ♦❢ ❞✐✛❡r❡♥t t❛❜❧❡s ♦❝❝✉♣✐❡❞ ❜② t❤❡ ✜rst n ❝✉st♦♠❡rs ✐s ❞❡✜♥❡❞ ❜②

Tn :=
∑

1≤p≤n

ǫp

✇❤❡r❡ ǫn st❛♥❞s ❢♦r ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ❇❡r♥♦✉❧❧✐ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ❞✐str✐❜✉t✐♦♥

P (ǫn = 1) = 1− P (ǫn = 0) =
α

α+ (n− 1)
.

❚❤✐s ✐♠♣❧✐❡s t❤❛t

∑

1≤p<n

∫ p+1

p

dt

1 + (t/α)
≤ E (Tn) =

∑

0≤p<n

α

α+ p
≤

∑

1≤p<n

∫ p

p−1

dy

1 + (t/α)
.

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t
∫ n

1

dt

1 + (t/α)
= α log

(
α+ n

α+ 1

)
≤ E (Tn) ≤

∫ n−1

0

dt

1 + (t/α)
= α log (1 + (n− 1)/α).

❚❤❡ ❢♦r♠✉❧❛

P (Xn+1 = i | X1, . . . , Xn) =
αµ(i) + Vn(i)

α+ n
✇✐t❤ Vn(i) =

∑

1≤p≤n

1Xp
(i)
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❈❤❛♣t❡r ✷ ✽✹✾

✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✸✵✳✷✷✮✳
❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡①❡r❝✐s❡✳

❙♦❧✉t✐♦♥ t♦ ❡①❡r❝✐s❡ ✶✻✿
❋♦r ❡❛❝❤ s ∈ S ❛♥❞ x = (x1, . . . , xn+1) ✇❡ ❧❡t tk(s, x) ∈ {1, . . . , n + 1}✱ ✇✐t❤ k =

1, . . . , vn+1(s) ❜❡ t❤❡ t✐♠❡s ❛t ✇❤✐❝❤ xtk(s,x) = s✳ ■♥ t❤✐s ♥♦t❛t✐♦♥✱ ✇❡ ❤❛✈❡

P (X1 = x1, . . . , Xn+1 = xn+1) =
∏

s∈S

∏

0≤k<vn+1(s)

αµ(s) + k

α+ (tk(s, x)− 1)

=


 ∏

0≤t≤n

1

α+ t


 ∏

s∈S

∏

0≤k<vn+1(s)

(αµ(s) + k) .

■♥ t❤❡ ❧❛st ❛ss❡rt✐♦♥ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t T (s, x) := {tk(s, x) , k = 1, . . . , vn+1(s)}✱
✇✐t❤ s ∈ S ✐s ❛ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ s❡t {1, . . . , n+ 1}

∪s∈ST (s, x) = {1, . . . , n+ 1}.

❚❤❡ ❢♦r♠✉❧❛ ✭✷✳✻✮ ❝♦✐♥❝✐❞❡s ✇✐t❤ ✭✹✳✾✮ ✇❤❡♥ as = αµ(s)✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ❛r❣✉♠❡♥ts ❞❡s❝r✐❜❡❞
♦♥ ♣❛❣❡ ✼✾✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t (Xi)i≥1 ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t
r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ♦♥ t❤❡ s❡t S := {1, . . . , d} ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ❣✐✈❡♥ ❜② ✭✷✳✼✮✳
❇② t❤❡ ❧❛✇ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs✱ ❣✐✈❡♥ U ❝❤❡❝❦ t❤❛t 1

n

∑
1≤p≤n 1Xp

(i) ❝♦♥✈❡r❣❡s ❛❧♠♦st s✉r❡❧②
t♦ Ui✱ ❛s n ↑ ∞✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❤❛✈❡

E


 1

n

∑

1≤p≤n

1Xp
(i) | U


 = Ui ❛♥❞ ❱❛r


 1

n

∑

1≤p≤n

1Xp
(i) | U


 =

1

n
(Ui(1− Ui)).

❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡①❡r❝✐s❡✳

❙♦❧✉t✐♦♥ t♦ ❡①❡r❝✐s❡ ✶✼✿
❚❤❡ ✜rst ❛ss❡rt✐♦♥ ✐s ✐♠♠❡❞✐❛t❡✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❤❛✈❡ t❤❛t

Sn(f) =
n

n+ 1

(
1

n

n−1∑

k=0

f(Xk) +
1

n
f(Xn)

)

=
n

n+ 1
Sn−1(f) +

1

n+ 1
f(Xn).

❇② ❝♦♥str✉❝t✐♦♥✱ ✇❡ ❤❛✈❡

E(f(Xn+1) | X0, . . . , Xn) = ǫ Sn(f) + (1− ǫ) µ(f).

■♥ ♦t❤❡r ✇♦r❞s✱ t❤✐s ②✐❡❧❞s

E([f(Xn+1)− µ(f)] | X0, . . . , Xn) = ǫ Sn([f − µ(f)]) .

❚❤✉s✱ ❢♦r ❛♥② ❢✉♥❝t✐♦♥ f s✉❝❤ t❤❛t µ(f) = 0✱ ✇❡ ❤❛✈❡

E(f(Xn+1) | X0, . . . , Xn) = ǫ Sn(f) ⇒ ηn+1(f) = ǫ Sn(f) .

❘❡❝❛❧❧✐♥❣ t❤❛t
E(f(Xn+1)) = E(E(f(Xn+1) | X0, . . . , Xn))
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✇❡ ♣r♦✈❡ t❤❛t

Sn(f) =
n

n+ 1
Sn−1(f) +

1

n+ 1
E(f(Xn))

=
n+ ǫ

n+ 1
× Sn−1(f)

=
n+ ǫ

n+ 1
×

(n− 1) + ǫ

(n− 1) + 1
× Sn−2(f) = . . . =

[
n∏

k=1

k + ǫ

k + 1

]
× E(f(X0)).

❲❡ ♦❜s❡r✈❡ t❤❛t

k ≤ t ≤ k + 1 ⇒ log

(
1−

(1− ǫ)

k

)
≤ log

(
1−

(1− ǫ)

t

)
≤ log

(
1−

(1− ǫ)

k + 1

)
.

❚❤✐s ✐♠♣❧✐❡s t❤❛t
∑

1≤k≤n

∫ k+1

k

log

(
1−

(1− ǫ)

t

)
dt ≤ logαǫ(n)

❛♥❞

logαǫ(n) ≤
∑

1≤k≤n

∫ k+2

k+1

log

(
1−

(1− ǫ)

t

)
dt.

❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ ✭✷✳✽✮✳ ❯s✐♥❣ t❤❡ ❡st✐♠❛t❡s

∀x ∈ [0, 1[ −
x

1− x
≤ log (1− x) ≤ −x

✇❡ ❝❤❡❝❦ t❤❛t ∫ n+2

2

log

(
1−

(1− ǫ)

t

)
dt ≤ −(1− ǫ) log (1 + n/2)

❛♥❞ ∫ n+1

1

log

(
1−

(1− ǫ)

t

)
dt ≥ −(1− ǫ) log (1 + n/ǫ).

❚❤❡ ❡♥❞ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡①❡r❝✐s❡ ✐s ✐♠♠❡❞✐❛t❡✳

❙♦❧✉t✐♦♥ t♦ ❡①❡r❝✐s❡ ✶✽✿
❇② ❝♦♥str✉❝t✐♦♥✱ ✇❡ ❤❛✈❡

M(f)(i) = ǫ K(f)(i) + (1− ǫ) ν(f) ⇒ [M(f)(i)−M(f)(j)] = ǫ [K(f)(i)−K(f)(j)]

⇒ ♦s❝(M(f)) ≤ ǫ ♦s❝(f).

❆ss✉♠✐♥❣ t❤❛t ♦s❝(Mn(f)) ≤ ǫn ♦s❝(f) ✐s tr✉❡ ❛t r❛♥❦ n✱ ✇❡ ❤❛✈❡

♦s❝(Mn+1(f)) = ♦s❝(Mn(M(f))) ≤ ǫn ♦s❝(M(f)) ≤ ǫn+1 ♦s❝(f).

❘❡❝❛❧❧ t❤❛t

f = 1k ⇒ Mn(f)(i) = Mn(i, k) = P(Xn = k|X0 = i).

❚❤❡ ❡♥❞ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡①❡r❝✐s❡ ✐s ♥♦✇ ❝❧❡❛r✳
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❙♦❧✉t✐♦♥ t♦ ❡①❡r❝✐s❡ ✶✾✿ ❚❤❡ ✜rst ❛ss❡rt✐♦♥ ✐s ✐♠♠❡❞✐❛t❡ s✐♥❝❡ dW t

dt
= Wt

dWt

dt
✳ ❚♦

❝❤❡❝❦ t❤❡ s❡❝♦♥❞ ♦♥❡✱ ✇❡ ♦❜s❡r✈❡ t❤❛t

Xn = anXn−1 + bn =

[
n∏

p=1

ap

]
X0 +

∑

1≤p≤n


 ∏

n≥q>p

aq


 bp

✇✐t❤ t❤❡ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s

an = (1− ǫn) + ǫn 4−1 = 4−ǫn ❛♥❞ bn = (1− ǫn)h

❯s✐♥❣ t❤❡ ❢❛❝t t❤❛t

▲❛✇ ((a1, . . . , ap+1, . . . , an), (b1, . . . , bp, . . . , bn))
=
▲❛✇ ((an, . . . , an−p, . . . , a1), (bn, . . . , bn−p+1, . . . , b1)) .

✇❡ ❝❤❡❝❦ t❤❛t

∑

1≤p≤n


 ∏

n≥q>p

aq


 bp

❧❛✇
=

∑

1≤p≤n

[a1 . . . an−p] b(n−p)+1 =
∑

0≤p<n

[a1 . . . ap] bp+1

❚❤❡ ❡♥❞ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡①❡r❝✐s❡ ✐s ♥♦✇ ❝❧❡❛r✳

❙♦❧✉t✐♦♥ t♦ ❡①❡r❝✐s❡ ✷✵✿
❲❡ ❤❛✈❡

P(XT = x♠❛①|X0 = x)

= E (P(XT = x♠❛① | X1)|X0 = x)

= p P(XT = x♠❛① | X1 = x+ 1)︸ ︷︷ ︸
:=P (x+1)

+(1− p) P(XT = x♠❛① | X1 = x− 1)︸ ︷︷ ︸
:=P (x−1)

.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞

P (x) = pP (x) + qP (x) = p P (x+ 1) + q P (x− 1)

⇒ p [P (x+ 1)− P (x)] = q [P (x)− P (x− 1)]

⇒ [P (x+ 1)− P (x)] = p
q
[P (x)− P (x− 1)] .

❘❡❝❛❧❧✐♥❣ t❤❛t P (0) = 0✱ t❤✐s ②✐❡❧❞s

[P (2)− P (1)] =
p

q
P (1) ⇒ [P (3)− P (2)] =

p

q
[P (2)− P (1)] =

(
p

q

)2

P (1).

❇② ❛ s✐♠♣❧❡ ✐♥❞✉❝t✐♦♥ ✇✳r✳t✳ x ✇❡ ✜♥❞ t❤❛t

[P (x)− P (x− 1)] =

(
p

q

)x−1

P (1)

⇒ [P (x+ 1)− P (x)] =
p

q
[P (x)− P (x− 1)] =

(
p

q

)x

P (1).
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❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❤❛✈❡

P (x+ 1) = [P (x+ 1)− P (0)] =
∑

0≤y≤x

[P (y + 1)− P (y)] = P (1)
∑

0≤y≤x

(
p

q

)y

.

❲❡ ❡♥❞ t❤❡ ♣r♦♦❢ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t

x = x♠❛① − 1 ⇒ P (x+ 1) = P (x♠❛①) = 1 = P (1)
∑

0≤y<x♠❛①

(
p

q

)y

s♦ t❤❛t

P (1) = 1/
∑

0≤y<x♠❛①

(
p

q

)y

.

❚❤✐s ✐♠♣❧✐❡s t❤❛t

P (x+ 1) =

∑
0≤y≤x

(
p
q

)y

∑
0≤y<x♠❛①

(
p
q

)y =





1−
(

q
p

)x+1

1−
(

q
p

)x♠❛① ✐❢ p 6= q

(x+ 1)

x♠❛①
✐❢ p = q.

❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡①❡r❝✐s❡✳
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